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Abstract

We extend the ZF-Constructibility library by relativizing theories of
the Isabelle/ZF and Delta System Lemma sessions to a transitive class.
We also relativize Paulson’s work on Aleph and our former treatment
of the Axiom of Dependent Choices. This work is a prerrequisite to
our formalization of the independence of the Continuum Hypothesis.
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1 Introduction

As it was explained in [1, Sect. 3] and elsewhere, relativization of concepts
is a key tool to obtain results in forcing.

In this session, we cast some theories in relative form, in a way that they
now refer to a fixed class M as the universe of discourse. Whenever it was
possible, we tried to minimize the changes to the structure and proof scripts.
For this reason, some comments of the original text as well as outdated
apply commands appear profusely in the following theories.

A repeated pattern that appears is that the relativized result can be proved
mutatis mutandis, with remaining proof obligations that the objects constructed
actually belong to the model M. Another aspect was that the management

of higher order constructs always posed some extra problems, already noted
by Paulson [2, Sect. 7.3].

We proceed to enumerate the theories that were “ported” to relative form,
briefly commenting on each of them. Below, we refer to the original theories
as the source and, correspondingly, call target the relativized version. We
omit the .thy suffixes.

1. From ZF"

(a) Univ. Here we decided to relativize only the term Vfrom that
constructs the cumulative hierarchy up to some ordinal length
and starting from an arbitrary set.

(b) Cardinal. There are two targets for this source, Least and
Cardinal_Relative. Both require some fair amount of preparation,
trying to take advantage of absolute concepts. It is not straightforward
to compare source and targets in a line-by-line fashion at this
point.

(c) CardinalArith. The hardest part was to formalize the cardinal
successor function. We also disregarded the part treating finite
cardinals since it is an absolute concept. Apart from that, the
relative version closely parallels the source.

(d) Cardinal_AC. After some boilerplate, porting was rather straightforward,
excepting cardinal arithmetic involving the higher-order union
operator.

2. From ZF-Constructible:

(a) Normal. The target here is Aleph_Relative since that is the only
concept that we ported. Instead of porting all the machinery of
normal functions (since it involved higher-order variables), we
particularized the results for the Aleph function. We also used



an alternative definition of the latter that worked better with our
relativization discipline.

3. From Delta_ System__Lemma:

(a) ZF_Library. The target includes a big section of auxiliary lemmas
and commands that aid the relativization. We needed to make
explicit the witnesses (mainly functions) in some of the existential
results proved in the source, since only in that way we would be
able to show that they belonged to the model.

(b) Cardinal_Library. Porting was relatively straightforward; most
of the extra work laid in adjusting locale assumptions to obtain
an appropriate context to state and prove the theorems.

(c) Delta_System. Same comments as in the case of Cardinal_Library
apply here.

4. From Forcing:

(a) Pointed_DC. This case was similart to Cardinal_AC above, alhough
a bit of care was needed to handle the recursive construction.
Also, a fraction of the theory AC from ZF was ported here as
it was a prerrequisite. A complete relativization of AC would be
desirable but still missing.

2 Auxiliary results on arithmetic
theory Nat_ Miscellanea imports ZF begin

Most of these results will get used at some point for the calculation of arities.

lemmas nat_succl = Ord_succ_mem__iff [THEN iffD2,0F nat_into_ Ord]

lemma nat succD : m € nat = succ(n) € succ(m) = n € m
by (drule_tac j=succ(m) in itI auto elim:itD)

lemmas zero_in_succ = ItD [OF nat_0_le]

lemma in n in nat: m € nat = n € m — n € nat
by (drule ltI[of n],auto simp add: lt_nat_in_nat)

lemma in_succ_in_nat : m € nat = n € succ(m) = n € nat
by (auto simp add:in_n_in_nat)

lemma lt] neg:rzenit = j<r=—=j#or=—j<z
by (simp add: le_iff)

lemma succ_pred_eq : m € nat = m # 0 = succ(pred(m)) = m
by (auto elim: natFE)



lemma succ_ItI : succ(j) < n=j<n
by (simp add: succ_leE[OF lel])

lemma succ_In : n € nat = succ(j) En = j € n
by (rule succ_ItI[THEN ItD), auto intro: It)

lemmas succ_leD = succ_leE[OF lel]

