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Abstract

We formalize the theory of forcing in the set theory framework
of Isabelle/ZF. Under the assumption of the existence of a countable
transitive model of ZFC, we construct a proper generic extension and
show that the latter also satisfies ZFC'
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1 Introduction

We formalize the theory of forcing. We work on top of the Isabelle/ZF
framework developed by Paulson and Grabczewski [4]. Our mechanization
is described in more detail in our papers [1] (LSFA 2018), [2], and [3] (IJCAR
2020).

Release notes

We have improved several aspects of our development before submitting it
to the AFP:

1. Our session Forcing depends on the new release of ZF-Constructible.
2. We streamlined the commands for synthesizing renames and formulas.

3. The command that synthesizes formulas produces the lemmas for them
(the synthesized term is a formula and the equivalence between the
satisfaction of the synthesized term and the relativized term).

4. Consistently use of structured proofs using Isar (except for one coming
from a schematic goal command).

A cross-linked HTML version of the development can be found at https:
//cs.famaf.unc.edu.ar/~pedro/forcing/.

2 Forcing notions

This theory defines a locale for forcing notions, that is, preorders with a
distinguished maximum element.
theory Forcing_Notions

imports ZF-Constructible. Relative
begin


https://cs.famaf.unc.edu.ar/~pedro/forcing/
https://cs.famaf.unc.edu.ar/~pedro/forcing/

2.1 Basic concepts

We say that two elements p, q are compatible if they have a lower bound in
P

definition compat_in :: i=i=i=i=0 where
compat_in(A,r,p,q) = IdeA . (d,p)er A (d,q)er

definition
is_compat_in :: [i=0,i,i,i,i] = o where
is_compat_in(M,A,r,p,q) = Id[M]. deA N (3 dp[M]. pair(M,d,p,dp) A dper A
(3 dq[M]. pair(M,d,q,dg) N dger))

lemma compat_inl :
[ deA ; (d,p)er ; (d,g)er | = compat_in(A,r,p,q)
(proof )

lemma refi_compat:
[ refl(A,r) 5 (p,q) € v | p=q | (¢,p) € 7 ; p€A; g€ A] = compat-in(A,r,p,q)
(proof )

lemma chain_compat:
refl(A,r) = linear(A,r) = (VpeA.V qeA. compat_in(A,r,p,q))
(proof )

lemma subset_fun_image: f:N—P — f*“NCP
(proof)

lemma refl_monot_domain: refl(B,r) = ACB = refl(A,r)
(proof )

locale forcing_notion =
fixes P leq one

assumes one_in_P: one € P
and leg_preord: preorder_on(P,leq)
and one_max: VpeP. (p,one)Eleq
begin

abbreviation Leq :: [i, i] = o (infixl < 50)
where z <X y = (z,y)€leq

lemma refi_leg:
reP = r3r

{proof)

A set D is dense if every element p € P has a lower bound in D.

definition
dense :: i=0 where
dense(D) = VpeP. 3deD . d=p



There is also a weaker definition which asks for a lower bound in D only for
the elements below some fixed element q.

definition
dense_below :: i=i=0 where
dense_below(D,q) = VpeP. p=q — (IdeD. deP A d=p)

lemma P_dense: dense(P)
(proof)

definition
increasing :: 1=o0 where
increasing(F) =VzeF. ¥V p € P . x=<p — peF

definition
compat :: i=i=>0 where
compat(p,q) = compat_in(P,leq,p,q)

lemma leg_transD: a=b =— b=<c = a € P— b € P— ¢ € P— a=c¢
(proof)

lemma leq_transD": ACP = a=Xb — bXc = a € A= b€ P— c € P—
a=<c
(proof )

lemma compatD][dest!]: compat(p,q) = FdeP. d=<p A d=q
(proof)

abbreviation Incompatible :: [i, i] = o (infix] L 50)
where p L ¢ = — compat(p,q)

lemma compatl[intro!]: deP — d<p = d=<q = compat(p,q)
(proof )

lemma denseD [dest]: dense(D) — peP — 3JdeD. d<p
{proof)

lemma densel [intro!]: [ Ap. peP = 3deD. d< p | = dense(D)
{proof)

lemma dense_belowD [dest]:
assumes dense_below(D,p) qeP q=p
shows 3deD. deP N d=<q

{proof)

lemma dense_belowl [intro!]:
assumes Aq. ¢€P = ¢=<p = JdeD. deP A d=<q
shows dense_below(D,p)

{proof)



lemma dense_below_cong: pe P = D = D' = dense_below(D,p) +— dense_below(D’,p)
(proof )

lemma dense_below_cong”. peP = [\z. 1P = Q(z) +— Q'(z2)] =
dense_below({qeP. Q(q)},p) +— dense_below({qeP. Q'(q)},p
(proof)

lemma dense_below_mono: p€ P = D C D' = dense_below(D,p) = dense_below(D’,p)
{proof)

lemma dense_below_under:
assumes dense_below(D,p) peP qeP q=p
shows dense_below(D,q)

{proof)

lemma ideal_dense_below:
assumes Aq. ¢€P = ¢=<p = ¢€D
shows dense_below(D,p)
(proof )

lemma dense_below_dense_below:
assumes dense_below({qeP. dense_below(D,q)},p) peP
shows dense_below(D,p)

{proof)

A filter is an increasing set G with all its elements being compatible in G.

definition
filter :: i=0 where
filter(G) = GCP A increasing(G) N (VpeG. ¥ qeG. compat_in(G,leq,p,q))

lemma filterD : filter(G) —= 2 € G = z € P
(proof )

lemma filter_legD : filter(G) = 2 € G —= y € P = 2=xy = y € G
(proof)

lemma filter_imp_compat: filter(G) = peG = g€ G = compat(p,q)

{proof)

lemma low_bound_filter: — says the compatibility is attained inside G
assumes filter(G) and peG and ¢€G
shows 3reG. r=p A r=¢q

{proof)

We finally introduce the upward closure of a set and prove that the closure
of A is a filter if its elements are compatible in A.

definition
upclosure :: i=1 where
upclosure(A) = {peP.FacA. a=<p}



lemma upclosurel [intro] : peP — a€A — a=p = pEupclosure(A)
(proof )

lemma upclosureE [elim] :
pEupclosure(A) = (Ax a. 1€P = a€A = o<z =— R) = R
{proof )

lemma upclosureD [dest] :
pEupclosure(A) = Ja€A.(a=<p) N peEP
{proof)

lemma upclosure_increasing :
assumes ACP
shows increasing(upclosure(A))

(proof)

lemma upclosure_in_.P: A C P = upclosure(A) C P
{proof)

lemma A_sub_upclosure: A C P = ACupclosure(A)
{proof)

lemma elem_upclosure: ACP = €A = zcupclosure(A)
{proof)

lemma closure_compat_filter:
assumes ACP (VpeAV qeA. compat_in(A,leq,p,q))
shows filter(upclosure(A))

{proof)

lemma auz RS1: f € N - P = neN = fn € upclosure(f “N)

{proof)

lemma decr_succ_decr:
assumes f € nat — P preorder_on(P,leq)
Vnenat. (f ‘succ(n), f‘n) € leg
menat
shows nenat = n<m = (f “m, f ‘n) € legq
(proof)

lemma decr_seq_linear:
assumes refl(P,leq) f € nat — P
Vnenat. (f ‘succ(n), f ‘n) € leg
trans|[P](leq)
shows linear(f ““ nat, leq)

{(proof)

end



2.2 Towards Rasiowa-Sikorski Lemma (RSL)

locale countable_generic = forcing_notion +

fixes D
assumes countable_subs_of-P: D € nat—Pow(P)
and  seq_of_denses: Vn € nat. dense(D‘n)
begin
definition

D_generic :: i=0 where
D_generic(G) = filter(G) A (Vnenat.(Dn)NG#0)

The next lemma identifies a sufficient condition for obtaining RSL.

lemma RS_sequence_imp_rasiowa-sikorski:
assumes
peEP f:nat—Pf‘0=p
An. n€nat = f “ succ(n)=<X f‘n A f ‘succ(n) €D ‘n
shows
3G. peG A D_generic(G)

(proof)

end

lemma Pi_rangeD:
assumes fePi(A,B) b € range(f)
shows JacA. fa=1b
(proof )

Now, the following recursive definition will fulfill the requirements of lemma
RS_sequence_imp_rasiowa_sikorski

primrec
RS_seq(0,P,leq,p,enum,D) = p
RS_seq(suce(n),P,leq,p,enum,D) =
enum‘(p m. {enum‘m, RS_seq(n,P,leq,p,enum,D)) € leq A enum‘m € D ‘ n)

context countable_generic
begin

lemma countable_RS_sequence_auz:
fixes p enum
defines f(n) = RS_seq(n,P,leq,p,enum,D)
and Q(q,k,m) = enumm= g A enum‘m € D ‘k
assumes nenat peP P C range(enum) enum:nat— M
Nz k. z€P = kénat = JqeP. gz ANqeD ‘k
shows
f(suce(n)) € P A f(suce(n))= f(n) A f(suce(n)) € D ‘n
(proof )



lemma countable_RS_sequence:
fixes p enum
defines f = An€nat. RS_seq(n,P,leq,p,enum,D)
and Q(q,k,m) = enumm= g A enum‘m € D ‘k
assumes nenat peP P C range(enum) enum:nat— M
shows
f0 = p fsuce(n)= f'n A f'succ(n) € D “n f'succ(n) € P
(proof)

lemma RS_seq_type:
assumes n € nat peP P C range(enum) enum:nat—M
shows RS_seq(n,P,leq,p,enum,D) € P

{proof)

lemma RS_seq_funtype:
assumes peP P C range(enum) enum:nat— M
shows (An€nat. RS_seq(n,P,leq,p,enum,D)): nat — P

{proof)

lemmas countable_rasiowa_sikorski =
RS_sequence_imp_rasiowa_sikorski| OF _ RS_seq_funtype countable_RS_sequence(1,2)]

end

end

3 A pointed version of DC

theory Pointed_DC imports ZF.AC

begin
This proof of DC is from Moschovakis ”Notes on Set Theory”

consts dc_witness 1 i = 1 = i = 1 =i = i
primrec
wit0  : dc_witness(0,4,a,8,R) = a
witrec :dc_witness(succ(n),A,a,s,R) = s{z€A. (dc_witness(n,A,a,s,R),x)ER }

lemma witness_into_A [TC):
assumes acA
VX . X#£0 N XCA — s'XeX)
VyeA. {z€A. (y,z)€R } # 0 neEnat
shows dc_witness(n, A, a, s, R)EA
(proof )

lemma witness_related :

assumes ac€A
(VX . X£0 N XCA — s°XeX)
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VycA. {z€A. (y,x)eR } # 0 nEnat
shows (dc_witness(n, A, a, s, R),dc_witness(succ(n), A, a, s, R))ER
(proof )

lemma witness_funtype:
assumes a€A
VX . X#£0 N XCA — s'XeX)
VyeA. {z€A. (y,z)ER } # 0
shows (Anenat. de_witness(n, A, a, s, R)) € nat — A (is ?f € _ — )

(proof)

lemma witness_to_fun: assumes a€A
(VX . X#£0 A XCA — s’XeX)
VyeA. {z€A. (y,z)eR } # 0

shows 3f € nat—A. Vnenat. f'n =dc_witness(n,A,a,s,R)
(proof )

theorem pointed_DC' :
assumes (Vze€A. JycA. (z,y)€ R)
shows VacA. (3f € nat—A. f0 = a A (Vn € nat. (fn,fsucc(n))ER))

(proof)

lemma aux_DC_on_AzNat2 : VzeAxnat. JyeA. (z,{y,succ(snd(z)))) € R =
VrzeAxnat. JyeAxnat. (z,y) € {{(a,b)€R. snd(b) = succ(snd(a))}

{proof)

lemma infer_snd : c€ AXB = snd(c) = k = c={fst(c),k)
(proof)

corollary DC_on_A_z_nat :

assumes (Vz€Axnat. 3ycA. (z,(y,succ(snd(z)))) € R) a€A

shows 3f € nat—A. f0 = a A (VYn € nat. ({f'n,n),(f'succ(n),succ(n)))eR) (is
Jre_.?P(x))
(proof)

lemma auz_sequence_DC :
assumes Vz€A. Vnenat. JycA. (z,y) € Sn
R={{(z,n),(y,m)) € (Axnat)x(Axnat). (z,y)€S‘m }
shows V z€Axnat . 3ycA. (z,(y,succ(snd(z)))) € R
(proof)

lemma aux_sequence_DC2 : Vx€A. Vnenat. Jy€A. (z,y) € Sn =
VzeAxnat. JyeA. (z,{y,succ(snd(x)))) € {{{z,n),(y,m))e(Axnat)x(Axnat).
(z,yyeSm }
{proof)

lemma sequence_DC'"

assumes Vz€A. Vnenat. JycA. (z,y) € Sn
shows VacA. (3f € nat—A. f0 = a A (¥Vn € nat. (fn,f'succ(n))eS‘succ(n)))

11



{proof)

end

4 The general Rasiowa-Sikorski lemma

theory Rasiowa_Sikorski imports Forcing-Notions Pointed_DC begin

context countable_generic
begin

lemma RS_relation:

assumes pEP nenat

shows JyeP. (p,y) € (Amenat. {(z,y)EPxP. y=3z A yeD‘(pred(m))})‘n
(proof)

lemma DC_imp_RS_sequence:
assumes peP
shows 3f. f: nat=P AN f 0 =p A
(Vnenat. f“succ(n)=X fn A f‘succ(n) € D ‘n)

(proof)

theorem rasiowa_sikorski:
peP = 3 G. peG A D_generic(G)
(proof)

end

end

5 Auxiliary results on arithmetic
theory Nat_Miscellanea imports ZF begin

Most of these results will get used at some point for the calculation of arities.

lemmas nat_succl = Ord_succ-mem_iff [THEN iffD2,0F nat_into_Ord)]

lemma nat_suceD : m € nat = succ(n) € succ(m) = n € m
{proof)

lemmas zero_in = ItD [OF nat.0_le]

lemma in_n_in_nat : m € nat — n € m — n € nat
(proof)

lemma in_succ_in_nat : m € nat = n € succ(m) = n € nat
{proof)

12



lemma ltlneg:z € nat = j <z —=j#zx = j<z
{proof )

lemma succ_pred_eq : m € nat = m # 0 = succ(pred(m)) = m
{proof)

lemma succ_lt] : succ(j) <n = j <n
{proof)

lemma succ_In : n € nat = succ(j) € n = j € n
{proof)

lemmas succ_leD = succ_leE[OF lel|

lemma succpred_lel : n € nat = n < suce(pred(n))
{proof)

lemma succpred_n0 : succ(n) € p = p#0
{proof)

lemma funcl : f € A5 B=a€ A= b=f‘a= (a,b) €f
(proof)

lemmas natEin = natE [OF lt_nat_in_nat]

lemma succ_in : succ(z) <y = z €y
(proof)

lemmas Un_least_lt_iffn = Un_least_lt_iff [OF nat_into_Ord nat_into_Ord)

lemma pred_le2 : n€ nat = m € nat = pred(n) < m = n < succ(m)

{proof)

lemma pred_le : n€ nat = m € nat = n < succ(m) = pred(n) < m
{proof)

lemma Un_leD1 : Ord(i)= Ord(j)= Ord(k)=— iUj<k= i<k
(proof)

lemma Un_leD2 : Ord(i)== Ord(j)== Ord(k)= iU j <k = j <k
(proof)

lemma gt :n€nat =ien=1i# 0= 1% 1= 1<i
{proof )

lemma pred_mono : m € nat = n < m = pred(n) < pred(m)
{proof)

13



lemma succomono : m € nat = n < m = succ(n) < succ(m)
{proof)

lemma pred2_Un:
assumes j € natm < jn < j
shows pred(pred(m U n)) < pred(pred(j))
(proof)

lemma nat_union_absi :
[Ord(i); Ord(j) ;i <j]l=1iUj=
(proof )

lemma nat_union_abs? :
[ Ord(i) ; Ord(j) ;i <j]=jUi=j
(proof)

lemma nat_un_maz : Ord(i) = Ord(j) = i U j = maz(i,j)
{proof)

lemma nat-maz_ty : Ord(i) = Ord(j) = Ord(maz(ij))
{proof)

lemma le_not_lt_nat : Ord(p) = Ord(q) = - p< qg= ¢ <0p
{proof)

lemmas nat_simp_union = nat_un_maz nat-max_ty maz_def

lemma le_succ : z€nat = x<succ(z) (proof)
lemma le_pred : x€nat = pred(z)<z

{proof)

lemma Un_le_compat : 0 < p = q < r = Ord(o) = Ord(p) = Ord(q) =
Ord(r) = oUq¢<pUr
(proof)

lemma Unle:p <r— q¢q<r—=
Ord(p) = Ord(q) = Ord(r) =
pUgsr
(proof)

lemma Un.lels : 0 <r=p<r= q<r =
Ord(0) = Ord(p) = Ord(q) = Ord(r) =
oUpUq<r
{proof)

lemma diff-mono :
assumes m € nat n€nat p € nat m < n p<m
shows m#-p < n#-p

(proof)

14



lemma pred_Un:
zr € nat = y € nat = Arith.pred(succ(z) U y) = = U Arith.pred(y)
z € nat = y € nat = Arith.pred(z U succ(y)) = Arith.pred(z) U y

(proof)

lemma le_natl : j < n = n € nat = j€nat
(proof)

lemma le_natE : nenat = j < n = jen
(proof)

lemma diff_cancel :
assumes m € nat n€Enat m < n
shows m#-n = 0
(proof )

lemma leD : assumes nenat j < n
showsj <n|j=n
(proof )

5.1 Some results in ordinal arithmetic

The following results are auxiliary to the proof of wellfoundedness of the
relation frecR

lemma mazx_cong :
assumes z < y Ord(y) Ord(z) shows maz(z,y) < maz(y,z)

{proof)

lemma maz_commutes :
assumes Ord(z) Ord(y)
shows maz(z,y) = maz(y,z)

{proof)

lemma maz_cong?2 :
assumes z < y Ord(y) Ord(z) Ord(z)
shows maz(z,z) < maz(y,z)

(proof)

lemma maz_D1 :
assumes z = y w < z Ord(z) Ord(w) Ord(z) maz(z,w) = maz(y,z)
shows 2<y

(proof)

lemma maz_D2 :

assumes w =y V w = zxz <y Ord(z) Ord(w) Ord(y) Ord(z) maz(z,w) =
maz(y,z)

shows r<w
(proof)

15



lemma oadd_lt_-mono2 :
assumes Ord(n) Ord(a) Ord(B) a < Bz <ny<nl0<n
shows n xx a ++ x < n *x0 ++ y

(proof)

end

6 Automatic synthesis of formulas

theory Synthetic_Definition
imports ZF-Constructible. Formula

keywords
synthesize :: thy_decl % ML
and
synthesize_notc :: thy_decl % ML
and

from_schematic

begin
(ML)

The synthetic_def function extracts definitions from schematic goals. A
new definition is added to the context.

end

7 Aids to internalize formulas

theory Internalizations
imports
ZF-Constructible. DPow_absolute
Synthetic_Definition
begin

We found it useful to have slightly different versions of some results in ZF-
Constructible:

lemma nth_closed :
assumes env€list(A) 0€A
shows nth(n,env)eA

{proof)

lemmas FOL_sats_iff = sats_Nand_iff sats_Forall_iff sats_Neg_iff sats_And_iff
sats_Or_iff sats_Implies_iff sats_Iff_iff sats_Exists_iff

lemma nth_Consl: [nth(n,l) = z; n € nat] = nth(succ(n), Cons(a,l)) = z
(proof)

lemmas nth_rules = nth_0 nth_Consl nat_0I nat_succl
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lemmas sep_rules = nth_0 nth_Consl FOL_iff_sats function_iff-sats
Sfun_plus_iff_sats successor_iff_sats
omega_iff-sats FOL_sats_iff Replace_iff-sats

Also a different compilation of lemmas (termsep_rules) used in formula syn-
thesis

lemmas fm_defs =
omega_fm_def limit_ordinal_fm_def empty_fm_def typed_function_fm_def
pair_fm_def upair_fm_def domain_fm_def function_fm_def succ_fm_def
cons_fm_def fun_apply_fm_def image_fm_def big_union_fm_def union_fm_def
relation_fm_def composition_fm_def field_fm_def ordinal_fm_def range_fm_def
transset_fm_def subset_fm_def Replace_fm_def

lemmas formulas_def = fm_defs
is_iterates_fm_def iterates_MH_fm_def is_wfrec_fm_def is_recfun_fm_def is_transrec_fm_def
is_nat_case_fm_def quasinat_fm_def numberl_fm_def ordinal_fm_def finite_ordinal_fm_def
cartprod_fm_def sum_fm_def Inr_fm_def Inl_fm_def
formula_functor_fm_def
Memrel_fm_def transset_fm_def subset_fm_def pre_image_fm_def restriction_fm_def
list_functor_fm_def tl_fm_def quasilist_fm_def Cons_fm_def Nil_fm_def

(ML)

end

8 Some enhanced theorems on recursion
theory Recursion-Thms imports ZF.Epsilon begin
We prove results concerning definitions by well-founded recursion on some
relation R and its transitive closure R “x
lemma fld_restrict.eq : a € A = (r N AxA)-“{a} = (r-“{a} N A)
(proof )

lemma fld_restrict_mono : relation(r) = A C B = r N AxA C r N BxB
{proof)

lemma fld_restrict_dom :
assumes relation(r) domain(r) C A range(r)C A
shows N AxA =r

(proof)

definition tr_down :: [i,i] = @
where tr_down(r,a) = (r"+)-‘“{a}

lemma tr-downD : z € tr-down(r,a) = (z,a) € r"+
{proof)
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lemma pred_down : relation(r) = r-“{a} C tr_down(r,a)
{proof)

lemma tr_down_mono : relation(r) = = € r-*“{a} = tr-down(r,z) C tr_down(r,a)
(proof)

lemma rest_eq :
assumes relation(r) and r“{a} C B and a € B
shows r-“{a} = (rNBxB)-“{a}

(proof )

lemma wfrec_restr_eq : v’ = r N AXA = wfrec[A](r,a,H) = wfrec(r’,a,H)
(proof )

lemma wfrec_restr :

assumes r7: relation(r) and wfr:wf(r)

shows a € A = tr-down(r,a) C A = wfrec(r,a,H) = wfrec|A](r,a,H)
(proof)

lemmas wfrec_tr_down = wfrec_restr|OF _ _ _ subset_refl]

lemma wfrec_trans_restr : relation(r) = wf(r) = trans(r) = r-“{a}CA =
a € A=

wfree(r, a, H) = wfrec[A](r, a, H)

{proof)

lemma field_trancl : field(r"+) = field(r)
(proof)
definition
Rrel :: [i=i=>0,i] = i where
Rrel(R,A) = {z€AXA. Fzy. z = (z, y) AN R(z,9)}

lemma Rrell : 2 € A = y € A = R(z,y) = (z,y) € Rrel(R,A)
(proof)

lemma Rrel_mem: Rrel(mem,x) = Memrel(x)
{proof)

lemma relation_Rrel: relation(Rrel(R,d))
{proof)

lemma field_Rrel: field(Rrel(R,d)) C d
(proof)

lemma Rrel_mono : A C B = Rrel(R,A) C Rrel(R,B)
(proof)
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lemma Rrel_restr_eq : Rrel(R,A) N BxB = Rrel(R,ANB)
{proof)

lemma field_Memrel : field(Memrel(A)) C A

{proof)

lemma restrict_trancl_Rrel:
assumes R(w,y)
shows restrict(f,Rrel(R,d)-{y}) ‘w
= restrict(f,(Rrel(R,d) "+)-“{y}) ‘w
(proof)

lemma restrict_trans_eq:
assumes w € y
shows restrict(f,Memrel(eclose({z}))-“{y}) ‘w
= restrict(f,(Memrel(eclose({x})) "+)-“{y}) ‘w

{proof)

lemma wf_eq_trancl:
assumes A fy . H(y,restrict(f,R-“{y})) = H(y,restrict(f,R"+-“{y}))
shows wfrec(R, z, H) = wfrec(R"+, z, H) (is wfrec(?r,-,-) = wfrec(?r',_,.))
(proof )

end

9 Relativization of the cumulative hierarchy
theory Relative_Univ
imports
ZF-Constructible. Rank
Internalizations
Recursion_Thms
begin

declare (in M_trivial) powerset_abs|simp]

lemma Collect_inter_Transset:

assumes
Transset(M) b € M

shows
{zeb . P(z)} = {zcb . P(x)} N M
(proof)

lemma (in M_trivial) family_union_closed: [strong_replacement(M, Az y. y = f(z));

M(A); VaeA. M(f(z))]
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— M(Jz€A. f(z))
(proof )

definition
HVfrom :: [i=o0,i,i,i] = i where
HVfrom(M,A,z,f) = A U (Jy€ez. {a€Pow(fy). M(a)})

definition
is_powapply :: [i=0,1,i,i] = o where
is_powapply(M ,f,y,z) = M (2) A (3 fy[M]. fun_apply(M,f,y.fy) A powerset(M ,fy,z))

lemma is_powapply_closed: is_powapply(M .f y,z) = M(z)
(proof)

definition
is_-HVfrom :: [i=0,i,i,i,i] = o where
is_. HVfrom(M ,A,xz.f,h) = 3U[M]. AR[M]. union(M,A,U h)
A big_union(M,R,U) N is_Replace(M ,z,is_powapply(M ,f),R)

definition
is_Vfrom :: [i=o0,i,i,i] = o where
is_Vfrom(M,A,i, V) = is_transrec(M ,is_ HVfrom(M ,A),i, V)

definition
is_Vset :: [i=0,i,i] = o where
is_-Vset(M,i,V) = 3z[M]. empty(M,z) N\ is-Vfrom(M,z,i,V)

9.1 Formula synthesis

schematic_goal sats_is_powapply_fm_auto:
assumes
fenat yenat zenat envelist(A) 0€A
shows
is_powapply (## A, nth(f, env),nth(y, env),nth(z, env))
+— sats(A, %ipa_fm(f,y,2),env)
(procf)

schematic_goal is_powapply_iff_sats:
assumes
nth(f,env) = ff nth(y,env) = yy nth(z,env) = 2z 0€A
f € nat y € nat z € nat env € list(A)
shows
is_powapply (## A ff ,yy,22) <— sats(A, ?is_one_fm(a,r), env)
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{proof)

definition
Hrank :: [i,i] = i where
Hrank(z,f) = (Jyez. succ(fy))

definition
PHrank :: [i=0,i,i,i] = o where
PHrank(M,f,y,z) = M(z) A (3 fy[M]. fun_apply(M.,f,y,fy) N successor(M ,fy,z))

definition
is_Hrank :: [i=>0,i,i,i] = o where
is_Hrank(M ,z.f ,hc) = (3 R[M]. big-union(M ,R,hc) Nis_Replace(M ,x,PHrank(M,f),R))

definition
rrank :: i = ¢ where
rrank(a) = Memrel(eclose({a})) "+

lemma (in M_eclose) wf-rrank : M(z) = wf (rrank(z))
{proof)

lemma (in M_eclose) trans_rrank : M (x) = trans(rrank(z))
{proof)

lemma (in M_eclose) relation_rrank : M(z) = relation(rrank(z))
(proof)

lemma (in M_eclose) rrank_in-M : M(z) = M (rrank(z))

(proof)

9.2 Absoluteness results

locale M_eclose_pow = M_eclose +

assumes
power_az : power-az(M) and

powapply_replacement : M (f) = strong_replacement(M ,is_powapply(M.f)) and
HVfrom_replacement : [ M (i) ; M(4) | =

transrec_replacement(M ,is_HVfrom(M,A),i) and

PHrank_replacement : M (f) = strong_replacement(M ,PHrank(M,f)) and
is_Hrank_replacement : M (z) = wfrec_replacement(M ,is_Hrank(M ),rrank(z))

begin
lemma is_powapply_abs: [M(f); M(y)] = is_powapply(M .f,y,z) +— M(z) A z

= {zePou(fy). M(x)}
{proof)
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lemma [M(A); M(z); M(f); M(h) ] =

is-HVfrom(M A,z f,h) «—

(3R[M]. h=AUJR A is-Replace(M, z \x y. y = {z € Pow(f ‘z) . M(z)},
R))

(proof)

lemma Replace_is_powapply:
assumes
M(R) M(A) M(f)
shows
is_Replace(M, A, is_powapply(M, f), R) +— R = Replace(A,is_powapply(M.f))
(proof)

lemma powapply_closed:

[ M(y); M(f) ] = M{z € Pow(f " y) . M(z)})
(proof)

lemma RepFun_is_powapply:
assumes
M(R) M(A) M(f)
shows
Replace(A,is_powapply(M ,f)) = RepFun(A, y.{x€Pow(fy). M(z)})
(proof)

lemma RepFun_powapply_closed:
assumes
M(f) M(A)
shows
M (Replace(A,is-powapply(M.f)))
(proof)

lemma Union_powapply_closed:
assumes
M(z) M(f)
shows
M(Uyez. {acPou(fy). M(a)})
{proof)

lemma relation2_HVfrom: M (A) = relation2(M ,is_-HVfrom (M ,A),HVfrom(M,A))
(proof)

lemma HVfrom_closed :
M(A) = Vz[M]. V g[M]. function(g) — M (HVfrom(M,A,z,g))
(proof)

lemma transrec_HVfrom:

assumes M (A)

shows Ord(i) = {ze€Vfrom(A,i). M(z)} = transrec(i,HVfrom(M,A))
(proof)
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lemma Vfrom_abs: [ M(A); M(i); M(V); Ord(i) | = is-Vfrom(M,A,i,V) +—
V = {zeVfrom(A,i). M(z)}
{proof)

le<mma}>Vfrom,closed: [ M(A); M(i); Ord(i) | = M({z€Vfrom(A,i). M(z)})
proo,

lemma Vset_abs: [ M(i); M(V); Ord(i) | = is-Vset(M,i,V) «— V = {x€ Vset(i).
M(z)}
{proof)

lemma Vset_closed: [ M(i); Ord(i) | = M ({z€Vset(i). M(z)})
{proof)

lemma Hrank_trancl: Hrank(y, restrict(f,Memrel(eclose({z}))-“{y}))
= Hrank(y, restrict(f,(Memrel(eclose({z})) "+)-“{y}))

{proof)

lemma rank_trancl: rank(z) = wfrec(rrank(z), x, Hrank)

(proof)

lemma univ_PHrank : | M(z) ; M(f) | = univalent(M,z,PHrank(M,f))
{proof)

lemma PHrank_abs :
[ M(f); M(y) | = PHrank(M,f,y,z) +— M(z) A z = succ(fy)
(proof )

lemma PHrank_closed : PHrank(M,f,y,z) = M (z)
(proof)

lemma Replace_PHrank_abs:
assumes
M(z) M(f) M(hr)
shows
is_Replace(M ,z,PHrank(M ,f),hr) <— hr = Replace(z,PHrank(M f))
(proof)

lemma RepFun_PHrank:
assumes
M(R) M(4) M(f)
shows
Replace(A,PHrank(M,f)) = RepFun(A,\y. succ(fy))
(proof)

lemma RepFun_PHrank_closed :
assumes
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lfW(f) M(A)
M (Replace(A,PHrank(M,f)))

(proof)

lemma relation2_Hrank :
relation2(M ,is_Hrank(M),Hrank)

{proof)

lemma Union_PHrank_closed:
assumes
M(z) M(f)
shows
M(Uyez. suce(fy))
(proof )

lemma is_Hrank_closed :
M((A) = Vz[M]. V g[M]. function(g) — M (Hrank(z,g))
(proof)

lemma rank_closed: M (a) = M (rank(a))
(proof)

lemma M_into_Vset:

assumes M (a)

shows Ji[M]. 3 V[M]. ordinal(M i) A is_-Vfrom(M,0,i,V) A a€V
(proof )

end
end

10 Interface between set models and Constructibil-
ity

This theory provides an interface between Paulson’s relativization results
and set models of ZFC. In particular, it is used to prove that the lo-
cale forcing_data is a sublocale of all relevant locales in ZF-Constructibility
(M _trivial, M_basic, M_eclose, etc).

theory Interface
imports
Nat_Miscellanea
Relative_Univ
begin

syntax
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_sats i, 4,4 = o ((5, - &= ) [36,36,36] 60)
translations
(M,env |= ¢) = CONST sats(M ,p,env)

abbreviation
dec10 :: i (10) where 10 = succ(9)

abbreviation
decll :: i (11) where 11 = suce(10)

abbreviation
dec12 i (12) where 12 = succ(11)

abbreviation
dec13 :: i (13) where 13 = succ(12)

abbreviation
decl) ::i (14) where 14 = succ(13)

definition
infinity_ax :: (i = 0) = o where
infinity_ax (M) =
(FI[M]. 3z[M]. empty(M,z) N zeI) A (Vy[M]. yeI — (I sy[M]. succes-
sor(M,y,sy) A syel)))

definition
choice_az :: (i=0) = o where
choice_az(M) = ¥V z[M]. 3a[M]. 3f[M]. ordinal(M,a) A surjection(M ,a,z.f)

context M_basic begin

lemma choice_az_abs :
choice_az(M) <— (Vz[M]. Fa[M]. 3f[M]. Ord(a) A f € surj(a,x))
{proof )

end

definition
wellfounded_trancl :: [i=>o0,i,i,i] => o where
wellfounded_trancl(M ,Z,r,p) =
Fw[M]. Jwz[M]. Irp[M].
w € Z & pair(Mw,p,wz) & tran_closure(M,r,rp) & wzx € 1p

lemma empty_intf :
infinity_ax(M) =
(3 z[M]. empty(M,z))
(proof )
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lemma Transset_intf :
Transset(M) = yer = r € M = ye M

{proof)

locale M_ZF =
fixes M
assumes
upair_az: upair-az(## M) and
Union_ax: Union_az(##M) and
power_az: power_az(##M) and
extensionality: extensionality (## M) and
foundation_ax: foundation_az(#+#M) and
infinity_ax: infinity_az(##M) and
separation-az: ¢ € formula = env € list(M) =
arity(p) < 1 #+ length(env) =
separation(## M Mx. sats(M,p,[z] @ env)) and
replacement_az:p € formula = env € list(M) =
arity(¢) < 2 #+ length(env) =
strong_replacement (##M Az y. sats(M p,[z,y] @ env))

locale M_ZF _trans = M_ZF +
assumes
trans_M: Transset(M)
begin

lemmas transitivity = Transset_intf | OF trans_M]

10.1 Interface with M_trivial
lemma zero_in_.M: 0 € M
(proof )

end

sublocale M_ZF _trans C M_trans #+#M
(proof)

sublocale M_ZF _trans C M_trivial ##M
(proof )

context M_ZF_trans
begin

10.2 Interface with M _basic

schematic_goal inter_fm_auto:
assumes
nth(i,env) = x nth(j,env) = B
i € natj € nat env € list(A)
shows
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(VyeA . yeB — z€y) +— sats(A,%ifm(i,j),env)
(proof )

lemma inter_sep_intf :
assumes
AeM
shows
separation(#H#M Mz . VyeM . ycA — z€y)
(proof)

schematic_goal diff_fm_auto:
assumes
nth(i,env) = z nth(j,env) = B
i € natj € nat env € list(A)
shows
z¢B <— sats(A,?dfm(i,j),env)
{proof )

lemma diff_sep_intf :
assumes
BeM
shows
separation(## M \x . ©¢B)
(proof)

schematic_goal cprod_fm_auto:
assumes
nth(i,env) = z nth(j,env) = B nth(h,env) = C
i € natj € nat h € nat env € list(A)
shows
(FzeA. zeB A (ByeA. yeC A pair(##A,2,y,2))) +— sats(A, 2epfm(i,j,h),env)
(proof)

lemma cartprod_sep_intf :
assumes
AeM
and
BeM
shows
separation(#H#M M z. FzeM. e A N (JyeM. yeB A pair(##M,z,y,2)))
(proof)

schematic_goal im_fm_auto:
assumes
nth(i,env) = y nth(j,env) = r nth(h,env) = B
i € natj € nat h € nat env € list(A)
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shows
(Iped. per & (FzcA. z€B & pair(##A,x,y,p))) «— sats(A, 2imfm(i,j,h),env)
(proof )

lemma image_sep_intf :
assumes
AeM
and
reM
shows
separation(#H#M, \y. ApeM. per & (JzeM. €A & pair(##M,x,y,p)))
(proof)

schematic_goal con_fm_auto:
assumes
nth(i,env) = z nth(j,env) = R
i € nat j € nat env € list(A)
shows
(Iped. peR & (FzcAIycA. pair(##A,x,y,p) & pair(#+#A4,y,z,2)))
+— sats(A, ?cfm(i,j5),env)
(proof )

lemma converse_sep_intf :
assumes
ReM
shows
separation(#H#M M z. IApeM. peR & (JzeM.IyeM. pair(##M,z,y,p) &
pair(##M,y,z,2)))
(proof)

schematic_goal rest_fm_auto:
assumes
nth(i,env) = z nth(j,env) = C
i € nat j € nat env € list(A)
shows
(FzeA. zeC & (FyeA. pair(##A,2,y,2)))
> sats(A, ?rfm(i,j),env)
(proof)

lemma restrict_sep_intf :
assumes
AeM
shows
separation(#H#HM Nz. FzeM. z€A & (FyeM. pair(##M,z,y,2)))
{proof)
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schematic_goal comp_fm_auto:
assumes
nth(i,env) = zz nth(j,env) = S nth(h,env) = R
i € natj € nat h € nat env € list(A)
shows
(JzeA. JycA. Fz€A. FaycA. FyzeA.
pair(##A,2,2,22) & pair(##A,x,y,0y) & pair(##A,y,2,y2) & zyes
& yz€R)
+— sats(A, 2cfm(i,g5,h),env)
(proof )

lemma comp_sep_intf :
assumes
ReM
and
SeM
shows
separation(#H#M A xz. JxeM. JyeM. IzeM. FzyeM. Fyze M.
pair(##M ,x,z,22) & pair(##M x,y,2y) & pair(#H#M,y,z,y2) & zyeS
& yzeR)
(proof)

schematic_goal pred_fm_auto:
assumes
nth(i,env) = y nth(j,env) = R nth(h,env) = X
i € nat j € nat h € nat env € list(A)
shows
(IpeA. peR & pair(##A,y,X,p)) +— sats(A, ?pfm(i,j,h),env)
(proof )

lemma pred_sep_intf:
assumes
ReM
and
XeM
shows
separation(##M, Ay. IpeM. peR & pair(##M,y,X,p))
(proof)

schematic_goal mem_fm_auto:
assumes
nth(i,env) = z 1 € nat env € list(A)
shows
(FzeA. JyeA. pair(##A,x,y,2) & x € y) +— sats(A,?mfm(i),env)
(proof)
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lemma memrel_sep_intf:
separation(##M, \z. JzeM. JyeM. pair(##M,z,y,z) & z € y)
(proof )

schematic_goal recfun_fm_auto:
assumes
nth(il ,env) = x nth(i2,env) = r nth(i3,env) = f nth(i4,env) = g nth(i5,env)
=a
nth(i6,env) = b il Enat i2€nat i3€nat if Enat i5€nat i6Enat env € list(A)
shows
(JzacA. FxbeA. pair(##A,z,a,2a) & za € v & pair(##A,x,b,2b) & xb € r
&
(FfzeA. FgzeA. fun_apply(##A.f,z,fr) & fun_apply(##A,g9,z,92)
& fi # gr))
> sats(A, ?rffm(il i2,i8,i4 15 ,i0),env)
(procf)

lemma is_recfun_sep_intf :
assumes
reM feM geM acM beM
shows
separation(#H#M  x. IzacM. JzbeM.
pair(##M,x,a,2a) & za € r & pair(#H#M,z,b,2b) & b € r &
(FfreM.IgzeM. fun_apply(##M.f x,fr) & fun_apply(##M ,g,z,9)

fr # gz))
(proof)

schematic_goal funsp_fm_auto:
assumes
nth(i,env) = p nth(j,env) = z nth(h,env) = n
i € natj € nat h € nat env € list(A)
shows
(3feA. JbeA. InbeA. enbfeA. pair(##A,f,b,p) & pair(##A,n,bnb) &
is_cons(##A,nb,f cnbf) &
upair (## A, cnbf ,enbf ,2)) +— sats(A, ?fsfm(i,j,h),env)
(proof )

lemma funspace_succ_rep_intf :
assumes
neM
shows
strong_replacement (#+4M,
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Ap z. 3feM. F3beM. InbeM. IcnbfeM.
pair (4 M. f,b,p) & pair(#4M,n,b,nb) & is_cons(#4M b, f ,cnbf)
&
upair(F##M ,cnbf ,cnbf ,z))
(proof)

lemmas M_basic_sep_instances =
inter_sep_intf diff_sep_intf cartprod_sep_intf
image_sep_intf converse_sep_intf restrict_sep_intf
pred_sep_intf memrel_sep_intf comp_sep_intf is_recfun_sep_intf

end

sublocale M_ZF_trans C M_basic ##M
(proof)

10.3 Interface with M _trancl

schematic_goal rtran_closure_mem_auto:
assumes
nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € natj € nat k € nat env € list(A)
shows
rtran_closure_mem(##A,B,r,p) +— sats(A, ?rcfm(i,j,k),env)
(proof )

lemma (in M_ZF_trans) rtrancl_separation_intf:
assumes
reM
and
AeM
shows
separation (##M, rtran_closure-mem(##M,A,r))

(proof)

schematic_goal riran_closure_fm_auto:
assumes
nth(i,env) = r nth(j,env) = rp
i € natj € nat env € list(A)
shows
rtran_closure(##A,r,rp) +— sats(A,?rtc(i,j),env)
(proof )

schematic_goal trans_closure_fm_auto:
assumes
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nth(i,env) = r nth(j,env) = rp

i € natj € nat env € list(A)
shows

tran_closure(## A,r,rp) +— sats(A4, %tc(i,j),env)
(proof)

(ML)

schematic_goal wellfounded_trancl_fm_auto:
assumes
nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € natj € nat k € nat env € list(A)
shows
wellfounded_trancl(## A,B,r,p) +— sats(A, 2wtf (i,5,k),env)

(proof )

context M_ZF_trans
begin

lemma wftrancl_separation_intf:
assumes
reM and ZeM
shows
separation (##M, wellfounded_trancl(##M ,Z,r))

(proof)

Proof that nat € M

lemma finite_sep_intf: separation(##M, \z. x€nat)
{proof)

lemma nat_subset_I":
[IeM ; 0€l; Nx. 2€] = succ(z)el | = nat C I

{proof)

lemma nat_subset_I: A1€M. nat C I
(proof)

lemma nat_in_M: nat € M

(proof)

end

sublocale M_ZF _trans C M_trancl ##M
(proof )

10.4 Interface with M_eclose

lemma repl_sats:
assumes
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sat:\z z. xeM = zeM = sats(M ,p,Cons(z,Cons(z,env))) «— P(x,z)
shows

strong_replacement(##M Mz z. sats(M ,p,Cons(z,Cons(z,env)))) +—
strong_replacement (#+#M ,P)

(proof)

lemma (in M_ZF _trans) list_repll_intf:
assumes
AeM
shows
iterates_replacement (## M, is_list_functor(## M ,A), 0)
(proof)

lemma (in M_ZF _trans) iterates_repl_intf :
assumes
veM and
isfm:is_F_fm € formula and
arty:arity(is-F_fm)=2 and
satsf: Na b env’. [ aeM ; beM ; env’elist(M) |
= is_F(a,b) <— sats(M, is_F_fm, [b,a]@Qenv’)
shows
iterates_replacement (#4#M ,is_F,v)

(proof)

lemma (in M_ZF_trans) formula_repll_intf :
iterates_replacement (## M, is_formula_functor(##M), 0)
(proof)

lemma (in M_ZF_trans) nth_repl_intf:
assumes
le M
shows
iterates_replacement (#H#M N t. is tl(#H#M,1',t),1)
{proof)

lemma (in M_ZF_trans) eclose_repll_intf:
assumes
AeM
shows
iterates_replacement (## M, big_union(##M), A)

(proof)

lemma (in M_ZF_trans) list_repl2_intf:
assumes
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AeM
shows
strong_replacement(F##M An y. n€nat & is_iterates(##M , is_list_functor(##M,A),
0, n, y))
(proof )

lemma (in M_ZF_trans) formula_repl2_intf:

strong-replacement (##M ,An y. n€nat & is_iterates(#+# M, is_formula_functor(F##M),
0, n,y))

(proof)

lemma (in M_ZF_trans) eclose_repl2_intf:
assumes
AeM
shows
strong-replacement(##M ,An y. n€nat & is_iterates(## M, big-union(H##M),
A, n, y))
(proof )

sublocale M_ZF _trans C M_datatypes ##M
(proof)

sublocale M_ZF _trans C M_eclose ##M
(proof)

definition
powerset_fm :: [i,i] = i where
powerset_fm(A,z) = Forall(Iff (Member(0,succ(z)),subset_fm(0,succ(A))))

lemma powerset_type [TC]:
[ z € nat; y € nat | = powerset_fm(z,y) € formula

{proof)

definition
is_powapply_fm :: [i,i,i] = i where
is_powapply_fm(f,y,z) =
Ezists(And(fun_apply_fm(succ(f), succ(y), 0),
Forall(Iff (Member (0, succ(succ(z))),
Forall(Implies(Member(0, 1), Member(0, 2)))))))

lemma is_powapply_type [TC] :

[fenat ; yenat; zenat] = is_powapply_fm(f,y,z)€formula

{proof)

34



declare is_powapply_fm_def [fm_definitions add]

lemma sats_is_powapply_fm :
assumes
fenat yenat z€nat envelist(A) 0€A
shows
is_powapply(## A,nth(f, env),nth(y, env),nth(z, env))
> sats(A,is_powapply_fm(f,y,z),env)
(proof )

lemma (in M_ZF_trans) powapply_repl :
assumes
feM
shows
strong_replacement (#4# M is_powapply (## M .f))
(proof)

definition
PHrank_fm :: [i,i,i] = ¢ where
PHrank_fm(f,y,2z) = Ezists(And(fun_apply_fm(succ(f),succ(y),0)
,suce_fm(0,suce(z))))

lemma PHrank_type [TC]:
[ z € nat; y € nat; z € nat | = PHrank_fm(z,y,z) € formula
(proof )

lemma (in M_ZF_trans) sats-PHrank_fm:
[ z € nat; y € nat; z € nat; env € list(M) |
= sats(M,PHrank_fm(z,y,z),env) «—
PHrank(#+#M nth(xz,env),nth(y,env),nth(z,env))
{proof)

lemma (in M_ZF_trans) phrank_repl :
assumes
feM
shows
strong_replacement (#+ M ,PHrank(## M .f))

(proof)

definition
is_Hrank_fm :: [i,i,i] = i where
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is_Hrank_fm(z,f ,hc) = Exists(And(big_union_fm(0,succ(hc)),
Replace_fm(succ(z),PHrank_fm(succ(succ(suce(f))),0,1),0)))

lemma is_Hrank_type [TC]:
[ z € nat; y € nat; z € nat | = is_Hrank_fm(z,y,z) € formula
(proof)

lemma (in M_ZF_trans) sats_is_Hrank_fm:
[ z € nat; y € nat; z € nat; env € list(M)]
= sats(M ,is_Hrank_fm(z,y,z),env) +—
is_Hrank (#4M nth(z,env),nth(y,env),nth(z,env))
{proof )

declare is_Hrank_fm_def [fm_definitions add)
declare PHrank_fm_def[fm_definitions add|

lemma (in M_ZF_trans) wfrec_rank :
assumes
XeM
shows
wfrec_replacement(## M yis_Hrank(## M ), rrank(X))

(proof)

definition
is_.HVfrom_fm :: [i,i,i,i] = i where
is_HVfrom_fm(A,z.f ,h) = Fuxists(Ezists(And(union_fm(A #+ 2,1,h #+ 2),
And(big_union_fm(0,1),
Replace_fn(z 4+ 2,is_powapply fm(f #+ 4,0,1),0)))))
declare is_HVfrom_fm_def [fm_definitions add]

lemma is_HVfrom_type [TC]:
[ Aenat; x € nat; f € nat; h € nat | = is_HVfrom_fm(A,z.f,h) € formula
(proof)

lemma sats_is_HVfrom_fm :
[ a€nat; © € nat; f € nat; h € nat; env € list(A); 0€A]
= sats(A,is_ HVfrom_fm(a,x,f h),env) +—
is_.HVfrom(## A,nth(a,env),nth(x,env),nth(f,env),nth(h,env))
(proof)

lemma is_HVfrom_iff_sats:
assumes
nth(a,env) = aa nth(z,env) = zz nth(f,env) = ff nth(h,env) = hh
a€nat zenat fEnat henat envelist(A) 0€A
shows
is_-HVfrom(#+#A,aa,2z,ff ,hh) +— sats(A, is_-HVfrom_fm(a,z.f,h), env)
(proof )
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schematic_goal sats_is_Vset_fm_auto:
assumes
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_Vset(## A, nth(i, env),nth(v, env))
> sats(A, Zivs_fm(i,v),env)
(proof)

schematic_goal is_Vset_iff_sats:
assumes
nth(i,env) = i nth(v,env) = v
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_Vset(##A,ii,vv) +— sats(A, Zivs_fm(iv), env)
(proof)

lemma (in M_ZF_trans) memrel_eclose_sing :
a€eM = JsacM. Fesac M. ImesachM.
upair(##M ,a,a,s50) & is_eclose(## M ,sa,esa) & membership(## M ,esa,mesa)
(proof)

lemma (in M_ZF_trans) trans_repl_HVFrom :
assumes
AeM ieM
shows
transrec_replacement(## M jis_HVfrom(## M ,A),i)
(proof)

sublocale M_ZF _trans C M_eclose_pow ##M
(proof)

lemma (in M_ZF _trans) repl_gen :

assumes
frabs: Nz y. [ zeM; yeM | = is F(##M,zy) «— y = f(z)
and
fsats: Nz y. [xeM ; yeM | =

sats(M ,f-fm,Cons(z,Cons(y,env))) +— is_F(##M ,x,y)

and
fform: f.fm € formula
and
frarty: arity(f-fm) = 2
and
env€Elist(M)

shows
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strong_replacement(##M, Az y. y = f(x))
(proof)

lemma (in M_ZF _trans) sep_in_-M :
assumes
@ € formula envelist(M)
arity(p) < 1 #+ length(env) A€M and
satsQ: Nz. teM = sats(M ,p,[z]Qenv) «— Q(z)
shows
{yed . Q(y)}eM
(proof)

end

11 Transitive set models of ZF

This theory defines the locale M_ZF_trans for transitive models of ZF, and
the associated forcing_data that adds a forcing notion

theory Forcing-Data
imports
Forcing_Notions
Interface

begin

lemma Transset_M :
Transset(M) = yer = r € M = ye M
{proof )

locale M_ctm = M_ZF_trans +

fixes enum

assumes M_countable: enum€bij(nat,M)
begin

lemma tuples_.in. M: Ae M — BeM — (A,BYeM
(proof)

11.1  Collects in M

lemma Collect_in-M_Op :
assumes
Qfm : Q_fm € formula and
Qarty : arity(Q-fm) = 1 and
Qsats : Nzx. zeM = sats(M,Q_fm,[z]) +— is_Q(##M ,z) and
Qabs : Nz. 1eM = is-Q(##M,z) +— Q(z) and
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AeM
shows
Collect(A,Q)eM