lemma succpred_lel : n € nat = n < succ(pred(n))
by (auto elim: natFE)

lemma succpred_n0 : succ(n) € p = p#0
by (auto)

lemmas natEin = natE [OF lt_nat_in_nat]

lemma succ_in : succ(z) <y =z €y
by (auto dest:itD)

lemmas Un_least_lt_iffn = Un_least_lt_iff [OF nat_into_Ord nat_into__Ord]

lemma pred type : m € nat = n < m = n€nat
by (rule leE,auto simp:in_n_in_nat [tD)

lemma pred_le : m € nat = n < succ(m) = pred(n) < m
by (rule_tac n=n in natE,auto simp add:pred__type|of succ(m)])

lemma pred le2 : n€ nat = m € nat = pred(n) < m = n < succ(m)
by (subgoal tac nEnat,rule_tac n=n in natE, auto)
lemma Un_leD1: Ord(i)= Ord(j)= Ord(k)— iU j< k= i<k

by (rule Un_least It iff[THEN iffDI[THEN conjunctl]],simp__all)

lemma Un_leD2 : Ord(i)= Ord(j)= Ord(k)= iU j<k=j<k
by (rule Un_least It iff[THEN iffDI{THEN conjunct2]],simp__all)

lemma gtl :ne€nat = ien=—=1# 0= 1 # 1 = 1<i
by(rule_tac n=1i in natE erule in_n_in_nat,auto intro: Ord_0_lt)

lemma pred_mono : m € nat = n < m = pred(n) < pred(m)
by(rule_tac n=n in natE,auto simp add:le_in_nat,erule_tac n=m in natE,auto)

lemma succ_mono : m € nat = n < m = succ(n) < succ(m)
by auto

lemma union__absi :
[i<j]l=iUj=]}



by (rule Un__absorbl,erule le_imp_subset)

lemma union abs2 :
[i<j]l=juUi=]
by (rule Un__absorb2,erule le_imp_subset)

lemma ord _un_maz : Ord(i) = Ord(j) = i U j = maz(i,j)
using max__def union__absl not_It_iff le lel union__abs2
by auto

lemma ord _maz_ty : Ord(i) = Ord(j) = Ord(maz(i,j))
unfolding mazx_def by simp

lemmas ord_simp__union = ord_un_mazx ord_maz_ty max_ def
lemma le_succ : z€nat = x<succ(z) by simp

lemma le_pred : z€nat = pred(z)<z
using pred_le[OF __ le_succ] pred_succ__eq
by simp

lemma not_le_anti sym : z€nat = y € nat — - <y — —y<zr = y=c
using Ord_linear not_le_iff It ItD It trans
by auto

lemma Un_le_compat: 0 < p = ¢ < r = Ord(0) = Ord(p) = Ord(q) =
Ord(r) = oUg<pUr
using le_translof ¢ r pUr,OF __ Un_upper2_le| le_trans[of o p pUr,OF __
Un__upper1_le]
ord__simp__union
by auto

lemma Un_ le:p<r— q¢<r—
Ord(p) = Ord(q) = Ord(r) =
pUg=sr
using ord__simp__union by auto

lemma Un lel8:0<r—=p<r=gq<r—=
Ord(0) = Ord(p) = Ord(q) = Ord(r) =
oUpUgqg<Tr
using ord__simp__union by auto

lemma diff mono :
assumes m € nat n€nat p € nat m < n p<m
shows m#-p < n#-p
proof -
from assms
have m+#-p € nat m#-p #+p =m
using add_ diff inverse2 by simp__all



with assms
show ?thesis
using less_diff _conv[of n p m #- p, THEN iffD2] by simp
qed

lemma pred_Un:
z € nat = y € nat = Arith.pred(succ(z) U y) = z U Arith.pred(y)
z € nat => y € nat = Arith.pred(z U succ(y)) = Arith.pred(z) U y
using pred_ Un__distrib pred__succ__eq by simp__all

lemma le _natl : j < n = n € nat = jenat
by (drule lItD,rule in_n_in_nat,rule nat_succ_iff THEN iffD2,0f n],simp__all)

lemma le _natFE : n€nat = j < n = jen
by (rule ItE[of j n],simp+)

lemma leD : assumes nenat j < n
shows j<n|j=n
using leE[OF j<ny,of j<n | j = n] by auto

lemma pred nat_eq :
assumes nenat
shows Arith.pred(n) = n
using assms
proof(induct)
case (
then show ?Zcase by simp
next
case (succ x)
then show ?case using Arith.pred_succ__eq Ord__Union__succ__eq
by simp
qed