(proof)

lemma Collect_in_M_2p :

assumes
Qfm : Q-fm € formula and
Qarty : arity(Q-fm) = 3 and
params_M : yeM zeM and
Qsats : Nx. teM = sats(M,Q-fm,[x,y,2]) +— is-Q(##M,z,y,z) and
Qabs : N\z. zeM = is_ Q(##M ,x,y,z) +— Q(z,y,2) and
AeM

shows
Collect(A \z. Q(z,y,2))eM

(proof)

lemma Collect_in-M_Jp :
assumes
Qfm : Q-fm € formula and
Qarty : arity(Q-fm) = 5 and
params_M : al €M a2eM a3€M a4 €M and
Qsats : Nx. ze M = sats(M,Q_fm,[z,al,a2,a3,a4]) +— is_Q(##M ,x,al,a2,a3,a4)
and
Qabs : \x. e M = is_Q(##M,z,al,0a2,a3,a4) +— Q(z,al,a2,a3,a) and
AeM
shows
Collect(A z. Q(x,al,a2,a3,a4))eM
(proof)

lemma Repl_in_M :
assumes
fofm: ffm € formula and
frar: arity(fofm)< 2 #+ length(env) and
fsats: Nz y. xe M = yeM = sats(M,f-fm,[z,y]Qenv) +— is_f(z,y) and
fabs: Nz y. zeM = yeM = is_f(z,y) +— y = f(x) and
felosed: A\z. x€A = f(z) € M and
AeM envelist(M)
shows {f(z). z€A}eM
(proof)

end

11.2 A forcing locale and generic filters

locale forcing_data = forcing-notion + M_ctm +
assumes P_in_M: PeM
and leq_in_M: leg e M
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begin

lemma transD : Transset(M) =y e M = y C M
{proof)

lemmas P_sub_M = transD[OF trans-M P_in_M]

definition
M_generic :: i=>0 where
M_generic(G) = filter(G) N (YDeM. DCP A dense(D)— DNG#0)

lemma M_genericD [dest]: M_generic(G) = x€G = z€P
{proof)

lemma M_generic_leqgD [dest]: M_generic(G) = peG — ¢€P — p=q —
qeG
(proof)

lemma M_generic_compatD [dest]: M_generic(G) = peG — re G = F¢€G.
q=p N q=r
(proof )

lemma M_generic_denseD [dest]: M_generic(G) = dense(D) = DCP —> DeM
= Jg¢€qG. qeD
{proof)

lemma G_nonempty: M_generic(G) = G#0
(proof)

lemma one_in_G :
assumes M_generic(G)
shows one € G

(proof)

lemma G_subset_M: M_generic(G) = G C M
(proof)

declare iff trans [trans]
lemma generic_filter_existence:

peP = 3G. peG N M_generic(Q)
(proof)

end

lemma (in M_trivial) compat_in_abs :
assumes
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M(4) M(r) M(p) M(q)
shows

is_compat_in(M,A,r,p,q) «— compat_in(A,r,p,q)
(proof )

context forcing_data begin

definition
compat_in_fm :: [i,i,i,i] = ¢ where
compat_in_fm(A,r,p,q) =
Erxists(And(Member(0,succ(A)), Exists(And (pair_fm(1,p#+2,0),
And(Member(0,r#+2),
Ezists(And(pair_fm(2,q#+3,0),Member(0,7#+3))))))))

lemma compat_in_fm_type[TC] :
[ Aenat;renat;penat;qenat] = compat_in_fm(A,r,p,q)€formula
(proof)

lemma sats_compat_in_fm:
assumes
Aenat renat penat genat envelist(M)
shows
sats(M ,compat_in_fm(A,r,p,q),env) +—
is_compat_in(##M nth(A, env),nth(r, env),nth(p, env),nth(q, env))
{proof)

end

end

12 The ZFC axioms, internalized
theory Internal_ZFC_Axioms

imports
Forcing_Data

begin

schematic_goal ZF_union_auto:
Union_ax(##A) «<— (4, | E 2zfunion)
(proof)

(ML)

schematic_goal ZF_power_auto:

power_ax(##A) «— (A, [| E ?zfpow)
(proof )

(ML)
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schematic_goal ZF_pairing_auto:
upair_az(##A) +— (4, || E ?2fpair)
(proof)

(ML)

schematic_goal ZF_foundation_auto:
foundation_az(##A) +— (4, [| & ?zfpow)
(proof)

(ML)

schematic_goal ZF_extensionality_auto:
extensionality(##A) +— (4, [| E ?zfpow)
(proof)

(ML)

schematic_goal ZF_infinity_auto:

infinity_az(##A) «— (4, [| = (#¢(i:4,h)))
(proof )

(ML)

schematic_goal ZF_choice_auto:
choice_az(##A) «— (A, [| = (#¢(i.5,h)))

{proof )
(ML)
syntax

_choice :: i (AC)
translations

AC — CONST ZF_choice_fm

lemmas ZFC_fm_defs = ZF_extensionality_fm_def ZF_foundation_fm_def ZF_pairing_fm_def
ZF_union_fm_def ZF_infinity_fm_def ZF_power_fm_def ZF_choice_fm_def

lemmas ZFC_fm_sats = ZF_extensionality_auto ZF_foundation_auto ZF_pairing_auto
ZF_union_auto ZF_infinity_auto ZF_power_auto ZF_choice_auto

definition
ZF_fin :: i where
ZF_fin = { ZF_extensionality_fm, ZF_foundation_fm, ZF_pairing-fm,
ZF_union_fm, ZF_infinity_fm, ZF_power_fm }

definition
ZFC_fin :: i where
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ZFC_fin = ZF_fin U {ZF_choice_fm}

lemma ZFC_fin_type : ZFC_fin C formula
(proof )

12.1 The Axiom of Separation, internalized

lemma iterates_Forall_type [TC):
[ n € nat; p € formula | = Forall"n(p) € formula
(proof)

lemma last_init_eq :
assumes [ € list(A) length(l) = succ(n)
shows 3 acA. Jl’elist(A). | = 1'Q[a]
(proof )

lemma take_drop_eq :
assumes [€list(M)
shows A n . n < succ(length(l)) = 1 = take(n,l) Q drop(n,l)
(proof)

lemma list_split :
assumes n < succ(length(rest)) rest € list(M)
shows Jrec€list(M). Istelist(M). rest = re Q st A length(re) = pred(n)

(proof)

lemma sats_nForall:
assumes
p € formula
shows
nenat = ms € list(M) =
M, ms = (Forall"n(p)) «—
(Vrest € list(M). length(rest) = n — M, rest @ ms = ¢)

{(proof)

definition
sep_body_fm :: i = i where
sep-body_fm(p) = Forall( Exists(Forall(
Iff (Member(0,1),And(Member(0,2),
incr_-bvl "2(p))))))

lemma sep_body_fm_type [TC): p € formula = sep_body_fm(p) € formula
(proof )

lemma sats_sep_body_fm:
assumes
» € formula ms€list(M) rest€list(M)
shows
M, rest @ ms |= sep_body_fm(yp) +—
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separation(#F#HM N x. M, [x] Q rest Q ms = @)
{proof)

definition
ZF_separation_fm :: i = i where
ZF_separation_fm(p) = Forall*(pred(arity(p)))(sep_body_fm(p))

lemma ZF_separation_fm_type [TC]: p € formula = ZF_separation_fm(p) € formula
(proof )

lemma sats_ZF_separation_fm_iff :

assumes

pEeformula

shows

(M, || E (ZF_-separation_fm(y)))

—

(Venvelist(M). arity(v) < 1 #+ length(env) —

separation(#FH#M A x. M, [z] Q@ env | ¢))

(proof)

12.2 The Axiom of Replacement, internalized

schematic_goal sats_univalent_fm_auto:
assumes

Qiff sats:N\zyz. 2 € A= ye€ A= 26 A =
Q(z,z) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
Neyz e A= ye A= 264 =
Q(z,y) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q2-fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
univalent(##A,B,Q) +— Ajenv | ?ufm(i)
(proof )

(ML)

lemma univalent_fm_type [TC): ql € formula = q2€formula = i€nat =
univalent_fm(q2,q1 i) €formula
(proof )

lemma sats_univalent_fm :
assumes

Q-iff-satss Nz yz.2 € A= y € A = 26 A =

Q(z,2) +— (A,Cons(z,Cons(y,Cons(z,env))) = Q1-fm)
Neyz e A= yec A= 264 =

Q(z,y) «— (A4,Cons(z,Cons(y,Cons(z,env))) = Q2-fm)

and

asms: nth(i,env) = B i € nat env € list(A)
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shows
A,env |E univalent_fm(QI1_fm,Q2-fm,i) +— univalent(##A,B,Q)
(proof )

definition
swap_vars :: i=1 where
swap_vars(p) =
FEzists(Ewxists(And(Equal(0,3),And(Equal(1,2),iterates(Ap. incr-bv(p) ‘2 , 2,
®)))

lemma swap_vars_type[TC :
pEformula = swap_vars(p) €formula

{proof)

lemma sats_swap_vars :
[z,y] Q@ env € list(M) = pEformula =
M, [z,y] @ env | swap_vars(p)«— M [y,x] Q@ env | ¢

{proof)

definition
univalent_Q1 :: i = i where
univalent_Q1(p) = incr_bvl (swap_vars(y))

definition
univalent_Q2 :: i = i where
univalent-Q2(p) = incr_bv(swap_vars(yp)) ‘0

lemma univalent_Qs_type [TC:
assumes @€ formula
shows univalent_Q1(p) € formula univalent_Q2(p) € formula

(proof)

lemma sats_univalent_fm_assm:
assumes
r €Ay e AzeA enve list(A) ¢ € formula
shows
(4, ([z,2] Q@ env) = ¢) +— (4, Cons(z,Cons(y,Cons(z,env))) | (univalent_Q1(p)))
(4, ([z,y] Q env) = @) «— (A, Cons(z,Cons(y,Cons(x,env))) = (univalent-Q2(p)))
(proof)

definition
rep_body_fm :: i = i where
rep_body_fm(p) = Forall(Implies(
univalent_fm(univalent_Q1 (incr_bv(p) ‘2),univalent_Q2 (incr_bv(p) 2),0),
Exzists(Forall(
Iff (Member(0,1),Exists(And(Member(0,3),incr_-bv(incr-bv(p) ‘2)‘2)))))))

lemma rep_body_fm_type [TC]: p € formula = rep_body_fm(p) € formula
(proof )
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lemmas ZF_replacement_simps = formula_add_paramsi[of ¢ 2 - M [.,] ]
sats_incr-bu_iff [of - - M _ [|]] — simplifies iterates of Az. incr_bv(z) 0
sats_incr-bu_iff [of - - M _ [.,-]]— simplifies Az. incr_bv(z) * 2
sats_incr-bvl_iff [of - - M] sats_swap_vars for ¢ M

lemma sats_rep_body_fm:
assumes
¢ € formula mselist(M) restelist(M)
shows
M, rest @ ms |= rep_body_fm(p) <—
strong_replacement(#H#M Mz y. M, [z,y] Q rest @ ms = )
(proof)

definition
ZF_replacement_fm :: i = i where
ZF_replacement_fm(p) = Forall”(pred(pred(arity(p))))(rep_body_fm(p))

lemma ZF_replacement_fm_type [TC]: p € formula = ZF_replacement_fm(p) €
formula

(proof)

lemma sats_ZF_replacement_fm_iff:

assumes

pEformula

shows

(M, || E (ZF_-replacement_fm(y)))

—

(Venvelist(M). arity(v) < 2 #+ length(env) —

strong_replacement(##M Az y. M,[z,y] Q env E ¢))

(proof)

definition

ZF_inf :: i where

ZF_inf = {ZF_separation_fm(p) . p € formula } U {ZF_replacement_fm(p) . p €
formula }

lemma Un_subset_formula: AC formula N BCformula = AUB C formula
(proof)

lemma ZF_inf subset_formula : ZF_inf C formula
(proof)

definition
ZFC :: i where
ZFC = ZF_inf U ZFC_fin

definition
ZF :: i where
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ZF = ZF_inf U ZF_fin

definition
ZF_minus_P :: 1 where
ZF_minus_P = ZF - { ZF_power_fm }

lemma ZFC_subset_formula: ZFC C formula
(proof)

Satisfaction of a set of sentences

definition
satT :: [i,i] = o (- |= - [36,536] 60) where
A = Veed. (4] E ¢)

lemma satTI [introl]:
assumes A\p. pe® = A = ¢
shows A = @

{proof)

lemma satTD [dest] A E ® = ¢e® = A E ¢
(proof )

lemma sats_ZFC_iff_sats_ZF_AC"
(N ZFC) +— (N E ZF) A (N, || E AC)
(proof)

lemma M_ZF_iff M_satT: M_ZF (M) «— (M = ZF)
(proof)

end

13 Renaming of variables in internalized formulas

theory Renaming
imports
Nat_Miscellanea
ZF-Constructible. Formula
begin

lemma app_nm :
assumes nenat menat fen—m x € nat
shows fv € nat

(proof)

13.1 Renaming of free variables

definition
union_fun :: [4,i,i,i] = i where
union_fun(f,g,m,p) = Aj € m U p . if j€m then f% else g%
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lemma union_fun_type:
assumes f € m — n
gep—gq
shows union_fun(f,g,m,p) € mUp — n U g

(proof)

lemma union_fun_action :
assumes
env € list(M)
env’ € list(M)
length(env) = m U p
YV i.i€m— nth(fienv’) = nth(ienv)
YV j.j€p— nth(g9,env’) = nth(j,env)
showsV i .1 €mUp —
nth(i,env) = nth(union_fun(f,g,m,p) ‘i,env’)

(proof)

lemma id_fn_type :
assumes n € nat
shows id(n) € n — n

{proof)

lemma id_fn_action:

assumes n € nat envelist(M)

shows A j . j < n = nth(j,env) = nth(id(n)j,env)
(proof)

definition

sum :: [4,4,4,1,i] = i where
sum(f,g,m,n,p) = A\j € m#+p . if j<m then [ else (g‘(j#-m))#+n

lemma sum_inl:
assumes m € nat n€nat
femonzrem
shows sum(f,g,m,n,p)‘c = f
(proof)

lemma sum_inr:
assumes m € nat n€nat penat
gEP—=qgm < zx < m#+p
shows sum(f,g,m,n,p)‘c = g‘(x#-m)#+n
(proof)

lemma sum_action :
assumes m € nat n€Enat penat genat
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f € m—n gep—yq

env € list(M)

env’ € list(M)

envl € list(M)

env2 € list(M)

length(env) = m

length(envl) = p

length(env’) = n

N i . i< m = nth(i,env) = nth(f%,env’)

N J. 7 < p = nth(j,envl) = nth(g‘,env2)
shows V i . i < m#+p —

nth(i,envQenvl) = nth(sum(f,g,m,n,p) ‘i, env’'Qenv?)

(proof)

lemma sum_type :
assumes m € nat nEnat penat gcnat
f € m—n gep—yq
shows sum(f,g,m,n,p) € (m#+p) — (n#+q)
(proof)

lemma sum_type_id :
assumes
f € length(env)—length(env’)
env € list(M)
env’ € list(M)
envl € list(M)
shows
sum(f,id(length(envl)),length(env),length(env’),length(envl)) €
(length(env)#+length(envl)) — (length(env’)#+length(envl))
{proof)

lemma sum_type_id_aux2 :
assumes
f € m—n
m € nat n € nat
envl € list(M)
shows
sum(f,id(length(envl)),m,n,length(envl)) €
(m#+length(envl)) — (n#+length(envl))
(proof)

lemma sum_action_id :
assumes
env € list(M)
env’ € list(M)
f € length(env)—length(env’)
envl € list(M)
N i . i< length(env) = nth(i,env) = nth(f“,env’)
shows A i . i < length(env)#-+length(envl) =
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nth(i,envQ@envl) = nth(sum(f,id(length(envl)),length(env),length(env’),length(envl)) ‘4, env'Qenvl)
(proof)

lemma sum_action_id_auz :

assumes

fem—n

env € list(M)

env’ € list(M)

envl € list(M)

length(env) = m

length(env’) = n

length(envl) = p

N i . i< m = nth(i,env) = nth(f%,env’)
shows A i . i < m#+length(envl) =

nth(i,env@envl) = nth(sum(f,id(length(envl)),m,n,length(envl))‘i,env'Qenvl)

(proof )

definition
sum_id :: [i,i] = i where
sum_id(m,f) = sum(Az€l.x,f,1,1,m)

lemma sum_id0 : menat=—sum_id(m,f)‘0 = 0
(proof )

lemma sum_idS : penat = ¢€nat = f€p—q = = € p = sum_id(p,f) ‘(suce(z))
= succ(f‘z)
(proof)

lemma sum_id_tc_aux :
p Enat = q € nat = f € p = ¢ = sum_id(p,f) € 1#+p — 1#+¢q
(proof )

lemma sum_id_tc :
n € nat = m € nat = f € n = m = sum_id(n,f) € succ(n) — succ(m)

{proof)

13.2 Renaming of formulas

consts ren : i=1
primrec
ren(Member(z,y)) =
(An € nat . X m € nat. \f € n — m. Member (fz, fy))

ren(Equal(z,y)) =
(An € nat . A m € nat. \f € n — m. Equal (fz, fy))

ren(Nand(p,)) =
(An € nat . X m € nat. \f € n — m. Nand (ren(p) ‘n‘m‘f, ren(q) ‘n‘m‘f))
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ren(Forall(p)) =
(An €nat. Am € nat. \f € n — m. Forall (ren(p) ‘succ(n) ‘succ(m) ‘sum-id(n,f)))

lemma arity-meml : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=z¢cl

(proof)
lemma arity-memr : | € nat = Member(z,y) € formula => arity(Member(z,y))
<l=yel

(proof )
lemma arity_eql : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < I
=z el

(proof)
lemma arity_eqr : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < I
= yel

(proof )
lemma nand_arl : p € formula = q€formula =>arity(p) < arity(Nand(p,q))

(proof )
lemma nand_ar2 : p € formula = g€formula = arity(q) < arity(Nand(p,q))

{proof)

lemma nand_ariD : p € formula = g€formula = arity(Nand(p,q)) < n =
arity(p) < n

(proof)
lemma nand_ar2D : p € formula = g€formula = arity(Nand(p,q)) < n =
arity(q) < n

(proof)

lemma ren_tc : p € formula =
(Anmf.n€nat = m € nat = f € n>m = ren(p) ‘n‘m‘f € formula)

(proof)

lemma arity_ren :

fixes p

assumes p € formula

shows Anmf.n € nat = m € nat = f € n—>m = arity(p) < n =
arity(ren(p) ‘n‘m‘f)<m

(proof)

lemma arity_forallE : p € formula = m € nat = arity(Forall(p)) < m =
arity(p) < succ(m)
(proof )

lemma env_coincidence_sum_id :
assumes m € nat n € nat
o € list(A) o’ € list(A)
fen—->m
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N i.i<n= nth(i,0) = nth(f,0’)
a € Aj e suce(n)
shows nth(j,Cons(a,0)) = nth(sum-id(n,f)%,Cons(a,p’))
(proof)

lemma sats_iff_sats_ren :
fixes ¢
assumes ¢ € formula
shows [ n € nat ; m € nat ; o € list(M) ; o' € list(M) ; f € n — m ;
arity () <
Ni.i<n= nth(i,0) = nth(fi,0) ] =
sats(M ,p,0) «— sats(M,ren(p) ‘n‘m‘f,0")
(proof)

end
theory Renaming_Auto
imports
Renaming
ZF . Finite
ZF.List
keywords
rename :: thy_decl % ML
and
simple_rename :: thy_decl % ML
and
sre
and
tgt
abbrevs
simple_rename =

begin

lemmas app_fun = apply_iff[THEN iffD1]
lemmas nat_succl = nat_succ_iff[THEN iffD2]
(ML)

end

14 Automatic relativization of terms.

theory Relativization
imports ZF-Constructible. Formula
ZF-Constructible. Relative
ZF-Constructible. Datatype_absolute

keywords
relativize :: thy_decl % ML
and
relativize_tm :: thy_decl % ML
and
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reldb_add :: thy_decl % ML

begin

(ML)

lemmas relative_abs =
M _trans.empty_abs
M_trans.pair_abs
M _trivial. cartprod_abs
M_trans.union_abs
M_trans.inter_abs
M _trans.setdiff_abs
M_trans. Union_abs
M _trivial.cons_abs

M _trivial.successor_abs
M_trans. Collect_abs

M _trans. Replace_abs
M_trivial.lambda_abs2
M_trans.image_abs

M_trivial.nat_case_abs

M _trivial.omega_abs
M_basic.sum_abs
M_trivial.Inl_abs
M_trivial. Inr_abs
M_basic.converse_abs
M_basic.vimage_abs
M_trans.domain_abs
M_trans.range_abs

M _basic.field_abs
M_basic.apply_abs

M_basic.composition_abs
M _trans.restriction_abs
M_trans.Inter_abs

M _trivial.is_funspace_abs
M _trivial.bool_of_o_abs
M_trivial.not_abs
M_trivial.and_abs
M_trivial.or_abs

M _trivial. Nil_abs

M _trivial. Cons_abs

M_trivial.list_case_abs
M_trivial .hd_abs
M_trivial . tl_abs

lemmas datatype_abs =
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M _datatypes.list_N_abs
M_datatypes.list_abs
M_datatypes.formula_N_abs
M_datatypes.formula_abs

M _eclose.is_eclose_n_abs

M _eclose.eclose_abs
M_datatypes.length_abs
M_datatypes.nth_abs

M _trivial. Member_abs
M_trivial. Equal_abs

M _trivial. Nand_abs

M _trivial. Forall_abs
M_datatypes.depth_abs
M_datatypes.formula_case_abs

declare relative_abs[absolut]
declare datatype_abs[absolut]

(ML)
declare relative_abs|Rel]
declare datatype_abs|Rel]

end

15 Names and generic extensions

theory Names
imports
Forcing_Data
Interface
Recursion_Thms
Relativization
Synthetic_Definition
begin

definition
SepReplace :: [i, i=1, i= o] = i where
SepReplace(A,b0,Q) = {y . z€A, y=b(z) N Q(z)}

syntax

_SepReplace :: [i, pttrn, i, o] = i ((1{-../ -€ . _}))
translations

{b..z€A, Q} => CONST SepReplace(A, A\z. b, Az. Q)

1e<rnma>Sep,and,Replace: {b(z) .. xz€A, P(z) } = {b(x) . ze{ycA. P(y)}}
proof
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lemma SepReplace_subset : ACA'— {b .. z€A, Q}C{b .. z€A’, Q}
(proof )

lemma SepReplace_iff [simp]: ye{b(z) .. €A, P(z)} +— (Fz€A. y=b(z) &
P(z))

(proof)

lemma SepReplace_dom_implies :
E/\ xf>:v €A = b(z) = b'(z))= {b(z) .. z€A, Q(z)}={b'(x) .. z€A, Q(x)}
proo

lemma SepReplace_pred_implies :
?’x. ?sx)—> b(z) = b'(z)= {b(z) .. z€4, Q(z)}={b(z) .. z€A, Q(z)}
proo,

15.1 The well-founded relation ed

lemma eclose_sing : © € eclose(a) => z € eclose({a})
(proof)

lemma eclosel :
assumes z € eclose(A)
shows z € AV (3 Be A.x € eclose(B))

(proof)

lemma eclose_singE : © € eclose({a}) = = = a V = € eclose(a)
{proof)

lemma in_eclose_sing :
assumes z € eclose({a}) a € eclose(z)
shows z € eclose({z})

(proof)

lemma in_dom_in_eclose :
assumes z € domain(z)
shows z € eclose(z)

(proof)

termed is the well-founded relation on which val is defined.

definition
ed :: [i,i] = o where
ed(z,y) = z € domain(y)

definition
edrel :: 1 = i where
edrel(A) = Rrel(ed,A)

lemma edI[intro!]: t€domain(z) = ed(t,z)
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{proof)

lemma edD[dest!]: ed(t,z) = te€domain(z)
{proof)

lemma rank_ed:
assumes ed(y,z)
shows succ(rank(y)) < rank(z)

(proof)

lemma edrel_dest [dest]: © € edrel(A) = 3 a€ A. 3 b € A. z =(a,b)
{proof)

lemma edrelD : ¢ € edrel(A) =3 ac A. 3 b€ A. z =(a,b) A a € domain(b)
(proof)

lemma edrell [introl]: 1€ A = yeA = = € domain(y) = (z,y)€edrel(A)
{proof)

lemma edrel_trans: Transset(A) = yeA = x € domain(y) = (z,y)Eedrel(A)
(proof)

lemma domain_trans: Transset(A) = yeA = z € domain(y) = z€A
{proof)

lemma relation_edrel : relation(edrel(A))
(proof)

lemma field_edrel : field(edrel(A))CA
{proof)

lemma edrel_sub_memrel: edrel(A) C trancl(Memrel(eclose(A)))
(proof)

lemma wf_edrel : wf (edrel(A))
(proof)

lemma ed_induction:

assumes A\z. [Ay. ed(y.1) = Q) ] = Q)
shows Q(a)

(proof)

lemma dom_under_edrel_eclose: edrel(eclose({z})) - {z} = domain(z)
(proof)

lemma ed_eclose : (y,z) € edrel(A) = y € eclose(z)
{proof)
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lemma tr_edrel_eclose : (y,z) € edrel(eclose({z})) "+ = y € eclose(z)
{proof)

lemma restrict_edrel_eq :
assumes 2z € domain(z)
shows edrel(eclose({z})) N eclose({z})xeclose({z}) = edrel(eclose({z}))

(proof)

lemma tr_edrel_subset :
assumes 2z € domain(z)
shows tr_down(edrel(eclose({z})),2) C eclose({z})

(proof)

definition
Hv :: [i,4,i,i]=i where
Hv(P,G,z.f) = { fy .. y€ domain(z), IpeP. (y,p) €z Ap e G}

The funcion val interprets a name in M according to a (generic) filter G.
Note the definition in terms of the well-founded recursor.

definition
val :: [i,4,i]=i where
val(P,G,1) = wfrec(edrel(eclose({7})), 7 ,Hv(P,QR))

definition
GenEuxt :: [i,ii]=41  (-[] [71,1])
where MT[G] = {val(P,G,7). T € M}
abbreviation (in forcing_notion)
GenEzt_at P :: i=i=i  ([] [71,1])
where M|[G] = MP[G)

context M_ctm
begin

lemma upairM : 2 e M = ye M = {z,y} € M
{proof)

lemma singletonM : a € M = {a} € M

(proof)

end

15.2 Values and check-names

context forcing_data
begin

definition
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Hcheck :: [i,i] = i where
Hcheck(z,f) = { (fy,one) . y € 2}

definition
check :: i = i where
check(z) = transrec(x , Hcheck)

lemma checkD:
check(z) = wfrec(Memrel(eclose({z})), x, Hcheck)

(proof)

definition
rcheck :: i1 = i where
rcheck(z) = Memrel(eclose({z})) "+

lemma Hcheck_trancl: Hcheck(y, restrict(f,Memrel(eclose({z}))-“{y}))
= Hcheck(y, restrict(f,(Memrel(eclose({z})) "+)-“{y}))

{proof)

lemma check_trancl: check(xz) = wfrec(rcheck(zx), x, Hcheck)
{proof)

lemma rcheck_in_M :
T € M = rcheck(z) € M

(proof)

lemma auz_def_check: © € y —
wfrec(Memrel(eclose({y})), x, Hcheck) =
wfrec(Memprel(eclose({z})), =, Hcheck)

(proof)

lemma def check : check(y) = { (check(w),one) . w € y}
(proof )

lemma def_checksS :
fixes n
assumes n € nat
shows check(succ(n)) = check(n) U {{check(n),one)}

(proof)

lemma field_Memrel2 :
assumes r € M
shows field(Memrel(eclose({z}))) C M

(proof)

lemma auz_def val:
assumes z € domain(z)
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<shotx;:;s wfrec(edrel(eclose({z})),z,Hv(P,G)) = wfrec(edrel(eclose({z})),z,Hv(P,Q))
PrOoo

The next lemma provides the usual recursive expresion for the definition of
termual.

lemma defval: val(P,G,z) = {val(P,G,t) .. t€domain(z) , IpeP . (t,p)€x A
peG}

(proof)

lemma val-mono : Cy = val(P,G,x) C val(P,G,y)

(proof)

Check-names are the canonical names for elements of the ground model.
Here we show that this is the case.

lemma valcheck : one € G = one € P = val(P,G,check(y)) =y
(proof)

lemma val_of_name :
val(P,G {z€AxP. Q(z)}) = {val(P,G,t) .. teA ,IpeP . Q(t,p)) ANpe G}
(proof)

lemma val_of name_alt :
val(P,G{zeAxP. Q(z)}) = {val(P,G,t) .. teA , IpePNG . Q({t,p)) }
(proof)

lemma val_only_names: val(P,F,7) = val(P,F {zer. 3tcdomain(r). IpeP. z=(t,p)})
(is - = wval(P,F,?name))
(proof)

lemma val_only_pairs: val(P,F,r) = val(P,F . {zeT. It p. z=(t,p)})
(proof)

lemma val_subset_domain_times_range: val(P,F,r) C val(P,F ,domain(7)x range(t))
{proof)

lemma val_subset_domain_times_P: val(P,F,7) C val(P,F,domain(7)x P)
{proof)

lemma val_of_elem: (9,p) € 1 = peG = peP = val(P,G,9) € val(P,G,)

(proof)

lemma elem_of-val: z€val(P,G,m) = FId€domain(r). val(P,GY) = z
{proof)

lemma elem_of-val_pair: x€val(P,G,m) = 39. IpeG. (Y,p)em A val(P,G,9) =
x

{proof)

lemma elem_of_val_pair’:
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assumes 7€M zcval(P,G,m)
shows I3YeM. IpeG. (I.,p)er A val(P,GY) =z
(proof)

lemma GenEztD:
z € M[G] = 37eM. v = val(P,G,7)
(proof )

lemma GenFExtl:
z € M = val(P,G,x) € M|[G]
(proof )

lemma Transset-MG : Transset(M[G])
(proof)

lemmas transitivity MG = Transset_intf[OF Transset_MG]|

lemma check_n_M :
fixes n
assumes n € nat
shows check(n) € M

{proof)

definition
PHcheck :: [i,i,i,i] = o where
PHcheck(o.f,y,p) = pEM A (3 fy[##M]. fun_apply(##M.f,y.fy) N pair(#4 M ,fy,0,p))

definition
is_Hcheck :: [i,i,i,i] = o where
is_Hcheck(o,z,f,h¢) = is_Replace(## M ,z,PHcheck(o,f),hc)

lemma one_in_M: one € M
(proof )

lemma def PHcheck:
assumes
zeM feM
shows
Hcheck(z,f) = Replace(z,PHcheck(one,f))

(proof)

definition
PHcheck_fm :: [i,i,i,i] = ¢ where
PHcheck_fm(o,f,y,p) = Exzists(And(fun_apply_fm(succ(f),succ(y),0)
,patr_fm(0,succ(0),sucec(p))))
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declare PHcheck_fm_def|[fm_definitions]

lemma PHcheck_type [TC|:
[ € nat; y € nat; z € nat; u € nat | = PHcheck_fm(z,y,z,u) € formula

(proof)

lemma sats_PHcheck_fm [simp]:
[ z € nat; y € nat; z € nat; u € nat ; env € list(M)]
= sats(M,PHcheck_fm(z,y,z,u),env) +—
PHcheck(nth(z,env),nth(y,env),nth(z,env),nth(u,env))
(proof )

definition
is_Hcheck_fm :: [i,i,i,i] = i where
is_Hcheck_fm(o,z,f ,hc) = Replace_fm(z,PHcheck_fm(succ(succ(0)),succ(suce(f)),0,1),hc)

declare is_Hcheck_fm_def [fm_definitions]

lemma is_Hcheck_type [TC):
[ € nat; y € nat; z € nat; u € nat | = is_Hcheck_fm(z,y,z,u) € formula
(proof)

lemma sats_is_Hcheck_fm [simp]:
[ z € nat; y € nat; z € nat; v € nat ; env € list(M)]
= sats(M ,is_Hcheck_fm(z,y,z,u),env) +—
is_Hcheck (nth(z,env),nth(y,env),nth(z,env),nth(u,env))
{proof )

lemma wfrec_Hcheck :
assumes
XeM
shows
wfrec_replacement(## M ,is_Hcheck(one),rcheck(X))

(proof)

lemma repl_PHcheck :
assumes
feM
shows
strong_replacement (#4 M ,PHcheck(one,f))

(proof)

lemma univ_PHcheck : [ zeéM ; feM | = univalent(## M ,z,PHcheck(one,f))
{proof)

lemma relation2_Hcheck :
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relation2(#+ M ,is_Hcheck(one),Hcheck)
(proof)

lemma PHcheck_closed :
[zeM ; feM ; x€z; PHcheck(one,f,z,y) | = (##M)(y)
(proof)

lemma Hcheck_closed :
VyeM. VY geM. function(g) — Hcheck(y,g)eM
(proof)

lemma wf rcheck : e M = wf (rcheck(z))
{proof)

lemma trans_rcheck : 1€ M = trans(rcheck(z))
{proof)

lemma relation_rcheck : x€ M = relation(rcheck(x))
{proof)

lemma check_in.M : xte M = check(z) € M
(proof )

end

definition
is_singleton :: [i=>0,i,i] = o where
is_singleton(A,x,z) = I c[A]. empty(A,c) A is_cons(A,x,c,z)

lemma (in M_trivial) singleton_abs[simp] : [ M (z) ; M (s) | = is_singleton(M ,x,s)
— s = {z}

{proof)

definition
singleton_fm :: [i,i] = ¢ where
singleton_fm(i,j) = Exists(And(empty_fm(0), cons_fm(succ(i),0,succ(y))))

declare singleton_fm_def |fm_definitions|

lemma singleton_type[ TC] : [ = € nat; y € nat | = singleton_fm(x,y) € formula
(proof )

lemma is_singleton_iff_sats:
[ nth(i,env) = z; nth(j,env) = y;
i € nat; je€nat ; env € list(A)]
= is_singleton(##A,x,y) +— sats(A, singleton_fm(i,j), env)
(proof )
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context forcing_data begin

definition
is_rcheck :: [i,i] = o where
is_rcheck(x,z) = 3reM. tran_closure(##M,r,z) A (3 ecE M. membership(##M ,ec,r)
N
(FseM. is_singleton(##M,x,8) N is_eclose(##M,s,ec)))

lemma rcheck_abs|Rel] :
[ zeM ; reM | = is_rcheck(z,r) <— r = rcheck(z)
{proof)

schematic_goal rcheck_fm_auto:
assumes
i € natj € nat env € list(M)
shows
is_rcheck(nth(i,env),nth(j,env)) «— sats(M,%rch(i,j),env)
{proof)

(ML)

definition
is_check :: [i,i] = o where
is_check(x,z) = Irche M. is_rcheck(x,rch) A is_wfrec(## M jis_Hcheck(one),rch,x,z)

lemma check_abs[Rel] :
assumes
zeM zeM
shows
is_check(x,z) +— 2z = check(x)

(proof)

definition
check_fm :: [i,i,i] = i where
[fm_definitions] :
check_fm(x,0,2) = Exists(And(rcheck_fm(1#+x,0),
is-wfrec_fm(is_Hcheck_fm(6#+0,2,1,0),0,1#+x,1#+2)))

lemma check_fm_type[TC] :
[xenat;o€nat;zenat] = check_fm(z,0,2)€formula
(proof)

lemma sats_check_fm :
assumes
nth(o,env) = one x€nat z€nat o€nat envelist(M) = < length(env) z <
length(env)
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shows
sats(M, check_fm(x,0,z), env) «— is_check(nth(z,env),nth(z,env))
(proof)

lemma check_replacement:
{check(z). zeP} € M
(proof)

lemma pair_check : [ peM ; yeM | = (Fc€M. is_check(p,c) A pair(#H#M,c,p,y))
«— y = (check(p),p)
(proof)

lemma M_subset MG : one € G = M C M|G]
(proof)

The name for the generic filter

definition
G_dot :: i where
G-dot = {(check(p),p) . peP}

lemma G_dot_in_M :
G_dot € M

(proof)

lemma val_G_dot :
assumes G C P
one € G
shows val(P,G,G_dot) = G

(proof)

lemma G_in_Gen_Ext :
assumes G C P and one € G
shows G € M[G]

{proof)

lemma fst_snd_closed: pe M = fst(p) € M A snd(p)e M
(proof)

end

locale G_generic = forcing_data +

fixes G :: i
assumes generic : M_generic(G)
begin
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lemma zero_in MG :
0 € M[G]
(proof)

lemma G_nonempty: G#0
(proof)

end
end

16 Well-founded relation on names

theory FrecR imports Names Synthetic_Definition begin

lemmas sep_rules’ = nth_0 nth_ConsI FOL_iff_sats function_iff_sats
fun_plus_iff_sats omega_iff_sats FOL_sats_iff

frecR is the well-founded relation on names that allows us to define forcing
for atomic formulas.

definition
is_hcomp :: [i=0,i=i=0,i=i=>0,i,i] = o where
is_hcomp(M jis_f yis_g,a,w) = I z[M]. is_g(a,z) A is_f(z,w)

lemma (in M_trivial) hcomp_abs:

assumes
is_fabs:\a z. M(a) M(z) = is-f(a,z) «— z = f(a) and
is_g-abs:N\a z. M(a) M(z) = is-g(a,z) ¢<— z = g(a) and
g-closed: Na. M(a) = M(g(a))
M(a) M(w)

shows
is_hcomp(M ,is_f jis_g,a,w) +— w = f(g(a))

(proof)

=
=

definition
hcomp_fm :: [i=i=4,i=i=>1,i,i] = { where
hcomp_fm(pf,pg,a,w) = Ewzists(And(pg(succ(a),0),pf (0,succ(w))))

lemma sats_hcomp_fm:
assumes
fuiff-sats:Na b z. a€nat = benat = zeM —
is_f (nth(a,Cons(z,env)),nth(b,Cons(z,env))) «— sats(M ,pf(a,b),Cons(z,env))
and
g-iff-sats:\a b z. a€nat = benat = 26 M —
is_g(nth(a,Cons(z,env)),nth(b,Cons(z,env))) «— sats(M,pg(a,b),Cons(z,env))
and
a€nat wenat envelist(M)
shows
sats(M ,hecomp_fm(pf,pg,a,w),env) <— is_hcomp(## M ,is_f ;is_g,nth(a,env),nth(w,env))
(proof)
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definition
ftype :: i=1 where
ftype = fst

definition
namel :: i=1 where
namel (z) = fst(snd(x))

definition
name?2 :: i=1 where
name2(z) = fst(snd(snd(z)))

definition
cond_of :: i=1 where
cond-of (z) = snd(snd(snd((x))))

lemma components_simp:
ftype(<f7n1 ?n27c>) =f
namel ((f,n1,n2,c)) = nl
name2((f,n1,n2,c)) = n2
cond_of ({(f,n1,n2,c)) = ¢
{proof)

definition eclose_n :: [i=4,i] = i where
eclose_n(name,z) = eclose({name(z)})

definition
ecloseN :: i = i where
ecloseN (z) = eclose_n(namel,x) U eclose_n(name2,x)

lemma components_in_eclose :
nl € ecloseN ((f,n1,n2,c))
n2 € ecloseN ({f,n1,n2,c))

(proof )
lemmas names_simp = components_simp(2) components_simp(3)
lemma ecloseNI1 :

assumes z € eclose(nl) V z€eclose(n2)
shows = € ecloseN ({f,n1,n2,c))

{proof)

lemmas ecloseNI = ecloseNI1

lemma ecloseN_mono :
assumes u € ecloseN(z) namel (z) € ecloseN (y) name2(z) € ecloseN (y)
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shows u € ecloseN (y)
(proof)

definition
is_fst :: (i=0)=1i=i=0 where
is_fst(M,x,t) = (3 z[M]. pair(M ,t,z,z)) V
(=(F2[M]. Jw[M]. pair(M,w,z,x)) A empty(M,t))

definition
fst_fm :: [i,i] = i where
fst_fm(z,t) = Or(Emzists(pair_fm(succ(t),0,succ(x))),
And(Neg(Exists(Exists(pair_fm(0,1,2 #+ x)))),empty_fm(t)))

lemma sats_fst_fm :
[ z € nat; y € nat;env € list(4) ]
= sats(4, fst_fm(z,y), env) <—
is_fst(##A, nth(z,env), nth(y,env))
(proof )

definition
is_ftype :: (i=0)=i=i=0 where
is_ftype = is_fst

definition
ftype_fm :: [i,i] = i where
ftype_fm = fst_fm

lemma is_ftype_iff_sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_ftype(## A,aa,bb) <+— sats(A,ftype_fm(a,b), env)
(proof )

definition
is_snd :: (i=0)=i=i=>0 where
is_snd(M,z,t) = (3 z[M]. pair(M,z,t,x)) V
(=(F2[M]. Fw[M]. pair(M,z,w,z)) A empty(M,t))

definition
snd_fm :: [i,i] = i where
snd_fm(z,t) = Or(Ewzists(pair_fm(0,succ(t),succ(x))),
And(Neg(Exists(Exzists(pair_fm(1,0,2 #+ x)))),empty_fm(t)))

lemma sats_snd_fm :
[ = € nat; y € nat;env € list(A) ]
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= sats(4, snd_fm(z,y), env) +—
is_snd(#4# A, nth(z,env), nth(y,env))
(proof)

definition
is-namel :: (i=0)=i=i=0 where
is_namel (M ,x,t2) = is_hcomp(M jis_fst(M),is_snd(M),z,t2)

definition
namel_fm :

: [4,i] = i where
namel_fm(z,t) =

hcomp_fm(fst_fm,snd_fm,z,t)

lemma sats_namel_fm :
[ z € nat; y € nat;env € list(A) ]
= sats(A4, namel_fm(z,y), env) «—
is_namel (## A, nth(xz,env), nth(y,env))
(proof)

lemma is_namel_iff_sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat bEnat env € list(A)
shows
is_namel (##A,aa,bb) +— sats(A,namel_fm(a,b), env)
(proof)

definition
is_snd_snd :: (i=>0)=i=i=0 where
is_snd_snd(M,x,t) = is_hcomp(M jis_snd(M),is_snd(M),z,t)

definition
snd_snd_fm :: [i,i]=i where
snd_snd_fm(z,t) = hcomp_fm(snd_fm,snd_fm,z.t)

lemma sats_snd2_fm :
[ z € nat; y € nat;env € list(A) |
= sats(A,snd_snd_fm(z,y), env) «—
is_snd_snd(##A, nth(z,env), nth(y,env))

{proof)

definition
is-name? :: (i=o0)=i=>i=>0 where
is-name2(M ,xz,t3) = is_-hcomp(M ,is_fst(M),is_snd_snd(M),x,t3)

definition
name2_fm :: [i,i] = i where

name2_fm(z,t3) = hcomp_fm(fst_fm,snd_snd_fm,z,t3)

lemma sats_name2_fm :
[ = € nat; y € nat;env € list(A) ]
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= sats(A,name2_fm(z,y), env) <—
is-name2(## A, nth(xz,env), nth(y,env))
(proof)

lemma is_name2_iff_sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is-name2(## A aa,bb) +— sats(A,name2_fm(a,b), env)
(proof )

definition
is_cond_of :: (i=0)=i=i=>0 where
is_cond_of (M ,z,t]) = is_hcomp(M ,is_snd(M),is_snd_snd(M ),z ,t4)

definition
cond_of_fm :: [i,i] = i where
cond-of-fm(z,t4) = hcomp_fm(snd_fm,snd_snd_fm,z,t4)

lemma sats_cond_of_fm :
[ z € nat; y € nat;env € list(A) ]
= sats(A,cond_of fm(x,y), env) +—
is_cond_of (##A, nth(z,env), nth(y,env))
(proof)

lemma is_cond_of_iff_sats:

assumes

nth(a,env) = aa nth(b,env) = bb a€nat bEnat env € list(A)
shows

is_cond_of (##A,aa,bb) <+— sats(A,cond_of-fm(a,b), env)
{proof)

lemma components_type[ TC] :
assumes a€nat benat
shows
ftype_fm(a,b)E€formula
namel_fm(a,b)€formula
name2_fm(a,b)€formula
cond_of-fm(a,b)€formula
(proof)

lemmas components_iff_sats = is_ftype_iff_sats is_namel_iff_sats is_name2_iff_sats
is_cond_of_iff _sats

lemmas components_defs = fst_fm_def ftype_fm_def snd_fm_def snd_snd_fm_def hcomp_fm_def
namel_fm_def name2_fm_def cond_of_fm_def

definition
is_eclose_n :: [i=0,[i=>0,i,i]=>0,i,i] = o where
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is_eclose_n(N jis_name,en,t) =
In1[N].3s1[N]. is-name(N,t,nl) A is_singleton(N,n1,s1) A is_eclose(N,s1,en)

definition
eclose_n1_fm :: [i,i] = i where
eclose_nl_fm(m,t) = Exzists(Erxists(And(And(namel_fm(t#+2,0),singleton_fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
eclose_n2_fm :: [i,i] = i where
eclose_n2_fm(m,t) = Exists(Exists(And(And(name2_fm(t#+2,0),singleton_fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
is_ecloseN :: [i=>0,i,i] = o where
is_ecloseN (N ,en,t) = Jenl[N].3 en2[N].
is_eclose_n(N jis_namel ;enl t) A is_eclose_n(N jis_name2,en2,t)A
union(N,enl en2,en)

definition
ecloseN_fm :: [i,i] = i where
ecloseN_fm(en,t) = Exists(Exists(And(eclose_nl_fm(1,t#+2),
And(eclose-n2_fm(0,t#+2),union_fm(1,0,en#-+2)))))
lemma ecloseN_fm_type [TC] :
[ en € nat ; t € nat | = ecloseN_fm(en,t) € formula

(proof )

lemma sats_ecloseN_fm [simp]:
[ en € nat; t € nat ; env € list(A) |
= sats(A, ecloseN_fm(en,t), env) <— is_ecloseN (##A,nth(en,env),nth(t,env))
{proof)

definition
frecR :: i = i = o where
frecR(z,y) =
(ftype(z) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) =
namel (y) V name2(z) = name2(y))))
V (ftype(x) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y)))

lemma frecR_ftypeD :
assumes frecR(z,y)
shows (ftype(z) = 0 N ftype(y) = 1) V (ftype(z) = 1 A ftype(y) = 0)
(proof )

lemma frecRI1: s € domain(nl) V s € domain(n2) = frecR({1, s, n1, q), (0,
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nl, n2, q’)
(proof )

lemma frecRI1" s € domain(nl) U domain(n2) = frecR({(1, s, nl, q), {0, nl,

n2, q'))
(proof)

lemma frecRI2: s € domain(nl) V s € domain(n2) = frecR((1, s, n2, q), (0,
nl, n2, q'))
{proof)

lemma frecRI2" s € domain(nl) U domain(n2) = frecR({1, s, n2, q), (0, nl,

n2, q'))
(proof)

lemma frecRI3: (s, r) € n2 = frecR({0, nl, s, q), {1, nl, n2, q"))
(proof)

lemma frecRI3" s € domain(n2) = frecR({0, n1, s, q), (1, n1, n2, ¢))
{proof)

lemma frecR_iff :
frecR(z,y) «—
(ftype(z) = 1 A ftype(y) = 0
A (namel (z) € domain(namel(y)) U domain(name2(y)) A (name2(z) =
namel (y) V name2(z) = name2(y))))
V (ftype(z) = 0 A ftype(y) = 1 A namel(xz) = namel(y) A name2(z) €
domain(name2(y)))
(proof)

lemma frecR_D1 :
frecR(z,y) = ftype(y) = 0 = flype(x) = 1 A
(namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) =
namel (y) V name2(z) = name2(y)))

{proof)

lemma frecR_-D2 :
frecR(z,y) = ftype(y) = 1 = ftype(z) = 0 N
ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y))
{proof)

lemma frecR_DI :
assumes frecR({a,b,c,d),(ftype(y),namel (y),name2(y),cond-of (y)))
shows frecR({a,b,c,d),y)
(proof )
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definition
is_frecR :: [i=0,i,i] = o where
is_frecR(M,z,y) =3 fte[M]. 3 niz[M]. In2z[M]. 3 fiy[M]. Inly[M]. In2y[M].
Idn1[M]. 3dn2[M).
is_ftype(M ,x,ftx) A is_namel (M, x,nlz)A is_name2(M,x,n2zx) A
is_ftype(M ,y,fty) A is_namel (M ,y,nly) A is_.name2(M,y,n2y)
A is_domain(M nly,dnl) A is_domain(M n2y,dn2) A
( (number? (M, ftx) N empty(M . fty) A (nlz € dnl V nlx € dn2) A (n2z
= nly V n2zx = n2y))
V (empty(M,ftx) A numberl (M,fty) A nlz = nly A n2z € dn2))

schematic_goal sats_frecR_fm_auto:
assumes
i€nat jenat envelist(A) nth(i,env) = a nth(j,env) = b
shows
is_frecR(##A,a,b) «— sats(A,?fr_fm(i,j),env)
(proof)

(ML)

lemma eq_ftypep_not_frecrR:
assumes ftype(z) = ftype(y)
shows — frecR(z,y)
(proof )

definition
rank_names :: i = i where
rank-names(z) = maz(rank(namel (z)),rank(name2(z)))

lemma rank_names_types [TC]:
shows Ord(rank_names(x))

{proof)

definition
mtype_form :: i = i where
mtype_form(x) = if rank(namel (z)) < rank(name2(z)) then 0 else 2

definition
type_form :: i = i where
type_form(z) = if ftype(z) = 0 then 1 else mtype_form(zx)

lemma type_form_tc [TC]:
shows type_form(z) € 3

{proof)

lemma frecR_le_rnk_names :
assumes frecR(z,y)
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shows rank_names(z)<rank_names(y)
(proof)

definition
I' :: ¢ = { where
[(z) = 3 *x rank_names(z) ++ type_form(z)

lemma T _type [TC]:
shows Ord(T'(z))

{proof)

lemma I'_mono :
assumes frecR(z,y)
shows I'(z) < T'(y)

(proof)

definition
frecrel :: i = i where
frecrel(A) = Rrel(frecR,A)

lemma frecrell :
assumes z € A yeA frecR(z,y)
shows (z,y)Efrecrel(A)

(proof)

lemma frecrelD :
assumes (z,y) € frecrel(A1xA2xA3xA4)
shows ftype(z) € A1 ftype(z) € Al
namel (z) € A2 namel (y) € A2 name2(z) € A3 name2(x) € A3
cond_of (z) € A4 cond_of (y) € A4
frecR(z,y)
(proof)

lemma wf frecrel :
shows wf (frecrel(A))

(proof)

lemma core_induction_auz:
fixes A1 A2 :: i
assumes
Transset(A1)
AT U p. pe A2 = [Aqo. [ qeA2 ; ocdomain(V)] = Q(0,7,0,9)] =
Q(I,’T,ﬁ,p)
AT 9 p. pe A2 = [Aq 0. [ ¢€A2 ; o€domain(T) U domain(9)] =
Q(1,0,7,9) N Q(1,0,9,9)] = Q(0,7,9,p)
shows a€2xA1xA1xA2 = Q(ftype(a),namel (a),name2(a),cond_of (a))
(proof)
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lemma def frecrel : frecrel(A) = {z€AxA. Jzxy. 2 = (z, y) A frecR(z,y)}
{proof)

lemma frecrel_fst_snd:
frecrel(A) = {z € AxA .
Jtype(fst(z)) = 1 A
ftype(snd(z)) = 0 A namel(fst(z)) € domain(namel (snd(z))) U do-
main(name2(snd(z))) A
(name2(fst(z)) = namel (snd(z)) V name2(fst(z)) = name2(snd(z)))
V (ftype(fst(z)) = 0 A

ftype(snd(z)) = 1 N namel(fst(z)) = namel (snd(z)) A name2(fst(z)) €
domain(name2(snd(z))))}
{proof)

end

17 Arities of internalized formulas

theory Arities
imports FrecR
begin

lemma arity_upair_fm : [ t1€nat ; t2€nat ; upenat | =
arity (upair_fm(t1,t2,up)) = |J {succ(t1),succ(t2),succ(up)}
(proof)

lemma arity_pair_fm : | t1€nat ; t2€nat ; pEnat | =
arity(pair_fm(t1,t2,p)) = U {succ(t1),succ(t2),suce(p)}
(proof)

lemma arity_composition_fm :

[ renat ; s€nat ; tenat | = arity(composition_fm(r,s,t)) = |J {suce(r),
suce(s), succ(t)}

{proof)

lemma arity_domain_fm :
[ renat ; zeénat | = arity(domain_fm(r,z)) = succ(r) U suce(z)
{proof)

lemma arity_range_fm :
[ renat ; z€nat | = arity(range_fm(r,z)) = succ(r) U succ(z)
(proof)

lemma arity_union_fm :

[ zenat ; yenat ; zenat | = arity(union_fm(z,y,2)) = J {succ(z), succ(y),
suce(z)}

(proof )
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lemma arity_image_fm :

[ z€nat ; yenat ; zenat | = arity(image_fm(z,y,2)) = U {suce(z), suce(y),
suce(z)}

(proof )

lemma arity_pre_image_fm :

[ z€nat ; yEnat ; z€nat | = arity(pre_image_fm(z,y,2z)) = J {succ(z), succ(y),
suce(z)}

{proof)

lemma arity_big_union_fm :
[ zenat ; yenat | = arity(big-union_fm(z,y)) = succ(z) U suce(y)

(proof)

lemma arity_fun_apply_fm :
[ z€nat ; yenat ; fenat | =
arity(fun_apply_fm(f,x,y)) = sucec(f) U succ(z) U succ(y)
{proof)

lemma arity_field_fm :
[ renat ; zeénat | = arity(field_fm(r,z)) = succ(r) U suce(z)
{proof)

lemma arity_empty_fm :
[ reénat | = arity(empty_fm(r)) = suce(r)
(proof)

lemma arity_succ_fm :
[zenat;yenat] = arity(suce_fm(z,y)) = suce(z) U suce(y)
(proof)

lemma numberlarity__fm :
[ rénat | = arity(numberi_fm(r)) = suce(r)
{proof)

lemma arity_function_fm :
[ renat | = arity(function_fm(r)) = suce(r)
(proof)

lemma arity_relation_fm :
[ renat | = arity(relation_fm(r)) = succ(r)
{proof)

lemma arity_restriction_fm :
[ renat ; zenat ; A€nat | = arity(restriction_fm(A4,z,r)) = succ(A) U suce(r)
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U suce(z)
{proof)

lemma arity_typed_function_fm :
[ z€nat ; yenat ; fenat | =
arity (typed_function_fm(f,z,y)) = J {succ(f), succ(x), succ(y)}
(proof)

lemma arity_subset_fm :
[xenat ; yenat] = arity(subset_fm(z,y)) = succ(z) U suce(y)
(proof)

lemma arity_transset_fm :
[xenat] = arity(transset_fm(z)) = succ(z)

(proof)

lemma arity_ordinal_fm :
[zenat] = arity(ordinal_fm(z)) = succ(z)
{proof)

lemma arity_limit_ordinal_fm :
[xenat] = arity(limit_ordinal_fm(z)) = succ(x)
{proof)

lemma arity_finite_ordinal_fm :
[xenat] = arity(finite_ordinal_fm(z)) = succ(z)
(proof)

lemma arity_omega_fm :
[zenat] = arity(omega_fm(z)) = succ(z)
{proof)

lemma arity_cartprod_fm :

[ Aenat ; Benat ; zenat | = arity(cartprod_fm(A,B,z)) = succ(A) U succ(B)
U suce(z)

(proof)

lemma arity_fst_fm :
[zenat ; tenat] = arity(fst_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_snd_fm :
[xenat ; tenat] = arity(snd_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_snd_snd_fm :
[x€nat ; tenat] = arity(snd_snd_fm(z,t)) = succ(z) U succ(t)

{proof)
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lemma arity_ftype_fm :
[zenat ; tenat] = arity(ftype_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma namelarity__fm :
[xenat ; tenat] = arity(namel_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma name2arity__fm :
[xenat ; tenat] = arity(namel_fm(z,t)) = succ(z) U succ(t)
(proof)

lemma arity_cond_of fm :
[xenat ; tenat] = arity(cond-of-fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_singleton_fm :
[xenat ; tenat] = arity(singleton_fm(z,t)) = succ(x) U suce(t)
{proof)

lemma arity_Memrel_fm :
[xenat ; tenat] = arity(Memrel_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_quasinat_fm :
[xenat] = arity(quasinat_fm(z)) = succ(z)
(proof)

lemma arity_is_recfun_fm :
[peformula ; vEnat ; nEnat; Zenat;i€nat] = arity(p) = i =
arity(is-recfun_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(i))))
(proof)

lemma arity_is_wfrec_fm :
[p€formula ; veEnat ; nEnat; Zenat ; i€nat] = arity(p) = i =
arity(is-wfrec_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(pred(i)))))
(proof )

lemma arity_is_nat_case_fm :
[p€formula ; veEnat ; nEnat; Zenat; i€nat] = arity(p) = | =
arity(is-nat_case_fm(v,p,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(i))
(proof)

lemma arity_iterates.MH_fm :
assumes isF'€formula vEnat nEnat genat z€nat i€nat
arity(isF) = i
shows arity(iterates.MH_fm(isF,v,n,g,2)) =
suce(v) U suce(n) U suce(g) U suce(z) U pred(pred(pred(pred(i))))

77



(proof)

lemma arity_is_iterates_fm :
assumes peEformula vénat nEnat Zenat i€nat

arity(p) = 1
shows arity(is_iterates_fm(p,v,n,2)) = succ(v) U suce(n) U succ(Z) U
(oroof) pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))))
Proo

lemma arity_eclose_n_fm :
assumes Acnat z€nat tEnat
shows arity(eclose_n_fm(A,z,t)) = succ(A) U succ(z) U succ(t)

(proof)

lemma arity_mem_eclose_fm :
assumes zrcnat t€nat
shows arity(mem_eclose_fm(x,t)) = succ(x) U succ(t)

(proof)

lemma arity_is_eclose_fm :
[xenat ; tenat] = arity(is_eclose_fm(z,t)) = succ(z) U succ(t)
(proof )

lemma eclose_nlarity__fm :
[zenat ; tenat] = arity(eclose_ni_fm(z,t)) = succ(z) U succ(t)

(proof)

lemma eclose_n2arity__fm :
[zenat ; tenat] = arity(eclose-n2_fm(z,t)) = succ(z) U succ(t)

{proof)

lemma arity_ecloseN_fm :
[xenat ; tenat] = arity(ecloseN_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_frecR_fm :
[a€nat;benat] = arity(frecR_fm(a,b)) = succ(a) U succ(b)
(proof )

lemma arity_Collect_fm :
assumes z € nat y € nat peformula

shows arity(Collect_fm(z,p,y)) = succ(z) U succ(y) U pred(arity(p))
{proof)

end

18 The definition of forces

theory Forces_Definition imports Arities FrecR Synthetic_Definition begin
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This is the core of our development.

18.1 The relation frecrel

definition
frecrelP :: [i=0,i] = o where
frecrelP(M,zy) = (Jz[M]. Fy[M]. pair(M,z,y,xzy) N\ is_frecR(M,z,y))

definition
frecrelP_fm :: i = i where
frecrelP_fm(a) = FEuzists(Exists(And(pair_fm(1,0,a#+2),frecR_fm(1,0))))

lemma arity_frecrelP_fm :
a€nat = arity(frecrelP_fm(a)) = succ(a)
(proof)

lemma frecrelP_fm_type[TC] :
a€nat = frecrelP_fm(a)€formula

{proof)

lemma sats_frecrelP_fm :
assumes acnat envelist(A)
shows sats(A,frecrelP_fm(a),env) <— frecrelP(#4# A,nth(a, env))

(proof)

lemma frecrelP_iff_sats:
assumes
nth(a,env) = aa a€ nat env € list(A)
shows
frecrelP(#4 A aa) «— sats(A, frecrelP_fm(a), env)
(proof)

definition

is_frecrel :: [i=0,i,i] = o where

is_frecrel(M,A,r) = 3 A2[M]. cartprod(M,A,A,A2) A is_Collect(M,A2, frecrelP(M)
)

definition
frecrel_fm :: [i,i]] = i where
frecrel_fm(a,r) = Ezists(And(cartprod_fm(a#+1,a#+1,0),Collect_fm(0,frecrelP_fm(0),r#+1)))

lemma frecrel_fm_type| TC| :
[aenat;benat] = frecrel_fm(a,b)€formula

{proof)

lemma arity_frecrel_fm :
assumes a€nat benat
shows arity(frecrel_fm(a,b)) = succ(a) U succ(b)
(proof )
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lemma sats_frecrel_fm :
assumes
acnat renat envelist(A)
shows
sats(A,frecrel_fm(a,r),env)
> is_frecrel(## A,nth(a, env),nth(r, env))
(proof)

lemma is_frecrel_iff_sats:
assumes
nth(a,env) = aa nth(r,env) = rr a€ nat r€ nat env € list(A)
shows
is_frecrel(##A, aa,rr) <— sats(A, frecrel_fm(a,r), env)

(proof)

definition
names_below :: 1 = 4 = 1 where
names_below(P,zr) = 2xecloseN (z)x ecloseN (z)x P

lemma names_belowsD:
assumes z € names_below(P,z)
obtains f nl n2 p where
z = (f,n1,n2,p) f€2 nl€ecloseN(z) n2€cecloseN(z) peP

{proof)

definition
is-names_below :: [i=>0,i,i,i] = o where
is-names_below(M,P,x,nb) = Ip1[M]. Ap0[M]. Ft[M]. T ec[M].
is_ecloseN (M ,ec,z) A number2(M,t) A cartprod(M ec,P,p0) N\ cart-
prod(M ,ec,p0,p1)
A cartprod(M ,t,p1,nb)

definition
number2_fm :: i=1 where
number2_fm(a) = Exists(And(numberl_fm(0), succ_fm(0,succ(a))))

lemma number2_fm_type| TC| :
a€nat => numberl_fm(a) € formula

{proof)

lemma number2arity__fm :
a€nat = arity(number2_fm(a)) = succ(a)

(proof )
lemma sats_number2_fm [simp]:

[ z € nat; env € list(A) |
= sats(A4, number2_fm(z), env) <— number2(##A, nth(z,env))
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{proof)

definition
is-names_below_fm :: [i,i,i] = i where
is-names_below_fm(P,z,nb) = FExists(Exists(Exists(Frists(
And(ecloseN_fm(0,x #+ 4),And(number2_fm(1),
And(cartprod_fm(0,P #+ 4,2),And(cartprod_fm(0,2,3),cartprod_fm(1,3,nb#+4)))))))))

lemma arity_is_names_below_fm :

[PEnat;z€nat;nbenat] = arity(is_names_below_fm(P,x,nb)) = succ(P) U succ(x)
U succ(nbd)

(proof )

lemma is_names_below_fm_type[ TC]:
[Penat;zenat;nbenat] = is_names_below_fm(P,z,nb)€Eformula
(proof)

lemma sats_is_names_below_fm :
assumes
Penat xenat nbenat envelist(A)
shows
sats(A,is_names_below_fm(P,z,nb),env)
> is_names_below (## A,nth(P, env),nth(z, env),nth(nb, env))

{proof)

definition
is_tuple :: [i=0,i,i,i,i,i] = o where
is_tuple(M ,z,t1,t2,p,t) = Ft1t2p[M]. I t2p[M]. pair(M ,t2,p,t2p) A pair(M ,t1,t2p,t1t2p)
A
pair(M,z,t1t2p,t)

definition
is_tuple_fm :: [i,4,1,i,i] = i where
is_tuple_fm(z,t1,t2,p,tup) = FEuxists(Exists(And(pair_fm(t2 #+ 2,p #+ 2,0),
And(pair_fm(t1 #+ 2,0,1),pair_fm(z #+ 2,1,tup #+ 2)))))

lemma arity_is_tuple_fm : [ zEnat ; t1E€nat ; t2€nat ; pEnat ; tupenat | =
arity (is_tuple_fm(z,t1,t2,p,tup)) = J {succ(z),succ(t1),succ(t2),succ(p),suec(tup)}
(proof)

lemma is_tuple_fm_type[ TC] :
z€nat = t1 €nat = t2€nat = pEnat = tupEnat = is_tuple_fm(z,t1,t2,p,tup)€Eformula
(proof)

lemma sats_is_tuple_fm :
assumes
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zenat tl1€nat t2€nat penat tupenat envelist(A)
shows
sats(A,is_tuple_fm(z,t1,t2,p,tup),env)
+— is_tuple(## A,nth(z, env),nth(t1, env),nth(t2, env),nth(p, env),nth(tup,
env))
(proof )

lemma is_tuple_iff_sats:
assumes
nth(a,env) = aa nth(b,env) = bb nth(c,env) = cc nth(d,env) = dd nth(e,env)
= ee
a€nat benat cenat denat e€nat env € list(A)
shows
is_tuple(#+#A,aa,bb,cc,dd,ee) «— sats(A, is_tuple_fm(a,b,c,d,e), env)
(proof )

18.2 Definition of forces for equality and membership

definition
eq_case :: [i,i,i,i,i,i] = o where
eq-case(t1,t2,p,P,leq,f) =V s. s€domain(tl) U domain(t2) —
(Vg qeP A (g.p)eleg — (f{1,s,t1,q)=1 — [(1,5,t2,q) =1))

definition
is_eq_case :: [i=>0,1,1,i,1,i,i] = o where
is_eq-case(M t1,t2,p,P,leq,f) =
Vs[M]. (3d[M]. is-domain(M,t1,d) A sed) V (Fd[M]. is-domain(M ,t2,d) A
sed)
— (Vq[M]. geP A (3 gp[M]. pair(M,q,p,qp) N qp€leq) —
(Fost1q[M]. Fost2q[M]. Jo[M]. Iuft[M]. Fvf2[M].
is_tuple(M ,0,s,t1,q,08t1q) N
is_tuple(M ,0,s,t2,q,08t2q) A numberl (M, o) A
fun_apply(M ,f ,ost1q,vf1) A fun_apply(M,f,0st2q,vf2) A
(vfl = 0 +— vf2 = 0)))

definition
mem._case :: [i,i,i,i,i,i] = o where
mem._case(t1,t2,p,P,leq,f) = VveP. (v,p)€leq —
(3¢g. As. Ir. r€P A qeP A {q,v)€leq A (s,r) € t2 A (q,r)Eleq N [(0,t1,s,q)
= 1)

definition
is-mem_case :: [i=0,i,i,i,%,1,i] = o where
is-mem_case(M ,t1,t2,p,P leq,f) = Vv[M]. Yup[M]. v€P A pair(M,v,p,up) A
vpEleq —>
(Fq[M]. Is[M]. Ir[M]. Fqu[M]. sr[M]. Fgr[M]. 2z[M]. Fzt1sq[M]. 3 o[M].
re P A qeP A pair(M,q,v,qu) A pair(M,s,r,sr) A pair(M,q,r,qr) A
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empty(M,z) A is_tuple(M,z,t1,s,q,2t1sq) A
numberl (M,o0) N\ qu€leq N sret2 N qreleq A fun_apply(M ,f,2t1sq,0))

schematic_goal sats_is_mem_case_fm_auto:
assumes
nl€nat n2€nat pEnat PEnat legEnat fenat envelist(A)
shows
is-mem_case(## A, nth(nl, env),nth(n2, env),nth(p, env),nth(P, env), nth(leq,
env),nth(f,env))
+— sats(A, Zime_fm(nl,n2,p,Pleq.f),env)
(proof)

(ML)

lemma arity_mem_case_fm :
assumes
nl€nat n2€nat penat Penat leqenat fEnat
shows
arity(mem_case_fm(nl,n2,p,P,leq.f)) =
suce(nl) U succ(n2) U suce(p) U suce(P) U succ(leq) U suce(f)
(proof)

schematic_goal sats_is_eq_case_fm_auto:
assumes
nl€nat n2€nat penat Penat legenat fenat envelist(A)
shows
is_eq-case(## A, nth(nl, env),nth(n2, env),nth(p, env),nth(P, env), nth(leq,
env),nth(f,env))
+— sats(A, Ziec_.fm(nl,n2,p,Pleq,f),env)
(proof )

(ML)

lemma arity_eq_case_fm :
assumes
nl€nat n2€nat penat Penat legenat fenat
shows
arity(eq-case_fm(n1,n2,p,P,leq,f)) =
suce(nl) U suce(n2) U suce(p) U suce(P) U suce(leq) U suce(f)
(proof )

definition
Hfre :: [i,i,4,i] = o where
Hfre(P,leq,fane,f) = 3ft. Inl. In2. I¢. c€P A fanc = (ft,nl,n2,c) A
( ft=0N eqcase(nl,n2,c,P,leq,f)
V ft = 1 A mem_case(nl,n2,c,P,leq,f))
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definition
is_Hfrc :: [i=0,1,1,i,i] = o where
is_Hfrc(M P ,leq,fnnc,f) =
3ft[M]. Ini[M]. In2[M]. 3 co[M].
co€P A is_tuple(M,ft,n1,n2,co,fnnc) A
( (empty(M, ft) A is_eq_case(M,n1,n2,co,P,leq.f))
V (numberl (M,ft) A is.mem_case(M ,nl,n2, co,P,leq,f)))

definition
Hfre_fm :: [i,i,i,i] = i where
Hfre_fm/(P,leq,fnnc,f) =
Erists(Exists( Exists( Exists(
And(Member(0,P #+ 4),And(is_tuple_fm(3,2,1,0,fnnc #+ 4),
Or(And(empty_fm(8),eq-case_fm(2,1,0,P #+ J,leq #+ 4.f #+ 1)),
And(number1_fm(3),mem_case_fm(2,1,0,P #+ 4,leq #+ 4.f #+ 4))))))))

declare Hfrc_fm_def[fm_definitions]

lemma Hfre_fm_type|TC] :
[Penat;leqenat;fancenat;f Enat] = Hfrc_fm(P,leq,fnne,f)Eformula
{proof )

lemma arity_Hfrc_fm :
assumes
Penat legenat fancenat fenat
shows
arity(Hfrc_fm(P,leg,fnnc,f)) = succ(P) U succ(leq) U suce(fnnc) U succ(f)
(proof)

lemma sats_Hfrc_fm:
assumes
Penat legenat fnncenat fenat envelist(A)
shows
sats(A,Hfrc_fm(P,leq,fnnc,f),env)
> is_Hfrc(#4#A,nth(P, env), nth(leq, env), nth(fanc, env),nth(f, env))
(proof)

lemma Hfrc_iff sats:
assumes
Penat legenat fancenat fenat envelist(A)
nth(P,env) = PP nth(leq,env) = lleq nth(fanc,env) = ffanc nth(f,env) = ff
shows
is_Hfrc(##A, PP, lleq,ffnnc,ff)
+— sats(A,Hfrc_fm(P,leq,fnnc,f),env)
(proof)
definition

is_Hfrc_at(M ,P,leq,fnnc,f,z) =
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(empty(M,z) N — is_Hfrc(M,P,leq,fnnc,f))
V (numberl (M ,z) A is_Hfrc(M ,P,leq,fanc,f))

definition
Hfrc_at_fm :: [i,i,i,4,i] = i where
Hfrc_at_fm(P,leq,fnnc,f,z) = Or(And(empty_fm(z),Neg(Hfrc_fm(P,leq,fnne.f))),
And(numberl_fm(z),Hfrc_fm(P,leq,fnnc,f)))
declare Hfrc_at_fm_def [fm_definitions]

lemma arity_Hfrc_at_fm :
assumes
Penat legenat fancenat fenat zenat
shows
arity(Hfrc_at_fm(P,leq.fnnc,f,z)) = succ(P) U suce(leq) U suce(fnnc) U suce(f)
U suce(z)
(proof )

lemma Hfrc_at_fm_type[TC] :
[Penat;legenat;fancEnat;f Enat;z€nat] = Hfrc_at_fm(P,leq,fnne,f ,z)€formula
(proof )

lemma sats_Hfrc_at_fm:
assumes
Penat legenat fnncenat fEnat z€nat envelist(A)
shows
sats(A,Hfrc_at_fm(P,leq,fnnc,f,z),env)
> is_Hfrc_at(##A,nth(P, env), nth(leq, env), nth(fnnc, env),nth(f, env),nth(z,
env))
(proof)

lemma is_Hfrc_at_iff_sats:

assumes
Penat legenat fancenat fEnat z€nat envelist(A)
nth(P,env) = PP nth(leq,env) = lleq nth(fanc,env) = ffanc
nth(f,env) = ff nth(z,env) = 2z

shows
is_Hfrc_at(#4# A, PP, lleq,ffnne,ff ,22)
> sats(A,Hfrc_at_fm(P,leq.fnnc,f,z),env)

(proof)

lemma arity_tran_closure_fm :
[xenat;fenat] = arity(trans_closure_fm(z,f)) = succ(z) U succ(f)
(proof)

18.3 The well-founded relation forcerel

definition
forcerel :: i = i = i where
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forcerel(P,x) = frecrel(names_below(P,x)) "+

definition
is_forcerel :: [i=0,i,i,i] = o where
is_forcerel( M ,P,x,z) = Ir[M]. Inb[M]. tran_closure(M,r,z) N\
(is_names_below(M ,P,x,nb) N is_frecrel(M ,nb,r))

definition
forcerel_fm :: i= 1 = i = ¢ where
forcerel_fm(p,x,z) = FEuxists(Exists(And(trans_closure_fm(1, z#+2),
And(is-names_below_fm(p#+2,2#+2.,0),frecrel_fm(0,1)))))

lemma arity_forcerel_fm:
[penat;zenat;z€nat] = arity(forcerel_fm(p,z,z)) = succ(p) U succ(z) U suce(z)

(proof)

lemma forcerel_fm_type[ TC:
[p€nat;zenat;z€nat] = forcerel_fm(p,z,z)€formula
(proof )

lemma sats_forcerel_fm:
assumes
peEnat xenat zenat envelist(A)
shows
sats(A,forcerel_fm(p,x,z),env) «— is_forcerel(#+# A,nth(p,env),nth(zx, env),nth(z,
env))

(proof)

18.4 frc_at, forcing for atomic formulas

definition
fre_at :: [i,i,i]) = i where
fre_at(P,leq,fnnc) = wfrec(frecrel(names_below(P,fanc)),fanc,
Az f. bool_of-o(Hfrc(P,leq,z.f)))

definition
is_frc_at :: [i=0,i,i,i,i] = o where
is_frc_at(M,P,leq,x,2) = 3r[M]. is_forcerel(M ,P,z,r) A
is_wfrec(M yis_Hfrc_at(M,P,leq),r,z,2)

definition
freat_fm :: [i,4,4,i] = i where
fre_at_fm(p,l,x,2) = Exists(And(forcerel_fm(succ(p),succ(z),0),
is—wfrec_fm(Hfrc_at_fm(6#+p,6#+1,2,1,0),0,succ(x),succ(z))))

lemma fre_at_fm_type [TC] :

[p€nat;lenat;zEnat;zEnat] = fre_at_fm(p,l,x,z)Eformula
(proof)
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lemma arity_frc_at_fm :
assumes penat l€nat z€nat zEnat
shows arity(fre_at_fm(p,l,z,2)) = succ(p) U succ(l) U suce(z) U suce(z)

(proof)

lemma sats_frc_at_fm :
assumes
penat lenat i€nat jenat envelist(A) i < length(env) j < length(env)
shows
sats(A,fre_at_fm(p,l,i,5),env) +—
is_fre_at(## A,nth(p,env),nth(l,env),nth(i,env),nth(j,env))
(proof)

definition

forces_eq'(P,l,p,t1,t2) = frc_at(P,1,{0,t1,t2,p)) = 1

definition

forces_mem'(P,l,p,t1,t2) = fre_at(P,l,(1,t1,t2,p)) = 1

definition

forces_neq’(P,l,p,t1,t2) = — (3 q€P. (q,p)€l A forces_eq’(P,l,q,t1,t2))

definition
forces.nmem :: [i,i,i,i,i] = o where
forces_.nmem'(P,l,p,t1,t2) = = (3 q€P. (q,p)€l A forcesmem'(P,l,q,t1,t2))

definition
is_forces_eq'(M,P,l,p,t1,t2) = Fo[M]. I z[M]. It[M]. numberl (M, o) A empty(M,z)
A
is_tuple(M,z,t1,t2,p,t) N is_frc_at(M,P,l,t,0)

definition

is_forces_mem' (M ,P,l,p,t1,t2) = Jo[M]. It[M]. numberl (M,o) A
is_tuple(M,o,t1,t2,p,t) A is_frc_at(M,P,l,t,0)

definition

is_forces_neq'(M ,P,l,p,t1,t2) =
= (3 ¢[M]. ¢geP A (3 gp[M]. pair(M,q,p,qp) N qp€l A is_forces_eq'(M,P,l,q,t1,t2)))

definition

is_forces_nmem'(M ,P,l,p,t1,t2) =
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- (3¢[M]. 3 gp[M]. g€P A pair(M,q,p,qp) N gp€l A is_forces-mem'(M,P,l,q,t1,t2))

definition
forces_eq_fm :: [i,i,i,i,i]] = ¢ where
forces_eq_fm(p,l,q,t1,t2) =
Ewxists(Exists( Exists( And(numberl_fm(2),And(empty_fm(1),
And(is_tuple_fm(1,t1#+3,t2#+3,q#+3,0),frc_at_fm(p#+3,1#+3,0,2)
)

definition
forces_mem_fm :: [i,i,i,i,i] = i where
forces_mem_fm(p,l,q,t1,t2) = Exists(Exists(And(numberl_fm(1),
And(is-tuple_fm(1,t1#+2 t2#+2,q#+2,0) fre_at_fm(p#+2,14+2,0,1)))))

definition
forces_neq_fm :: [i,i,i,i,i] = i where
forces_neq_fm(p,l,q,t1,t2) = Neg(FEuxists(Exists(And(Member(1,p#+2),
And(pairfm(1,q#-+2,0), And(Member(0,14+2) forces-eq_fm(pf-+ 2,14+ 2,1,t14+2,124+2)))))))

definition
forces_nmem_fm :: [i,i,i,i,i] = i where
forces_.nmem_fm(p,l,q,t1,t2) = Neg(Ezists(Ezists(And(Member(1,p#+2),
And(pair_fm(1,q#+2,0),And(Member(0,l1#+2),forcesemem_fm(p#+2,1#+ 2,1 t1 #+2,12#+2)))))))

lemma forces_eq_fm_type [TC):
[ penat;lenat;qenat;t! enat;t2enat] = forces_eq_fm(p,l,q,t1,t2) € formula
(proof)

lemma forces_mem_fm_type [TC):
[ penat;l€nat;qEnat;tl Enat;t2€nat] = forces-mem_fm(p,l,q,t1,t2) € formula

(proof)

lemma forces_neq_fm_type [TC]:
[ penat;lenat;qenat;t! Enat;t2enat] = forces_neq_fm(p,l,q,t1,t2) € formula

{proof)

lemma forces_.nmem_fm_type [TC]:
[ pEnat;lenat;qenat;t! Enat;t2€nat] = forces.nmem_fm(p,l,q,t1,t2) € formula

{proof)

lemma arity_forces_eq_fm :
pEnat = lenat = q€nat = t1 € nat = t2 € nat =
arity(forces_eq_fm(p,l,q,t1,t2)) = succ(tl) U succ(t2) U succ(q) U suce(p) U
suce(l)
{proof)

lemma arity_forces_.mem_fm :
peEnat = l€nat = g€nat = t1 € nat = t2 € nat —
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arity(forces.mem_fm(p,l,q,t1,t2)) = succ(t1) U succ(t2) U succ(q) U suce(p) U
succe(l)
{proof)

lemma sats_forces_eq’_fm:
assumes penat [Enat gEnat t1€nat t2€nat envelist(M)
shows sats(M ,forces_eq_fm(p,l,q,t1,t2),env) «—
is_forces_eq'(## M ,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
{proof)

lemma sats_forces.mem'_fm:
assumes penat [Enat gEnat t1€nat t2€nat envelist(M)
shows sats(M ,forces-mem_fm(p,l,q,t1,t2),env) <—
is_forces-mem'(#4#M ,nth(p,env),nth(l,env),nth(q,env),nth(t1 env),nth(t2,env))
(proof)

lemma sats_forces_neq’_fm:
assumes penat [Enat gEnat t1€nat t2€nat envelist(M)
shows sats(M ,forces_neq_fm(p,l,q,t1,t2),env) «—
is_forces_neq'(## M nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
(proof )

lemma sats_forces_nmem’_fm:
assumes penat [Enat genat t1€nat t2€nat envelist(M)
shows sats(M ,forces_nmem_fm(p,l,q,t1,t2),env) +—
is_forces_nmem'(##M ,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
(proof )

context forcing_data
begin

lemma fst_abs [simp]:
[zeM; yeM | = is_fst(#H#M,z,y) +— y = fst(z)
(proof )

lemma snd_abs [simp]:
[xeM; yeM | = is_snd(#FH#HM,z,y) «— y = snd(x)
{proof )

lemma ftype_abs:
[seM; yeM | = is_ftype(## M ,x,y) <— y = ftype(z) (proof)

lemma namel_abs:
[zeM; yeM | = is_namel (##M,z,y) «— y = namel (z)
(proof)

lemma snd_snd_abs:
[xeM; yeM | = is_snd_snd(##M,z,y) +— y = snd(snd(z))

89



{proof)

lemma name2_abs:
[xreM; yeM | = is_name2(##M,z,y) «— y = name2(x)
(proof)

lemma cond_of_abs:
[xeM; yeM | = is_cond_of (##M,z,y) «— y = cond_of (z)
(proof)

lemma tuple_abs:
[zeM;t1eM;t2e M;peM;te M) —
is_tuple(#H#M ,z,t1,t2,p,t) +— t = (z,11,t2,p)
(proof)

lemmas components_abs = ftype_abs namel_abs name2_abs cond_of_abs
tuple_abs

lemma oneN_in_M[simp]: 1M
{proof)

lemma twoN_in_.M : 2 M
(proof )

lemma comp_in_M:
p = q= peM
p=q= qeM
(proof)

lemma eq_case_abs [simp]:
assumes
t1eM t2eM peM feM
shows
is_eq_case(##M ,t1,t2,p,P leq,f) +— eq_case(t1,t2,p,P,leq,f)
(proof)

lemma mem_case_abs [simp]:
assumes
tieM t2eM peM feM
shows
is_mem_case(#H#M ,t1,t2,p,P leq.f) «— mem_case(t1,t2,p,P,leq,f)
(proof)

lemma Hfrc_abs:
[fnnceM; feM] =
is_Hfrc(## M P leq,fnnc,f) «— Hfrc(P,leq,fnnc,f)
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{proof)

lemma Hfrc_at_abs:
[fanceM; feM ; ze M| =
is_Hfrc_at(#4#M,P,leq.fnnc,f,z) «— 2z = bool_of-o(Hfrc(P,leq,fnnc,f))
(proof)

lemma components_closed :
zeM = ftype(x)eM
zeM = namel (z)eM
€M = name2(z)eM
€M = cond_of (z)eM

{proof)

lemma ecloseN_closed:
(##M)(A) = (##M)(ecloseN(A))
(##M)(A) = (##M)(eclose_n(namel ,A))
E##%)(A) = (##M)(eclose_n(name2,A))
Proo

lemma eclose_n_abs :
assumes z€M ece M
shows is_eclose_n(## M ,is_namel ;ec,x) +— ec = eclose_n(namel ,x)
is_eclose_n(##M jis_name2,ec,z) «— ec = eclose_n(name2,x)

{proof)

lemma is_ecloseN_abs :
[xeM;ece M| = is_ecloseN (##M ,ec,z) +— ec = ecloseN (z)
{proof)

lemma frecR_abs :
zeEM = yeM = frecR(z,y) +— is_frecR(#H#M ,x,y)
{proof )

lemma frecrelP_abs :
2€M = frecrelP(##M,z) «— (Jzy. z = (z,y) A frecR(z,y))
(proof)

lemma frecrel_abs:
assumes
AeM reM
shows
is_frecrel (##HM A1) «— 1 = frecrel(A)
(proof)

lemma frecrel_closed:

assumes
zeM
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shows
frecrel(z)eM
(proof )

lemma field_frecrel : field(frecrel(names_below(P,z))) C names_below(P,z)
(proof)

lemma forcerelD : uv € forcerel(P,z) = uv€ names_below(P,x) x names_below(P,z)
{proof)

lemma wf forcerel :
wf (forcerel(P,x))
(proof)

lemma restrict_trancl_forcerel:
assumes frecR(w,y)
shows restrict(f,frecrel(names_below(P,z))-“{y}) ‘w
= restrict(f,forcerel(P,z)-“{y})‘w
(proof)

lemma names_belowl :
assumes frecR({ft,n1,n2,p),{(a,b,c,d)) peP
shows (ft,n1,n2,p) € names_below(P{a,b,c,d)) (is ?z € names_below(_,?y))

(proof)

lemma names_below_tr :
assumes z€ names_below(P,y)
y€ names_below(P,z)
shows z€ names_below(P,z)

(proof)

lemma arg_into_names_below? :
assumes (z,y) € frecrel(names_below(P,z))
shows 1z € names_below(P,y)

(proof)

lemma arg_into_names_below :
assumes (z,y) € frecrel(names_below(P,z))
shows 1z € names_below(P,z)

(proof)

lemma forcerel_arg_into_names_below :
assumes (z,y) € forcerel(P,z)
shows 1z € names_below(P,z)

(proof )
lemma names_below_mono :

assumes (z,y) € frecrel(names_below(P,z))
shows names_below(P,z) C names_below(P,y)
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(proof)

lemma frecrel_mono :
assumes (z,y) € frecrel(names_below(P,z))
shows frecrel(names_below(P,z)) C frecrel(names_below(P,y))

(proof)

lemma forcerel_mono2 :
assumes (z,y) € frecrel(names_below(P,z))
shows forcerel(P,z) C forcerel(P,y)

{proof)

lemma forcerel_mono_auzx :
assumes (z,y) € frecrel(names_below(P, w)) "+
shows forcerel(P,z) C forcerel(P,y)

(proof)

lemma forcerel_mono :
assumes (z,y) € forcerel(P,z)
shows forcerel(P,z) C forcerel(P,y)

(proof)

lemma auz: © € names_below(P, w) = (z,y) € forcerel(P,z) =
(y € names_below(P, w) — (z,y) € forcerel(P,w))

{proof)

lemma forcerel_eq :
assumes (z,z) € forcerel(P,x)
shows forcerel(P,z) = forcerel(P,x) N names_below(P,z)xnames_below(P,z)
{proof)

lemma forcerel_below_aux :
assumes (z,z) € forcerel(P,x) (u,z) € forcerel(P,z)
shows u € names_below(P,z)
{proof)

lemma forcerel_below :
assumes (z,x) € forcerel(P,z)
shows forcerel(P,x) - {2} C names_below(P,z)
(proof)

lemma relation_forcerel :
shows relation(forcerel(P,z)) trans(forcerel(P,z))
(proof)

lemma Hfrc_restrict_trancl: bool_of-o(Hfre(P, leq, y, restrict(f,frecrel(names_below(P,z))-

“{y})
= bool_of-o(Hfrc(P, leq, y, restrict(f,(frecrel(names_below(P,z)) "+)-“{y})))

{proof)
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lemma fre_at_trancl: frc_at(P,leq,z) = wfrec(forcerel(P,z),z,Ax f. bool_of-o(Hfrc(P,leq,z,f)))
(proof )

lemma forcerelll :
assumes nl € domain(b) V nl € domain(c) peP deP
shows ((1, n1, b, p), (0,b,c,d))€ forcerel(P,(0,b,c,d))
{(proof)

lemma forcerell2 :
assumes nl € domain(b) V nl € domain(c) peP deP
shows ((1, n1, ¢, p), (0,b,c,d))€ forcerel(P,(0,b,c,d))
{proof )

lemma forcerell3 :
assumes (n2, r) € c peP dePr e P
shows ((0, b, n2, p),(1, b, ¢, d)) € forcerel(P,(1,b,c,d))
(proof)
lemmas forcerell = forcerelll [THEN vimage_singleton_iff [ THEN iffD2]]
forcerell2[ THEN vimage_singleton_iff [THEN iffD2]]
forcerell3| THEN vimage_singleton_iff [ THEN iffD2]]

lemma auz_def_frc_at:

assumes z € forcerel(P,z) - {z}
shows wfrec(forcerel(P,x), z, H) = wfrec(forcerel(P,z), z, H)
(proof)

18.5 Recursive expression of frc_at

lemma def frc_at :

assumes pceP

shows

frc,at(P,leq,(ﬁ,nZ,n2,p>) =

bool_of-o( p €P A

( ft=0n (Vs. sedomain(nl) U domain(n2) —
(Vq.qeP N ¢ X p —> (frc_at(P,leq,(1,s,n1,q)) =1 +— frc_at(P,leq,(1,s,n2,q))
1))
Vft=1AN(VveP. v <p—
(F¢g.Fs.Ir.rePAgePANqg=vA(s,r) €En2 A qg=1A frc.at(P,leq,(0,nl,s,q))
— 1))

proof )

18.6 Absoluteness of frc_at

lemma trans_forcerel_t : trans(forcerel(P,z))
{proof)
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lemma relation_forcerel_t : relation(forcerel( P,x))
{proof)

lemma forcerel_in_M :
assumes
rxeM
shows
forcerel(P,z)eM
(proof )

lemma relation2_Hfrc_at_abs:
relation2 (#4#M yis_Hfrc_at(#4# M, P leq), \x f. bool_of-o(Hfrc(P,leq,z,f)))
(proof )

lemma Hfrc_at_closed :
VzeM.VgeM. function(g) — bool_of-o( Hfrc(P,leq,z,9))EM

{proof)

lemma wfrec_Hfrc_at :
assumes
XeM
shows
wfrec_replacement (## M ,is_Hfrc_at(#4# M ,P,leq),forcerel(P,X))

(proof)

lemma names_below_abs :
[QeM;xeM;nbe M| = is_names_below(##M,Q,z,nb) +— nb = names_below(Q,z)

{proof)

lemma names_below_closed:
[QeM;zeM] = names_below(Q,z) € M

{proof)

lemma names_below_productF :
assumes Q € Mz € M
NAT A2 A3 Af. Al e M = A2 e M = A3 e M = A} € M = R(AI
x A2 x A3 x AY)
shows R(names_below(Q,z))

{proof)

lemma forcerel_abs :
[xreM;ze M| = is_forcerel(##M ,P,x,z) <— z = forcerel(P,x)
(proof)

lemma frc_at_abs:

assumes fnnce M ze M

shows is_fre_at(#+#M,P,leq,func,z) «— z = frc_at(P,leq,fnnc)
(proof)
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lemma forces_eq’_abs :
[peM ; t1eM ; t2e M| = is_forces_eq'(#4#M,P,leq,p,t1,t2) +— forces_eq’(P,leq,p,t1,t2)
(proof)

lemma forces_mem'_abs :
[pEM ; t1eM ; t2e M| = is_forces_mem'(## M ,P,leq,p,t1,t2) <— forcesemem'( P leq,p,t1,t2)
(proof)

lemma forces_neq’_abs :
assumes
peM t1€M t2e M
shows
is_forces_-neq'(## M ,P,leq,p,t1,t2) +— forces_neq'(P,leq,p,t1,t2)
(proof)

lemma forces_.nmem’_abs :
assumes
peM tieM t2eM
shows
is_forces.nmem/'(## M P ,leq,p,t1,t2) <— forces_nmem'(P,leq,p,t1,t2)

(proof)

end

18.7 Forcing for general formulas

definition
ren_forces_nand :: i=1i where
ren_forces_nand(p) = Exists(And(Equal(0,1),iterates(Ap. incr-bv(p)‘l | 2, ¢)))

lemma ren_forces_nand_type[ TC] :
pEformula = ren_forces_nand(p) €formula

(proof)

lemma arity_ren_forces_nand :
assumes € formula
shows arity(ren_forces_nand(p)) < succ(arity(y))

(proof)

lemma sats_ren_forces_nand:
[q,P,leq,0,p] @ env € list(M) = € formula =
sats(M, ren_forces_nand(yp),[q,p,P,leq,0] @ env) +— sats(M, ¢,[q,P,leg,0] @
env)

{proof)

definition
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ren_forces_forall :: i=1 where
ren_forces_forall(p) =
Exists(Exists( Exists( Exists( Exists(
And(FEqual(0,6),And(Equal(1,7),And(Equal(2,8),And(Equal(3,9),
And(FEqual(4,5),iterates(Ap. incr-bv(p)‘5 , 5, ©))))N))))))

lemma arity_ren_forces_all :
assumes @€ formula
shows arity(ren_forces_forall(v)) = 5 U arity(y)

(proof)

lemma ren_forces_forall_type[ TC] :
€ formula = ren_forces_forall(v) €formula

{proof)

lemma sats_ren_forces_forall :
[z,P,leq,0,p] @ env € list(M) = peformula =
sats(M, ren_forces_forall(p),[z,p,P,leq,0] @ env) +— sats(M, o,[p,P,leq,0,z]
@ env)

{proof)

definition
is_leq :: [i=>0,i,i,i] = o where
is-leq(A,l,q,p) = 3 qp[A]. (pair(A,q,p,qp) N gp€l)

lemma (in forcing_data) leq_abs:
[leM ; qeM ; peM | = isleq(#4M,l,q,p) < (q.p)€l
{proof )

definition
leg_fm :: [i,i,i] = i where
leg_fm(leq,q,p) = Exists(And(pair_fm(q#+1,p#+1,0),Member(0,leq#+1)))

lemma arity_leq_fm :
[legenat;genat;penat] = arity(leg-fm(leq,q,p)) = succ(q) U suce(p) U succ(leq)
(proof)

lemma leq_fm_type[ TC] :
[legenat;qenat;penat] = leq_fm(leq,q,p)€formula
(proof )

lemma sats_leq_fm :
[ legenat;qenat;penat;envelist(A) | =
sats(A,leg_fm(leq,q,p),env) +— is_leq(#+# A,nth(leq,env),nth(q,env),nth(p,env))
{proof)
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18.7.1 The primitive recursion

consts forces’ :: 1=
primrec
forces'(Member(x,y)) = forcesemem_fm(1,2,0,x#+4,y#+4)
forces'(Equal(z,y)) = forces_eq_fm(1,2,0,x#+4,y#+4)
forces'(Nand(p,q)) =
Neg(Ezists(And(Member(0,2),And(leq-fm(3,0,1),And(ren_forces_nand(forces’(p)),
ren_forces_nand(forces'(q)))))))
forces'(Forall(p)) = Forall(ren_forces_forall(forces'(p)))

definition
forces :: i=1i where
forces(v) = And(Member(0,1),forces’(¢))

lemma forces’_type [TC]: @€ formula = forces'(¢) € formula
{proof )

lemma forces_type[TC| : p€formula = forces(p) € formula
(proof )

context forcing_data
begin

18.8 Forcing for atomic formulas in context

definition
forces_eq :: [i,i,i] = o where
forces_eq = forces_eq'(P,leq)

definition
forces_mem :: [i,i,i] = o where
forces_mem = forces-mem'(P,leq)

definition
is_forces_eq :: [i,i,i] = o where
is_forces_eq = is_forces_eq'(## M P leq)

definition
is_forcesmem :: [i,i,i] = o where
is_forces_mem = is_forces_mem’(## M P leq)

lemma def forces_eq: pe€ P = forces_eq(p,t1,t2) +—
(Vsedomain(t1) U domain(t2). Vq. g€P N ¢ = p —
(forces-mem(q,s,t1) <— forces-mem(q,s,t2)))

(proof)
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lemma def_forces_mem: pe P = forces-mem(p,t1,t2) +—
(VveP.v < p —

(3¢g.3s.Ir. reP A geP AN g 2 v A{s,r) €2 N q 31 A forces_eq(q,t1,s)))
(proof )

lemma forces_eq_abs :

[peM ; t1eM ; t2e M| = is_forces_eq(p,t1,t2) +— forces_eq(p,t1,t2)
(proof)

lemma forces-mem_abs :

[peM ; t1€M ; t2e M| = is_forces_mem(p,t1,t2) «— forces.mem(p,t1,t2)
(proof )

lemma sats_forces_eq_fm:

assumes penat [Enat gEnat t1E€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq

shows sats(M ,forces_eq_fm(p,l,q,t1,t2),env) «—
is_forces_eq(nth(q,env),nth(t1,env),nth(t2,env))

(proof )
lemma sats_forces.mem_fm:

assumes penatl [Enat gEnat t1€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq

shows sats(M,forces-mem_fm(p,l,q,t1,t2),env) «—
is_forces_mem(nth(q,env),nth(t1,env),nth(t2,env))
(proof )

definition
forces_neq :: [i,i,i] = o where
forces_meq(p,t1,t2) = = (Fq€P. q=3p A forces_eq(q,t1,t2))

definition

forces.nmem :: [i,i,i] = o where

forces_nmem(p,t1,t2) = = (3 g€P. q=p A forcessmem(q,t1,t2))

lemma forces_neq :
forces_neq(p,t1,t2) +— forces_neq'(P,leq,p,t1,t2)
(proof)

lemma forces_.nmem :

forces_nmem(p,t1,t2) «— forces.nmem'(P,leq,p,t1,t2)
(proof )

lemma sats_forces_Member :

assumes zenat yenat envelist(M)
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nth(z,env)=zx nth(y,env)=yy g€ M
shows sats(M ,forces(Member(z,y)),[q,P,leq,one]Qenv) <—
(geP A is_forcesomem(q,zz,yy))

{proof)

lemma sats_forces_Equal :
assumes zenat yenat envelist(M)
nth(z,env)=zz nth(y,env)=yy e M
shows sats(M ,forces(Equal(z,y)),lq,P,leq,one]@Qenv) +—
(geP A is_forces_eq(q,zz,yy))
(proof )

lemma sats_forces_Nand :
assumes @€ formula € formula envelist(M) pe M
shows sats(M,forces(Nand(p,))),[p,P,leq,one]@Qenv) +—
(peP A —(3qeM. qeP A is leq(## M leq,q,p) N
(sats(M ,forces'(v),[q,P,leq,one]Qenv) A sats(M,forces'(1),[q,P,leq,one]@env))))
(proof)

lemma sats_forces_Neg :
assumes @€formula envelist(M) peM
shows sats(M ,forces(Neg(v)),[p,P,leq,one]@env) +—
(peP A =(3qeM. qeP A isleq(## M leq,q,p) N
(sats(M ,forces'(v),[q,P,leq,one]Qenv))))
(proof)

lemma sats_forces_Forall :
assumes €formula envelist(M) peM
shows sats(M ,forces(Forall(p)),[p,P,leq,one]Qenv) +—
peP N (VazeM. sats(M,forces'(p),[p,P,leq,one,z]Qenv))

(proof)

end

18.9 The arity of forces

lemma arity_forces_at:
assumes z € nat y € nat
shows arity(forces(Member(z, y))) = (succ(z) U succ(y)) #+ 4
arity(forces(Equal(z, y))) = (succ(z) U succ(y)) #+ 4
(proof )

lemma arity_forces”:
assumes € formula
shows arity(forces'(p)) < arity(p) #+ 4
(proof )

lemma arity_forces :
assumes € formula
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shows arity(forces(p)) < 4#+arity(p)
{proof)

lemma arity_forces_le :
assumes € formula nenat arity(p) < n
shows arity(forces(¢)) < 4#+n
(proof)

end

19 The Forcing Theorems

theory Forcing_Theorems
imports
Forces_Definition

begin

context forcing_data
begin

19.1 The forcing relation in context

abbreviation Forces :: [i, i, 1] = o (_IF - _[86,86,36] 60) where
plkyoenv = M, ([p,P,leg,one] Q env) = forces(p)

lemma Collect_forces :
assumes
fty: peformula and
far: arity(p)<length(env) and
envty: envelist(M)
shows
{peP .plkp env} e M
{proof )

lemma forces_mem_iff_dense_below: peP = forces_mem(p,t1,t2) +— dense_below(
{geP.3s. Ir. reP A (s,r) € t2 N q=r A forces_eq(q,t1,s)}

p)
(proof)

19.2 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening_eq:
assumes peP reP r=p forces_eq(p,t1,t2)
shows forces_eq(r,t1,t2)

{proof)
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19.3 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening-mem:
assumes peP reP r=p forcesmem(p,t1,t2)
shows forces.mem(r,t1,t2)

(proof)

19.4 Kunen 2013, Lemma IV.2.37(b)

lemma density_mem:
assumes peP
shows forces_mem(p,t1,t2) <«— dense_below({q€P. forcesmem(q,t1,t2)},p)

{(proof)

lemma auz_density_eq:

assumes
dense_below(
{q’€eP. VY q. q€P N q=2q' — forces_mem(q,s,t1) <— forces-mem(q,s,t2)}
p)
forces_mem(q,s,t1) qeP peP q=<p

shows
dense_below({reP. forcesmem(r,s,t2)},q)

(proof)

lemma density_eq:
assumes peP
shows forces_eq(p,t1,t2) «— dense_below({qeP. forces_eq(q,t1,t2)},p)

(proof)

19.5 Kunen 2013, Lemma 1V.2.38

lemma not_forces_neq:
assumes pcP
shows forces_eq(p,t1,t2) +— — (Iq€P. q=p A forces_neq(q,t1,t2))

{proof)

lemma not_forces_nmem:
assumes peP
shows forcesemem(p,t1,t2) <— — (Fg€P. ¢=<p A forcessnmem(q,t1,t2))

{proof)

lemma sats_forces_Nand":
assumes
pEP peformula e formula env € list(M)
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shows
M, [p,P,leq,one] @Q env = forces(Nand(p,0))) +—
—(3geM. geP A is_leq(##M leq,q,p) N
M, [q,P,leq,one] Q env = forces(y)
M, [q,P,leq,one] Q env = forces(v)))
(proof )

A

lemma sats_forces_Neg':

assumes
pEP env € list(M) peformula

shows
M, [p,P,leq,one] @ env = forces(Neg(p)) <+—
—(3geM. geP A is_leq(##M leq,q,p) N

M, [q,P,leq,one]@env = forces(¢))
(proof )

lemma sats_forces_Forall’:
assumes
peP env € list(M) peformula
shows
M,[p,P,leqg,one] Q env |= forces(Forall(p)) +—
(VzeM. M, [p,P,leq,one,x] @ env = forces(p))
(proof)

19.6 The relation of forcing and atomic formulas

lemma Forces_FEqual:
assumes
pEP t1€M t2e M envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat

shows
(p IF Equal(n,m) env) <— forces_eq(p,t1,t2)
{proof)

lemma Forces_Member:
assumes
pEP t1eM t2€e M enve€list(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat

shows
(p IF Member(n,m) env) <— forces-mem(p,t1,t2)

(proof)

lemma Forces_Neg:
assumes
pEP env € list(M) peformula
shows
(p Ik Neg(p) env) <— =(IgeM. qeP A q=p A (q IF ¢ env))
(proof)
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19.7 The relation of forcing and connectives

lemma Forces_Nand:
assumes
pEP env € list(M) peformula Yeformula
shows
(p Ik Nand(p,0) env) «— —~(3geM. ¢qeP N q=p A (¢ IF ¢ env) A (¢ IF ¢
env))

{proof)

lemma Forces_And_auz:
assumes
pEP env € list(M) peformula YeEformula
shows
p Ik And(p,0)) env  +—
(VgeM. qeP A q=p — (3reM. reP A r=qg A (rlF ¢ env) A (7 IF 1 enwv)))
(proof)

lemma Forces_ And_iff_dense_below:
assumes
pEP env € list(M) peformula Yeformula
shows
(p IF And(p,) env) <— dense_below({reP. (r IF ¢ env) A (r IF ¢ env) },p)

{proof)

lemma Forces_Forall:
assumes
peEP env € list(M) peformula
shows
(p Ik Forall(p) env) «— (VzeM. (p Ik ¢ ([z] @ env)))

(proof)

bundle some_rules = elem_of-val_pair [dest] SepReplace_iff [simp del] SepReplace_iff [iff]

context
includes some_rules
begin

lemma elem_of-vall: 39. ApeP. peG A (¥,p)em A val(P,G ) = x = z€val(P,G,m)
(proof )

lemma GenEzxtD: ze M[G] +— (37€M. © = val(P,G,T))
(proof)

lemma left_in.M : taue M = (a,b)Etau = a€M

(proof )
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19.8 Kunen 2013, Lemma 1V.2.29

lemma generic_inter_dense_below:
assumes DeM M_generic(G) dense_below(D,p) peG
shows DN G # 0

(proof)

19.9 Auxiliary results for Lemma IV.2.40(a)

lemma 1V240a_mem_Collect:
assumes
TeM TeM
shows
{¢qeP.3o. Ir. reP A (o,r) € T A q=r A forces_eq(q,m,0)}eM

(proof)

lemma 1V240a_mem:
assumes
M_generic(G) peG meM T€M forces_mem(p,m,T)
Nq 0. g6 P = ¢€G = o€domain(t) = forces_eq(q,m,0) =
val(P,G,m) = val(P,G,0)
shows
val(P,G,w)€val(P,G,T)
(proof)

lemma refl_forces_eq:pe P = forces_eq(p,z,x)
(proof )

lemma forces_memlI: (o,r)eT = peP — reP — p=<r = forces_mem(p,0,7)
(proof )

lemma 1V240a_eq_1st_incl:
assumes
M_generic(G) peG forces_eq(p,r,9)
and
IH:A\q 0. q¢6P = ¢ G = o€domain(t) U domain(¥) =
(forces-mem(q,0,7) — wval(P,G,0) € val(P,G,T)) A
(forcesemem(q,0,9) — val(P,G,0) € val(P,G,9))

shows
val(P,G,m) C wal(P,G,9)
(proof)

lemma 1V240a_eq-2nd_incl:

assumes
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M_generic(G) peG forces_eq(p,r,9)

and

IH:N\q 0. q¢6P = ¢ G = o€domain(r) U domain(¥) =
(forces-mem(q,0,7) — wal(P,G,0) € val(P,G,T)) A
(forces-mem(q,0,9) — val(P,G,0) € val(P,G,9))

shows
val(P,G,9) C val(P,G,T)
(proof)

lemma 1V240a_eq:
assumes
M_generic(G) peG forces_eq(p,r,19)
and
IH:N\q 0. ¢¢6P = ¢ G = oe€domain(t) U domain(¥) =
(forcesemem(q,0,7) — val(P,G,0) € val(P,G,7)) A
(forcesemem(q,0,9) — val(P,G,0) € val(P,G,9))
shows
val(P,G,m) = val(P,G9)
(proof)

19.10 Induction on names

lemma core_induction:
assumes
AT 9 p.p € P = [ANq o. [¢6P ; c€domain(¥)] = Q(0,7,0,9)] =
Q(-Z 77_719717)
AT O p.peP= [Aqo.[¢eP ; cedomain(r) U domain(¥)] = Q(1,0,7,q)
A Q(1,0,q9)] = Q(0,7,9.p)
fte2peP
shows
Q(ft,m0,p)
(proof)

lemma forces_induction_with_conds:
assumes
AT Y9 p.pe P = [A\qo. [qeP ; ocdomain(V)] = Q(q,7,0)] = R(p,7,9)
AT 9 p.pe P = [Aqo.|[¢geP ; o€domain(T) U domain(¥)] = R(q,0,7)
A R(q,0.0)] = Q(p.7.0)
peP
shows
Q(p77—77‘9) /\ R(p’T7’l‘9)
(proof)

lemma forces_induction:
assumes
AT 9. [No. o€domain(¥) = Q(7,0)] = R(7,9)
AT 9. [No. o€domain(T) U domain(¥) = R(o,7) A R(0,9)] = Q(7,9)
shows
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Q(r,9) N R(1,9)
(proof)

19.11 Lemma IV.2.40(a), in full

lemma 1V240a:
assumes
M_generic(Q)
shows
(teM — YeM — (VpeG. forces_eq(p,m,9) — val(P,G,1) = val(P,G,9)))
A
(reM — 9eM — (VpeQq. forcessmem(p,7,9) — val(P,G,7) € val(P,G,9)))
(is ?Q(7,9) A ?R(7,0))
(proof)

19.12 Lemma IV.2.40(b)

lemma 1V2/0b_mem:

assumes
M_generic(G) val(P,G,m)€val(P,G,1) meM 7€M
and
IH:\o. cedomain(t) = val(P,G,7) = val(P,G,0) =

Ipeq. forces_eq(p,m,0)

shows

Ipeq. forces_mem(p,m,7)

(proof)

end

lemma Collect_forces_eq_in_M:
assumes 7 € M 9 € M
shows {peP. forces_eq(p,7,9)} € M

{proof)

lemma 1V2/0b_eq_Collects:
assumes 7 € M ¥ € M
shows {peP. Ioecdomain(r) U domain(9). forcessmem(p,o,7) A forces_nmem(p,o,9)}eM
and
{peP.Foedomain(r) U domain (V). forces_nmem (p,o,7) A forcessmem(p,c,9)}eM

(proof)

lemma 1V2400b_eq:
assumes
M_generic(Q) val(P,G,1) = val(P,GY) Te M YeM
and
IH:N\o. o€domain(T)Udomain(9¥) =
(val(P,G,0)€val(P,G,7) — (Fq€G. forcessmem(q,0,7))) A
(val(P,G,0)€val(P,GY) — (Fq€G. forcessmem(q,0,9)))
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shows
Ipeq. forces_eq(p,T,9)
(proof)

lemma 1V2/0b:
assumes
M_generic(G)
shows
(re M —9eM —wval(P,G,7) = val(P,G,9) — (IpeQG. forces_eq(p,7,9))) A
(re M —9eM —wval(P,G,1) € val(P,G,9) — (IpeG. forces_mem(p,r,9)))

(is 7Q(,9) A ?R(1,0))
(proof)

lemma map_val_in_MG:
assumes
envelist(M)
shows
map(val(P,G),env)€list(M[G])
(proof )

lemma truth_lemma_mem:
assumes
envelist(M) M_generic(G)
nenat menat n<length(env) m<length(env)
shows
(IpeG. p Ik Member(n,m) env) <«— MI[G], map(val(P,G),env) = Mem-
ber(n,m)
(proof )

lemma truth_lemma_eq:
assumes
envelist(M) M_generic(G)
nenat menat n<length(env) m<length(env)
shows
(Ipeq. p Ik Equal(n,m) env) +— M[G], map(val(P,G),env) = Equal(n,m)
(proof )

lemma arities_at_aux:
assumes
n € nat m € nat env € list(M) succ(n) U succ(m) < length(env)
shows
n < length(env) m < length(env)
(proof)

19.13 The Strenghtening Lemma

lemma strengthening_lemma:
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assumes
pEP peformula reP r=p
shows
Nenv. envelist(M) = arity(p)<length(env) = p Ik ¢ env = r Ik ¢ env

(proof)

19.14 The Density Lemma

lemma arity_Nand_le:
assumes ¢ € formula ¢ € formula arity(Nand(p, ©)) < length(env) env€elist(A)
shows arity(yp) < length(env) arity(y) < length(env)
(proof )

lemma dense_below_imp_forces:
assumes
peP peformula
shows
Nenv. envelist(M) = arity(p)<length(env) =
dense_below({geP. (¢ IF ¢ env)},p) = (p IF ¢ env)

{proof)

lemma density_lemma:

assumes
pEP peformula envelist(M) arity(p)<length(env)
shows
plF @ env «— dense_below({qeP. (¢ IF ¢ env)},p)
(proo)

19.15 The Truth Lemma

lemma Forces_And:
assumes
pEP env € list(M) peformula YeEformula
arity(¢) < length(env) arity(y) < length(env)
shows
p Ik And(p)) env +— (p Ik @ env) A (p IF ¥ env)

(proof)

lemma Forces_Nand_alt:
assumes
pEP env € list(M) peformula Yeformula
arity(p) < length(env) arity(v) < length(env)
shows
(p Ik Nand(p,) env) <— (p IF Neg(And(p,0)) env)

{proof)

lemma truth_lemma_Neg:
assumes
peformula M_generic(G) envelist(M) arity(p)<length(env) and
IH: (3peG. p Ik ¢ env) +— M[G], map(val(P,G),env) = ¢
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shows
< (Hf[;GG. p Ik Neg(p) env) «— M[G], map(val(P,G),env) = Neg(p)
PTOO0,

lemma truth_lemma_And:
assumes
env€elist(M) € formula e formula
arity(p)<length(env) arity(y) < length(env) M_generic(G)
and
IH: (3peG. plk ¢ env) «— M[G], map(val(P,G),env) E ¢
(IpeqG. p Ik Y env) «— M[G], map(val(P,G),env) =
shows
(peqG. (p IF And(p,9) env)) <— M[G] , map(val(P,G),env) = And(p,))
{proof)

definition
ren_truth_lemma :: i=1 where
ren_truth_lemma(p) =
Exists(Exists( Exists( Exists( Ezists(
And(FEqual(0,5),And(Equal(1,8),And(Equal(2,9),And(Equal(3,10),And(Equal(4,6),
iterates(Ap. incr-bv(p) 5, 6, ¢©)))))))))))

lemma ren_truth_lemma_type[ TC] :
p€Eformula = ren_truth_lemma(p) €formula

{proof)

lemma arity_ren_truth :
assumes < formula
shows arity(ren_truth-lemma(p)) < 6 U succ(arity(y))

(proof)

lemma sats_ren_truth_lemma:
[q,b,d,al,a2,a3] Q env € list(M) = ¢ € formula =
(M, [g,b,d,al,a2,a3] Q env |= ren_truth_-lemma(p) ) <—
(M, [q,al,a2,a3,b] Q env = ¢)
(proof )

lemma truth_lemma’ :
assumes
peformula envelist(M) arity(v) < succ(length(env))
shows
separation(#H#M Nd. FbeM. V qeP. q=d — —(q IF ¢ ([b]Qenv)))
(proof )

lemma truth_lemma:
assumes
p€Eformula M_generic(G)
shows
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Nenv. envelist(M) = arity(p)<length(env) =
(FpeG. p IF v env) <«— M[G], map(val(P,G),env) = ¢
{proof)

19.16 The “Definition of forcing”

lemma definition_of_forcing:
assumes
pEP peformula envelist(M) arity(p)<length(env)
shows
(p Ik ¢ env) «—
(VG. M_generic(G) N peG — MI[G], map(val(P,G),env) = ¢)
(proof)

lemmas definability = forces_type
end

end

20 Auxiliary renamings for Separation

theory Separation_Rename
imports Interface Renaming
begin

lemmas apply_fun = apply_iff [ THEN iffD1]

lemma nth_concat : [p,t] € list(A) = enve list(A) = nth(1 #+ length(env),[p]@
env Q [t]) = ¢
{proof)

lemma nth_concat?2 : enve list(A) = nth(length(env),env @ [p,t]) = p
{proof)

lemma nth_concat3 : enve list(A) = u = nth(succ(length(env)), env Q [pi, u])
(proof)

definition

sep_var :: i = i where

sep-var(n) = {(0,1),(1,3),(2,4),(3,5),(4,0),( 5441, 6),( 6441, 2)}
definition

sep_env :: 1 = ¢ where

sep_env(n) = X i € (5#+n)-5 . i#+2

definition weak :: [i, i] = i where
weak(n,m) = {i#+m . i € n}

lemma weakD :
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assumes n € nat k€nat © € weak(n,k)
shows 3 ¢ € n .z = i#+k
{proof)

lemma weak_equal :

assumes ncnat menat

shows weak(n,m) = (m#+n) - m
(proof )

lemma weak_zero:
shows weak(0,n) = 0
(proof )

lemma weakening_diff :
assumes n € nat
shows weak(n,7) - weak(n,5) C {5#+n, 6#+n}
(proof)

lemma in_add_del :
assumes r€j#+n nenat jEnat
shows = < j V z € weak(n,j)

(proof)

lemma sep_env_action:
assumes
[t,p,u,P,leg,0,pi] € list(M)
env € list(M)
shows V i . i € weak(length(env),5) —
nth(sep_env(length(env)) %,[t,p,u,P,leq,0,pi]|Qenv) = nth(i,[p,P,leq,0,t] @ env
Q [pi,u])
(proof)

lemma sep_env_type :

assumes n € nat

shows sep_env(n) : (5#+n)-5 = (7T#+n)-7
(proof)

lemma sep_var_fin_type :
assumes n € nat
shows sep_var(n) : 7T#+n -||> 7T#+n
(proof )

lemma sep_var_domain :

assumes n € nat

shows domain(sep_var(n)) = 7#+n - weak(n,5)
(proof)

lemma sep_var_type :
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assumes n € nat
shows sep_var(n) : (7#+n)-weak(n,5) — 7#+n
{proof )

lemma sep_var_action :
assumes
[t,p,u,P,leq,0,pi] € list(M)
env € list(M)
shows V i . i € (7T#+length(env)) - weak(length(env),5) —
nth(sep_var(length(env)) ‘i,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leq,0,t] Q env
Q [pi,u])
(proof)

definition
rensep :: © = 1 where
rensep(n) = union_fun(sep_var(n),sep_env(n),7#+n-weak(n,5),weak(n,5))

lemma rensep_auz :

assumes nenat

shows (7#+n-weak(n,5)) U weak(n,5) = 7#+n T#+n U (7 #+ n - 7) =
TH#4+n
(proof )

lemma rensep_type :
assumes nenat
shows rensep(n) € 7#+n — T#+n

(proof)

lemma rensep_action :

assumes [t,p,u,P,leq,0,pi] Q env € list(M)

shows VY i .14 < 7#+length(env) — nth(rensep(length(env)) ‘i,[t,p,u,P,leq,0,pi]Qenv)
= nth(i,[p,P,leq,0,t] Q env Q [pi,u))
(proof)

definition sep_ren : [i,i] = i where
sep_ren(n,p) = ren(p) ‘(7#+n) ‘(7#+n) ‘rensep(n)

lemma arity_rensep: assumes p€formula env € list(M)
arity(p) < T#+length(env)

shows arity(sep_ren(length(env),p)) < 7#+length(env)
{proof)

lemma type_rensep [TC]:
assumes € formula envelist(M)
shows sep_ren(length(env),p) € formula

{proof)

lemma sepren_action:
assumes arity(¢) < 7 #+ length(env)
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[t,p,u,P,leq,0,pi] € list(M)

envelist(M)

pEformula

shows sats(M, sep_ren(length(env),p),[t,p,u,P,leq,0,pi] Q env) +— sats(M,
©,[p,P,leg,0,t] @ env Q [pi,u])
(proof)

end

21 The Axiom of Separation in M|[G]

theory Separation_Axiom
imports Forcing-Theorems Separation_Rename
begin

context G_generic
begin

lemma map_val :
assumes env€list(M[G])
shows Jnenvelist(M). env = map(val(P,G),nenv)

{proof)

lemma Collect_sats_in_MG :
assumes
ceM[G]
p € formula envelist(M[G)) arity(p) < 1 #+ length(env)
shows
{zec. (M[G], [z] @ env |= )} M|[G]
(proof)
theorem separation_in_MG:
assumes
peformula and arity(p) < 1 #+ length(env) and envelist(M[G])
shows
separation(#H#M[G), z. (M[G], [z] Q env | ¢))
(proof)

end

end

22 The Axiom of Pairing in M|[G]

theory Puairing_Aziom imports Names begin

context forcing_data
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begin

lemma val_Upair :
one € G = val(P,G {{r,0one),(g,one)}) = {val(P,G,7),val(P,G,0)}
{proof)

lemma pairing_in_ MG :
assumes M_generic(G)
shows upair_az(##M[G])

(proof)

end
end

23 The Axiom of Unions in M|[G]

theory Union_Axiom
imports Names
begin

context forcing_data
begin

definition Union_name_body :: [i,i,i,i] = o where
Union_name_body (P’ leq’,7,0p) = (3 o[##M].
3 q[#4#M]. (g€ P' A ((o,q) € T A
(3 r[##M].reP’ A ({fst(¥p),r) € o A (snd(Ip),r) € leqg" N (snd(¥p),q)
€ leg)))))

definition Union_name_fm :: i where
Union_name_fm =
Exists(
Ezists(And(pair_fm(1,0,2),
Ezists (
Ezists (And(Member(0,7),
Ezists (And(And(pair_fm(2,1,0),Member(0,6)),
Ezists (And(Member(0,9),
Ezists (And(And(pair_fm(6,1,0),Member(0,4)),
Ezists (And(And(pair_fm(6,2,0),Member(0,10)),
Ezists (And(pair_fm(7,5,0),Member(0,11))))))))))))))))

lemma Union_name_fm_type [TC]:

Union_name_fm €formula
(proof)

lemma arity_Union_name_fm :
arity( Union_name_fm) = 4
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{proof)

lemma sats_Union_name_fm :

[env € list(M); PPeM;peM;9eM;TeM;lege M] =
sats(M , Union_name_fm,[(9,p),7,leq’,P|Qenv) +—
Union_name_body(P’leq’ T,{9,p))

(proof)

definition Union_name :: i = i where
Union_name (1) =
{u € domain(|J (domain(7))) x P . Union_name_body(P,leq,m,u)}

lemma Union_name_M : assumes 7 € M
shows Union_name(t) € M

(proof)

lemma Union_ MG_Eq :
assumes a € M[G] and o = val(P,G,7) and filter(G) and 7 € M
shows |J a = val(P,G,Union_name(T))

(proof)

lemma union_in_MG : assumes filter(Q)
shows Union_azx(##M[G))

(proof)

theorem Union MG : M_generic(G) = Union_ax(##M[G))
{proof)

end
end

24 The Powerset Axiom in M|[G]
theory Powerset_Axiom
imports Renaming-Auto Separation_Azxiom Pairing-Axiom Union_Aziom
begin
(ML)

lemma Collect_inter_Transset:

assumes
Transset(M) b € M
shows
{zeb . P(z)} = {zeb . P(z)} N M
(proof)

context G_generic begin

lemma name_components_in_M:
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assumes <o,p>€v d € M
shows oeM peM

(proof)

lemma sats_fst_snd_in_M:
assumes
AeM BeM ¢ € formula peM leM oeM xeM
arity() < 6
shows
{<s,q> €AXB . sats(M,p,[q,p,l,0,5,x])} € M
(is 99 € M)
(proof)

lemma Pow_inter_MG:
assumes
aEM|G]
shows
Pow(a) N M[G] € M[G]

(proof)
end

context G_generic begin

interpretation mgtriv: M_trivial ##M|[G)
(proof )

theorem power_in_ MG : power_az(##(M[G)))

(proof)
end
end

25 The Axiom of Extensionality in M|G]

theory FExtensionality_Aziom
imports

Names
begin

context forcing_data
begin

lemma extensionality_in_-MG : extensionality(##(M|[G]))
(proof)

end
end
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26 The Axiom of Foundation in M|[G]

theory Foundation_Axiom
imports

Names
begin

context forcing_data
begin

lemma foundation_in_-MG : foundation_az(##(M|[G]))
(proof)

lemma foundation_ax(##(M[G]))
(proof)

end
end

27 The binder Least

theory Least
imports
Forcing_Data — only for a result to be moved below
Internalizations

begin

We have some basic results on the least ordinal satisfying a predicate.

lemma Least_-Ord: (i . R(a)) = (p a. Ord(a) A R())
{proof)

lemma Ord_Least_cong:
assumes Ay. Ord(y) = R(y) +— Q(y)
shows (u a. R(a)) = (1 a. Q(v))

(proof)

definition
least :: [i=0,i=0,i] = o where
least(M,Q,1) = ordinal(M i) A (
(empty(M i) A (Vb[M]. ordinal(M,b) — —Q(b)))
V (Q(i) A (Vb[M]. ordinal(M,b) A bei— —Q(D))))

definition
least_fm :: [i,i] = i where
least_fm(q,i) = And(ordinal_fm(i),
Or(And(empty_fm(i),Forall(Implies(ordinal_fm(0),Neg(q)))),
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And(Ezists(And(q,Equal(0,succ()))),
Forall(Implies(And(ordinal_fm(0),Member(0,succ(i))),Neg(q))))))

lemma least_fm_type[ TC] :i € nat = q€formula = least_fm(q,i) € formula
(proof )

lemmas basic_fm_simps = sats_subset_fm’ sats_transset_fm’ sats_ordinal_fm’

lemma sats_least_fm :
assumes p_iff_sats:
Na. a € A = P(a) <— sats(4, p, Cons(a, env))
shows
[y € nat; env € list(A) ; 0€A]
= sats(A, least_fm(p,y), env) +—
least(#4# A, P, nth(y,env))
(proof)

lemma least_iff_sats:
assumes is_Q_iff_sats:
Na. a € A = is_Q(a) «— sats(4, ¢, Cons(a,env))
shows
[nth(j,env) = y; j € nat; env € list(A); 0€A]
= least(##A, is-Q, y) +— sats(A, least_fm(q,j), env)
(proof)

lemma least_conj: a€ M = least(## M, \x. €M N Q(x),a) +— least(##M,Q,a)

(proof )
lemma (in M_ctm) unique_least: a€ M —> be M = least(##M ,Q,a) = least(## M ,Q,b)

= a=b

(proof)

context M_trivial
begin

27.1 Absoluteness and closure under Least

lemma least_abs:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) N Ord(y) M(a)
shows least(M,Q,a) +— a = (u z. Q(x))
{proof)

lemma Least_closed:
assumes Az. Q(z) = Ord(z) = Fy[M]. Q(y) A Ord(y)
shows M(u z. Q(z))
(proof )

Older, easier to apply versions (with a simpler assumption on Q).

lemma least_abs’:

119



assumes Az. Q(z) = M(z) M(a)
shows least(M,Q,a) +— a = (p z. Q(x))
{proof)

lemma Least_closed:
assumes Az. Q(z) = M(x)
shows M(u z. Q(z))
{proof )

end

end

28 The Axiom of Replacement in M|G]

theory Replacement_Aziom
imports
Least Relative_Univ Separation_Aziom Renaming_-Auto
begin

(ML)

definition renrep_fn :: i« = i where
renrep_fn(env) = sum(renrepl_fn,id(length(env)),6,8,length(env))

definition
renrep :: [i,i] = i where
renrep(p,env) = ren(p) ‘(6#+length(env)) ‘(84 +Ilength(env)) ‘renrep_fn(env)

lemma renrep_type [TC]:
assumes € formula env € list(M)
shows renrep(p,env) € formula

{proof)

lemma arity_renrep:
assumes gcformula arity(p)< G#+length(env) env € list(M)
shows arity(renrep(p,env)) < 8#+length(env)
(proof )

lemma renrep_sats :
assumes arity(p) < 6 #+ length(env)
[P,leq,0,p,0,7] @ env € list(M)
VeMaeM
peformula
shows sats(M, o, [p,P,leq,0,0,7] Q env) +— sats(M, renrep(p,env), [V ,7,0,p,a,P,leg,o]
@ env)

(proof)

(ML)
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definition renpbdy_fn :: i = i where
renpbdy_fn(env) = sum(renpbdyl_fn,id(length(env)),6,7,length(env))

definition
renpbdy :: [i,i] = i where
renpbdy(p,env) = ren(p) ‘(6 #+length(env)) ‘(7#+length(env)) ‘renpbdy_fn(env)

lemma
renpbdy_type [TC|: p€formula = envelist(M) = renpbdy(p,env) € formula
(proof )

lemma arity_renpbdy: o€ formula = arity(p) < 6 #+ length(env) = envelist(M)
= arity(renpbdy(p,env)) < 7 #+ length(env)
(proof )

lemma
sats_renpbdy: arity(p) < 6 #+ length(nenv) = [o,p,z,a,P,leq,0,m] Q nenv €
list(M) = p€eformula =
sats(M, ¢, [0,p,a, P,leq,0] Q nenv) +— sats(M, renpbdy(p,nenv), [0,p,z,a,P,leq,o]
@ nenv)
(proof )

(ML)

definition renbody_fn :: i = i where
renbody_fn(env) = sum(renbodyl_fn,id(length(env)),5,6,length(env))

definition
renbody :: [i,i] = ¢ where
renbody(p,env) = ren(p) ‘(5#+Ilength(env)) ‘(6 #+length(env)) ‘renbody_fn(env)

lemma
renbody_type [TC): pE€formula = env€list(M) = renbody(p,env) € formula

(proof)

lemma arity_renbody: € formula = arity(p) < 5 #+ length(env) = envelist(M)
=

arity(renbody(p,env)) < 6 #+ length(env)

(proof)

lemma
sats_renbody: arity(p) <
list(M) = peformula =
sats(M, ¢, [z,0,P,leq,0] @ nenv) +— sats(M, renbody(p,nenv), [a,z,m,P,leq,0]
@ nenv)

{proof)

5 #+ length(nenv) = [a,x,m,P, leq,0] @ nenv €
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context G_generic
begin

lemma pow_inter_M:
assumes
xeM yeM
shows
powerset(##M ,x,y) +— y = Pow(z) N M
(proof )

schematic_goal sats_prebody_fm_auto:

assumes

pEformula [P,leq,one,p,0,m] Q@ nenv €list(M) acM arity(p) < 2 #+ length(nenv)

shows

(FreM.3VeM. is_Vset(##M,a,V) AT€V A sats(M,forces(p),[p,P,leq,one,o,7]
@ nenv))

+— sats(M, ?prebody_fm,[o,p,a, P leq,one] @ nenv)

(proof)

(ML)

lemma prebody_fm_type [TC):
assumes < formula
env € list(M)
shows prebody_fm(p,env)€formula

(proof)

declare is_eclose_fm_def [fm_definitions]
is_eclose_fm_def [fm_definitions]
mem_eclose_fm_def [fm_definitions]
eclose_n_fm_def [fm_definitions|

lemma sats_prebody_fm:
assumes
[P,leq,one,p,0] @ nenv €list(M) pE€formula a€M arity(p) < 2 #+ length(nenv)
shows
sats(M ,prebody_fm(p,nenv),[o,p,c, P leq,one] @ nenv) +—
(3reM.3IVeM. is_Vset(##M,a,V) ATEV A sats(M,forces(p),|p,P,leq,one,o,7]
Q@ nenw))

{proof)

lemma arity_prebody_fm:
assumes
peformula aeM env € list(M) arity() < 2 #+ length(env)
shows
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arity(prebody_fm(p,env))<6 #+ length(env)
{proof)

definition
body_fm' :: [i,i|=1 where
body_fm'(p,env) = Erxists(Exists(And(pair_fm(0,1,2),renpbdy(prebody_fm(p,env),env))))

lemma body_fm’_type| TC]: p€formula = envelist(M) = body_fm'(p,env)€formula
(proof )

lemma arity_body_fm':
assumes
peformula aeM envelist(M) arity(p) < 2 #+ length(env)
shows
arity(body_fm'(p,env))<5 #+ length(env)
(proof)

lemma sats_body_fm":
assumes
It p. x=(t,p) €M [a,P,leq,one,p,0] Q nenv €list(M) peformula arity(v) <
2 #+ length(nenv)
shows
sats(M ,body_fm'(p,nenv),[z,a,P,leq,one] @ nenv) «—
sats(M ,renpbdy(prebody_fm(p,nenv),nenv),[fst(z),snd(x),z,a,P,leqg,one] @ nenv)
(proof )

definition
body_fm :: [i,i]=1 where
body_fm(p,env) = renbody(body_fm’(p,env),env)

lemma body_fm_type [TC): enve€list(M) => p€formula = body_fm(p,env)€formula

{proof)

lemma sats_body_fm:
assumes
It p. z=(t,p) [a,z,m,P,leq,one] Q nenv Elist(M)
pEeformula arity(p) < 2 #+ length(nenv)
shows
sats(M ,body_fm(p,nenv),[a,z,m,P,leq,one] Q@ nenv) +—
sats(M ,renpbdy(prebody_fm(p,nenv),nenv),[fst(z),snd(x),z,a,P,leq,one] @ nenv)
(proof )

lemma sats_renpbdy_prebody_fm:
assumes
It p. z=(t,p) €M [a,m,P,leq,one] @ nenv €list(M)
pEformula arity(p) < 2 #+ length(nenv)
shows
sats(M ,renpbdy(prebody_fm(p,nenv),nenv),[fst(z),snd(z),x,«,P,leg,one] @ nenv)
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—
sats(M ,prebody_fm(p,nenv),[fst(z),snd(x),a,P,leq,one] @ nenv)
(proof )

lemma body_lemma:
assumes
It p. z=(t,p) z€M [z,a,m,P,leq,one] Q@ nenv €list(M)
peformula arity(p) < 2 #+ length(nenv)
shows
sats(M ,body_fm(p,nenv),[a,z,m,P,leq,one] Q nenv) +—
(FreM.3VeM. is_Vset(Aa. (##M)(a),a,V) AT € V A (snd(z) I+ ¢ ([fst(z),7]Qnenv)))
(proof )

lemma Replace_sats_in_MG:
assumes
ceM[G] env € list(M[G))
v € formula arity(p) < 2 #+ length(env)
univalent(##M|[G], ¢, Az v. (M[G] , [z,v]Qenv = ¢) )
shows
{v. z€c, vEM[G] N (M[G] , [z,v]Qenv = ¢)} € M[G]
(proof)

theorem strong_replacement_in_MG:
assumes
peformula and arity(p) < 2 #+ length(env) env € list(M[G))
shows
strong_replacement(##M |G, Az v. sats(M[G]p,[z,0] Q env))
(proof)

end

end

29 The Axiom of Infinity in M[G]

theory Infinity_Aziom
imports Pairing_Aziom Union_Aziom Separation_Axiom
begin

context G_generic begin

interpretation mg_triv: M_trivial#+#M|G]|
{proof)

lemma infinity_in.-MG : infinity_ax(##M[G])
(proof )

end
end
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30 The Axiom of Choice in M|G]|

theory Choice_Aziom
imports Powerset_Aziom Pairing-Axiom Union_Axiom Extensionality_Aziom
Foundation_Aziom Powerset_Azxiom Separation_Axiom
Replacement_Aziom Interface Infinity_Axiom Relativization
begin

definition
induced_surj :: 1=>1=1=1 where
induced_surj(f,a,e) = f-“(range(f)-a)x{e} U restrict(f,f-*“a)

lemma domain_induced_surj: domain(induced_surj(f,a,e)) = domain(f)
(proof)

lemma range_restrict_vimage:
assumes function(f)
shows range(restrict(f,f-“a)) C a

(proof)

lemma induced_surj_type:
assumes
function(f)
shows
induced_surj(f,a,e): domain(f) — {e} U a
and
z € f-“a = induced_surj(f,a,e)‘c = fx

(proof)

lemma induced_surj_is_surj :
assumes
e€a function(f) domain(f) = a A\y. y € a = Jz€a. fz =y
shows
induced_surj(f,a,e) € surj(a,a)
(proof)

context G_generic
begin

definition
upair-name :: i = i = | where

upair-name(7,0) = Upair({T,one),{p,one))

lemma Upair_simp : Upair(a,b) = {a,b}
(proof)

(ML)

lemma upair_name_abs :
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assumes z€M yeM zeM
shows is_upair_name(#H#M ,x,y,z) <— z = upair-name(z,y)
(proof)

definition
opair_name :: i = i = i where
opair_name(T,0) = upair_name(upair_name(7,7),upair_name(T,0))

(ML)

lemma upair_name_closed :
[ zeM; yeM | = upair_name(z,y)eM
(proof)

definition
upair_name_fm :: [i,i,i,i] = i where
upair_name_fm(x,y,0,2) = Fuxists(Ezists(And(pair_fm(x#+2,0#+2,1),
And(pair_fm(y#+2,0#+2,0),upair_fm(1,0,2#+2)))))

lemma upair_name_fm_type[ TC] :
[ senat;zEnat;yEnat;o€nat] = upair_name_fm(s,x,y,0)Eformula

{proof)

lemma sats_upair_name_fm :
assumes z€nat yenat zenat o€nat envelist(M)nth(o,env)=one
shows
sats(M ,upair_name_fm(x,y,0,2),env) «— is_upair_name(F##M nth(x,env),nth(y,env),nth(z,env))
(proof)

lemma opair_-name_abs :
assumes reM yeM zeM
shows is_opair-name(## M ,x,y,2) +— z = opair_name(z,y)

{proof)

lemma opair_name_closed :
[ zeM; yeM | = opair_name(z,y)eM
(proof )

definition
opair-name_fm :: [i,i,4,i] = i where
opair_name_fm(z,y,0,z) = Exists(Ezists(And (upair_name_fm(x#+2,2#+2,04#+2,1),
And(upair-name_fm(z#+2,y#+2,0#+2,0),upair_name_fm(1,0,0#+2,24#+2)))))

lemma opair_name_fm_type[TC] :
[ senat;xEnat;yEnat;o€nat] = opair-name_fm(s,z,y,0)€formula
{proof)

lemma sats_opair_name_fm :
assumes zEnat yenat z€nat o€nat envelist(M)nth(o,env)=one
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shows
sats(M ,opair-name_fm(z,y,0,2),env) «— is_opair_-name(## M ,nth(z,env),nth(y,env),nth(z,env))
(proof )

lemma val_upair_name : val(P,G,upair-name(r,0)) = {val(P,G,7),val(P,G,0)}
(proof)

lemma val_opair_name : val(P,G,opair-name(T,0)) = (val(P,G,7),val(P,G,p))
{proof)

lemma val_RepFun_one: val(P,G{(f(z),one) . z€a}) = {val(P,G,f(z)) . z€a}
(proof)

30.1 M][G] is a transitive model of ZF

interpretation mgzf: M_ZF_trans M[G)|
(proof )

definition
is_opname_check :: [i,i,i] = o where
is_opname_check(s,x,y) = 3 cha€ M. I szeM. is_check(z,chx) N fun_apply(## M ,s,z,sz)
A\
is_opair_name(#H#M ,chx,sx,y)

definition
opname_check_fm :: [i,i,3,i] = i where
opname_check_fm(s,z,y,0) = Exists(Exists(And(check_fm(2#+x,24+0,1),
And(fun_apply_fm(2#+s,2#+x,0),0pair_name_fm(1,0,2#+0,24+y)))))

lemma opname_check_fm_type[ TC] :
[ senat;xEnat;yEnat;o€nat] = opname_check_fm(s,x,y,0)Eformula

(proof)

lemma sats_opname_check_fm:
assumes z€nat yenat z€nat o€nat envelist(M) nth(o,env)=one
y<length(env)
shows
sats(M ,opname_check_fm(z,y,z,0),env) <— is_opname_check(nth(z,env),nth(y,env),nth(z,env))

{proof)

lemma opname_check_abs :
assumes scM zeM yeM
shows is_opname_check(s,z,y) +— y = opair_name(check(z),sc)
(proof)

lemma repl_opname_check :

127



assumes
AeM feM
shows
{opair_name(check(z),fc). te AYeM
(proof)

theorem choice_in_.MG':
assumes choice_az(##M)
shows choice_ax(##M[G])

(proof)

end

end

31 Ordinals in generic extensions

theory Ordinals_-In_-MG
imports
Forcing_Theorems Relative_Univ
begin

context G_generic
begin

lemma rank_val: rank(vael(P,G,z)) < rank(z) (is ?Q(z))

(proof)

lemma Ord_MG_iff:
assumes Ord(«)
shows o« € M +— a € M|[G]

(proof)

end

end

32 Separative notions and proper extensions
theory Proper_Extension

imports
Names

begin

The key ingredient to obtain a proper extension is to have a separative
preorder:

locale separative_notion = forcing_notion +
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assumes separative: peP =—> 3qeP. dreP. ¢ X pAr<pAgqgLlr
begin

For separative preorders, the complement of every filter is dense. Hence an
M-generic filter can’t belong to the ground model.

lemma filter_complement_dense:
assumes filter(G) shows dense(P - G)

(proof)

end

locale ctm_separative = forcing_data + separative_notion
begin

lemma generic_not_in_M: assumes M_generic(G) shows G ¢ M

(proof)

theorem proper_extension: assumes M_generic(G) shows M # M|[G]
(proof )

end

end

33 A poset of successions

theory Succession_Poset
imports
Arities
Proper_Extension
Synthetic_Definition
Names
begin

33.1 The set of finite binary sequences
notation nat («w) — MOVE THIS to an appropriate place

We implement the poset for adding one Cohen real, the set 2<% of finite
binary sequences.

definition
seqspace :: [i,i] = i ((_<~ [100,1]100) where
B<% = Unea. (n—B)

lemma segspacel [intro]: n€a = fin—B = f€B~%
(proof)

lemma segspaceD[dest]: fEB<Y = Inca. f:n—DB
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(proof)
schematic_goal segspace_fm_auto:
assumes
nth(i,env) = n nth(j,env) = z nth(h,env) = B
i € nat j € nat henat env € list(A)
shows
(FomeA. omega(##A,om) A n € om A is_funspace(##A, n, B, z)) +— (4,
env |= (#sqsprp(i.j,h)))
(proof )

(ML)

locale M_seqspace = M_trancl +

assumes

segspace_replacement: M (B) = strong_replacement(M An z. n€nat A is_funspace(M ,n,B,z))
begin

lemma seqspace_closed:
M(B) = M(B<Y)
(proof )

end

sublocale M_ctm C M_seqspace ##M
(proof)

definition seq upd :: i = i = ¢ where
seqoupd(f,a) = X j € succ(domain(f)) . if j < domain(f) then f4 else a

lemma seq_upd_succ_type :
assumes nenat fen—A acA
shows seq_upd(f,a)€ succ(n) — A

(proof)

lemma seq_upd_type :
assumes f€A<Y acA
shows seq_upd(f,a) € A<Y
(proof)

lemma seq_upd_apply_domain [simp):
assumes f:n—A ne€nat
shows sequpd(f,a)‘n = a
(proof)

lemma zero_in_seqspace :
shows ( € A<¥

(proof)
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definition
seqleR :: i = i = o where
seqleR(f.9) = g € f

definition
seqlerel :: i = i where
seqlerel(A) = Rrel( Az y. y C z,A<Y)

definition
seqle :: 1 where
seqle = seqlerel(2)

lemma seglel[intro!]:
(f,g) € 2<Wx2<W —= g C f = (f,g) € seqle
{proof)

lemma segleD[dest!):
z € seqle = Az y. (z,y) € 2Wx2<W Ay Cax Az= (2,9
(proof)

lemma upd_lel :

assumes f€2<% €2

shows (seq_upd(f.a).f)eseqle (is (7. )<.)
(proo)

2<w

lemma preorder_on_seqle: preorder_on( ,seqle)

{proof)

lemma zero_seqle_maz: £€2<% = (1,0) € seqle
(proof )

interpretation sp:forcing_notion 2<% seqle 0
(proof)

notation sp.Leq (infixl <s 50)
notation sp.Incompatible (infixl Ls 50)

lemma segspace_separative:

assumes fe2<%¥

shows seq_upd(f,0) Ls sequpd(f,1) (is ?f Ls ?g)
(proof)

definition is_segleR :: [i=0,i,i]] = o where
is_seqleR(Q.f,9) = g C f

definition seqleR_fm :: i = i where
seqleR_fm(fg) = FEuists(Exists(And(pair_fm(0,1,fg#+2),subset_fm(1,0))))

lemma type_seqleR_fm :
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fg € nat = seqleR_fm(fg) € formula
(proof)

lemma arity_seqleR_fm :
fg € nat = arity(seqleR_fm(fg)) = succ(fg)
(proof )

lemma (in M_basic) seqleR_abs:
assumes M (f) M(g)
shows seqleR(f,g) +— is_seqleR(M.,f,g)

{proof)

definition
relP :: [i=o0,[i=0,i,i]=0,i] = o where
relP(M,r,zy) = (3z[M]. Jy[M]. pair(M,z,y,zy) N r(M,z,y))

lemma (in M_ctm) seqleR_fm_sats :
assumes fgenat envelist(M)
shows sats(M ,seqleR_fm(fg),env) <— relP(##M jis_segleR,nth(fg, env))

{proof)

lemma (in M_basic) is_related_abs :
assumes A fg . M(f) = M(g) = rel(f,g) «— is_rel(M,f,g)
shows Az . M(z) = relP(M,is_rel,z) +— 3z y. z = (x,y) A rel(z,y))
(proof)

definition
is_-RRel :: [i=o0,[i=0,i,i]]=0,i,i] = o where
is_.RRel(M jis_r,A,r) =3 A2[M]. cartprod(M ,A,A,A2) A is_Collect(M ,A2, relP(M is_r),r)

lemma (in M_basic) is_Rrel_abs :
assumes M (A) M(r)
NFfg. M(f) = M(g) = rel(f,g) «— is-rel(M.f,g)
shows is_RRel(M ,is_rel,A,r) <— r = Rrel(rel,A)
(proof)

definition
is_seglerel :: [i=0,1,i]] = o where
is_seqlerel(M ,A,r) = is_.RRel(M ,is_seqleR,A,r)

lemma (in M_basic) seqlerel_abs :
assumes M(A) M(r)
shows is_seglerel(M,A,r) +— r = Rrel(seqleR,A)
{proof)

definition RrelP : [i=i=>0,i] = i where
RrelP(R,A) = {z€AxA. Jzy. z = (z, y) N R(z,y)}
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lemma Rrel_eq : RrelP(R,A) = Rrel(R,A)
{proof)

context M_ctm
begin

lemma Rrel_closed:
assumes AcM
N\ a. a € nat = rel_fm(a)eformula

NTg . @#H#M)() = (##M)(9) = rel(f,g) «— isrel(##M.f,9)

arity(rel_fm(0)) = 1

N\ a.ac M= sats(M,rel_fm(0),[a]) «— relP(#+#M is_rel,a)
shows (##M)(Rrel(rel,A))

(proof)

lemma seqle_in_M: seqle € M
(proof)

33.2 Cohen extension is proper
interpretation ctm_separative 2<% seqle 0
(proof)

2<UJ

lemma cohen_extension_is_proper: 3 G. M_generic(G) N M # M [G]

(proof )
end

end

34 The main theorem

theory Forcing_Main
imports
Internal_ZFC_Axioms
Choice_Axiom
Ordinals_In_.MG
Succession_Poset

begin

34.1 The generic extension is countable

definition
minimum :: 1 = 1 = 1 where
minimum(r,B) = THE b. first(b,B,r)

lemma minimum_in: [ well_ord(A,r); BCA; B#0 | = minimum(r,B) € B
(proof)
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lemma well_ord_surj_imp_lepoll:
assumes well_ord(A,r) h € surj(A,B)
shows B < A

(proof)

lemma (in forcing_data) surj_nat_MG :
af. f € surj(w,M[G])
(proof)

lemma (in G_generic) MG_egpoli_nat: M[G] ~ w
(proof)

34.2 The main result

theorem extensions_of_ctms:
assumes
M =~ w Transset(M) M | ZF
shows
IN.
M CNAN=uwA Transset(N) AN |= ZF N M#N A
Va. Ord(a) — (. € M <— o € N)) A
(M, | AC — N E ZFC)
(proof)

end

35 Main definitions of the development

theory Definitions_Main
imports Forcing_Main

begin

This theory gathers the main definitions of the Forcing session.

It might be considered as the bare minimum reading requisite to trust that
our development indeed formalizes the theory of forcing. This should be
mathematically clear since this is the only known method for obtaining
proper extensions of ctms while preserving the ordinals.

The main theorem of this session and all of its relevant definitions appear in
Section 35.3. The reader trusting all the libraries in which our development
is based, might jump directly there. But in case one wants to dive deeper,
the following sections treat some basic concepts in the ZF logic (Section 35.1)
and in the ZF-Constructible library (Section 35.2) on which our definitions
are built.

declare [[show_question_marks=false])
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35.1 ZF

For the basic logic ZF we restrict ourselves to just a few concepts.

thm bij_def [unfolded inj_def surj_def]

bij(A, B) =
{feAd— B . Ywed. VzeA. f‘w=f‘c — w=2z}N
{fe A— B .VyeB. JzcA. f‘z =y}

thm eqpoll_def

A~ B=3f. fecbiy(4, B)

thm Transset_def

Transset(i) =Va€i. x C i

thm Ord_def

Ord(i) = Transset(i) N (Vaz€i. Transset(x))
thm [t_def

1<j=1i€jANO0Ordy)

The set of natural numbers w is defined as a fixpoint, but here we just write
its characterization as the first limit ordinal.

thm Limit_nat[unfolded Limit_def]| nat_le_Limit[unfolded Limit_def)

Ordw) N0 <wA (Vy. y <w— suce(y) < w)
Ord(i) N0 <i NNy y<i— suce(y) <i) = w <1

hide_const (open) Order.pred
thm add_0-right add_succ_right pred_0 pred_succ_eq

m #+ suce(n) = succ(m #+ n)
mew= m#+ 0=m
pred(0) = 0

pred(succ(y)) = y
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Lists
thm Nil Cons list.induct

[| € list(A)

[a € 4; 1 € list(A)] = Cons(a, 1) € list(A)

[z € list(4); P([]); Nal. [a € A; 1 € list(A); P(1)] = P(Cons(a, 1))]
= P(z)

thm length.simps app.simps nth_0 nth_Cons

length([]) = 0

length(Cons(a, 1)) = succ(length(l))

] @ys=uys

Cons(a, 1) Q ys = Cons(a, | Q ys)

nth(0, Cons(a, 1)) = a

n € w = nth(succ(n), Cons(a, 1)) = nth(n, 1)

Relative quantifications
lemma Vz[M]. P(z) =Vz. M(z) — P(z)

Jz[M]. P(z) = 3z. M(z) A P(z)
(proof)

thm setclass_iff

(##A)(z) «—= z € A

35.2 ZF-Constructible

thm big_union_def

big-union(M, A, z) =Vz[M].z € z +— (Fy[M]. y € ANz € y)
thm Union_ax_def

Union_ax (M) = Vz[M]. 3 z[M]. big-union(M, z, z)

thm power_az_def [unfolded powerset_def subset_def]

power-ax(M) = Vz[M]. 32[M]. Vza[M]. za € z «— (Vab[M]. zb € za — b €
z)
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thm upair_def
upair(M, a, b, z) =aczANbezANNVz[M.z€2z—z=0aVa=0D0)
thm pair_def

pair(M, a, b, 2) =
Iz[M]. upair(M, a, a, z) N (3y[M]. upair(M, a, b, y) N upair(M, z, y, z))

thm successor_def [unfolded is_cons_def union_def]

successor(M, a, z) =
Jz[M]. upair(M, a, a, ) A (Yza[M]. za € z +— za €  V za € a)

thm upair_ax_def
upair_ax(M) =V z[M]. Vy[M]. 3 z[M]. upair(M, z, y, z)
thm foundation_az_def

foundation_az(M) =
Vz[M]. QyM].y € z) — Qy[M].y €z A~ (Fz[M]. z €z A zE€Ey))

thm extensionality_def

extensionality(M) = Vz[M]. Vy[M]. (Vz[M]. z €z +— 2z € y) — =1y
thm separation_def

separation(M, P) =V z[M]. 3y[M]. Vz[M]. z € y +— = € z A P(x)
thm univalent_def

univalent(M, A, P) =
Ve[M]. z € A — (Vy[M]. Vz[M]. P(z, y) AN Pz, 2) — y = 2)

thm strong_replacement_def

strong_replacement(M, P) =
Y A[M].

univalent(M, A, P) — (3Y[M]. Vb[M]. b € Y +— (3z[M]. z € A N P(x,
b)))
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thm empty_def
empty(M, z) =Va[M]. z ¢ 2
thm transitive_set_def [unfolded subset_def|

transitive_set(M, a) = Vz[M]. ¢ € a — (Vza[M]. za € x — za € a)

thm ordinal_def

ordinal(M, a) =
transitive_set(M, a) AN (Vz[M]. z € a — transitive_set(M, z))

thm image_def

VyM].y € z +— Bw[M]. wer A Fz[M]. ze€ AN pair(M, z, y, w)))

thm fun_apply_def

fun_apply(M, f, =, y) =
Jas[M].
3 frs[M]. upair(M, z, z, xs) A image(M, f, xs, frs) A big_union(M, frs, y)

thm is_function_def

is_function(M, r) =

YV z[M].
Vy[ J-
y'[M].
Vp[M]
Vp'M].
pair(M, =, y, p) —
pair(M, z, y', p)) —per—p er—y=y'

thm is_relation_def

is_relation(M, r) =V z[M]. z € r — (Fz[M]. y[M]. pair(M, z, y, 2))

thm is_domain_def
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is_domain(M, r, z) =

Vz[M]. z € z «— (Fw[M]. w € r A (Sy[M]. pair(M, z, y, w

thm typed_function_def

typed_function(M, A, B, r) =
is_function(M, r) A
is_relation(M, 1) A
is-domain(M, r, A) A

VulM]. v € r — (Vz[M]. Yy[M]. pair(M, z, y, u) — y € B))

thm surjection_def

surjection(M, A, B, f) =
typed_function(M, A, B, ) A
(Vy[M]. y € B— (Fz[M]. z € AN fun_apply(M, [, z, y)))

Internalized formulas

thm Member Equal Nand Forall formula.induct

[z € w; y € w] = Member(z, y) € formula

[z € w; y € w] = Fqual(z, y) € formula

[p € formula; q € formula] = Nand(p, q) € formula

p € formula = Forall(p) € formula

[z € formula; Az y. [z € w; y € w] = P(Member(z, y));
Az y. [z € w; y € w] = P(Equal(z, y));

Ap q. [p € formula; P(p); q € formula; P(q)] = P(Nand(p,

Ap. [p € formula; P(p)] = P(Forall(p))]
= P(x)

thm arity.simps

arity(Member(z, y)) = succ(z) U suce(y)
arity(Bqual(z, y)) = succ(z) U succ(y)
arity(Nand(p, q)) = arity(p) U arity(q)
arity(Forall(p)) = pred(arity(p))

thm mem_iff_sats equal_iff_sats sats_Nand_iff sats_Forall_iff

[nth(i, env) = x; nth(j, env) = y; env € list(A)]
=z € y<— A, env | Member(i, j)

[nth(i, env) = z; nth(j, env) = y; env € list(A)]
=z =y <+— A, env = Equal(i, j)

env € list(A) = A, env |E Nand(p, q) +— — (4, env = p A A, env |
env € list(A) = A, env | Forall(p) +— (Vz€A. A, Cons(z, env) |= p)
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35.3 Forcing
thm infinity_az_def

infinity_ax(M) =
3 I[M].
(Fz[M]. empty(M, 2) ANz € I) A
(Vy[M]. y € I — (I sy[M]. successor(M, y, sy) A\ sy € I))

thm choice_az_def
choice_ax(M) = ¥V z[M]. Fa[M]. f[M]. ordinal(M, a) N surjection(M, a, z, f)

thm ZF_union_fm_iff_sats ZF_power_fm_iff_sats ZF_pairing_fm_iff_sats
ZF_foundation_fm_iff_sats ZF_extensionality_fm_iff_sats
ZF_infinity_fm_iff_sats sats_ZF_separation_fm_iff
sats_ZF_replacement_fm_iff ZF_choice_fm_iff_sats

Union_ax(##A) «—
power_ax(##A) «— A
upair_az(##A) «— A, || & ZF_pairing_fm
foundation_ax(##A) +— A, [| & ZF_foundation_fm
extensionality(#+#A) «— A, [| E ZF_-extensionality_fm
infinity_az(##A) +— A, [| E ZF_infinity_fm
@ € formula =
M, || E ZF_separation_fm(p) «—
(V envelist(M).
arity(p) < 1 #+ length(env) — separation(##M, Az. M, [z] Q env = ¢))
@ € formula =
M, || & ZF_replacement_fm(p) +—
(V envelist(M).
arity(p) < 2 #+ length(env) —
strong_replacement(#H#M, Az y. M, [z, y] @ env = ¢))
choice_ax(##A) <— A, [| E ZF-choice_fm

A, | & ZF_union_fm
, | E ZF_power_fm
]

thm ZF_fin_def ZF_inf -def ZF_def ZFC_fin_def ZFC_def

ZF_fin =

{ZF_extensionality_fm, ZF_foundation_fm, ZF_pairing_fm, ZF_union_fm,
ZF_infinity_fm, ZF_power_fm}

ZF_inf =

{ZF_separation_fm(p) . p € formula} U {ZF_replacement_fm(p) . p € formula}

ZF = ZF_ inf U ZF_fin

ZFC-fin = ZF_fin U {ZF_choice_fm}

ZFC = ZF_inf U ZFC_fin
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thm satT_def
AE®=Veed. A [ E ¢
thm extensions_of-ctms

[M = w; Transset(M); M = ZF]
— dN. M C N A

N=wA

Transset(N) A

N |= ZF A

M #N A

Va. Ord(a) — o € M +— a € N) A (M, [| E ZF_choice.fm — N
E ZFC)

end
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