2.1 Some results in ordinal arithmetic

The following results are auxiliary to the proof of wellfoundedness of the
relation frecR

lemma maz_cong :
assumes z < y Ord(y) Ord(z)
shows maz(z,y) < maz(y,z)
proof (cases y < 2)
case True
then show ?thesis
unfolding maz_def using assms by simp
next
case Fulse
then have z < y using assms not_le iff It le] by simp
then show ?thesis
unfolding maz_def using assms by simp



qed

lemma maz__commutes :

assumes Ord(z) Ord(y)

shows maz(z,y) = maz(y,x)

using assms Un__commute ord_simp__union(1) ord_simp_ union(1)[symmetric|
by auto

lemma max_cong?2 :

assumes z < y Ord(y) Ord(z) Ord(z)

shows max(z,z) < maz(y,z)
proof -

from assms

have z U2 < yU 2

using lt_Ord Ord_Un Un_mono|OF le_imp_ subset|OF <x<y]] subset_imp_le
by auto

then show ?thesis

using ord_simp__union «Ord(z) <Ord(z)» <Ord(y)> by simp

qed

lemma max D1 :

assumes ¢ = y w < z Ord(z) Ord(w) Ord(z) maz(z,w) = maz(y,z)

shows z2<y
proof -

from assms

have w < z U w using Un_upper2_lt{OF «w<z)| assms ord_simp_union by
stmp

then

have w < z using assms lt_Un__iff[of z w w] It_not_refl by auto

then

have y = y U z using assms max__commutes ord__simp_union assms lel by
stmp

then

show ?thesis using Un_ leD2 assms by simp
qed

lemma maxz_ D2 :
assumes w =y V w = zz <y Ord(z) Ord(w) Ord(y) Ord(z) max(z,w) =
maz(y,z)
shows z<w
proof -
from assms
have z < z U y using Un__upper2_[t[OF <x<y] by simp
then
consider (a¢) z < y | (b) z < w
using assms ord__simp__union by simp
then show ?thesis proof (cases)
case q
consider (¢) w =y | (d) w=z



using assms by auto
then show ?thesis proof (cases)
case ¢
with a show ?thesis by simp
next
case d
with a
show ?thesis
proof (cases y <w)
case True
then show ?thesis using It_trans|OF «x<y)] by simp
next
case Fulse
then
have w < y
using not_It_iff le[OF assms(5) assms(4)] by simp
with (w=2»
have maz(z,y) = y unfolding max_def using assms by simp
with assms

have ... = x U w using ord__simp__union max__commutes by simp
then show ?thesis using le_ Un__iff assms by blast
qed
qed
next
case b
then show ?thesis .
qed

qed

lemma oadd It _mono?2 :
assumes Ord(n) Ord(a) Ord(f) a < Bz <ny<n0<n
shows n #x a ++ = < n = ++ y
proof -

consider (0) f=0| (s) v where Ord(y) g = succ(y) | (I) Limit(5)
using Ord_cases|OF <Ord()»,of ?thesis] by force

then show ?thesis

proof cases
case (
then show ?thesis using (a<) by auto

next
case s
then
have a<v using (a<p» using lel by auto
then
have n *+x a < n *x v using omult_le_mono[OF _ «a<vy] <Ord(n)) by simp
then

have n xx o ++ z < n ** v ++ n using oadd_It_mono[OF _ «z<n)] by simp
also
have ... = n xx 8 using (S=succ(_)> omult_succ «Ord(B)> <Ord(n)> by simp
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finally

have n *x a ++ = < n *x § by auto

then

show ?thesis using oadd_le_self <Ord(B)» lt_trans2 «Ord(n)> by auto

next

case [

have Ord(z) using <z<n) lt_Ord by simp

with [

have succ(a) < 8 using Limit_has_succ «a<f» by simp

have n xx o ++ z < n **x o ++ n

using oadd_It_mono[OF le_refl|OF Ord_omult{OF _ «Ord(a)y]] <x<mn)]

<Ord(n)> by simp

also

have ... = n xx succ(e) using omult_succ «Ord(a)s <Ord(n)» by simp

finally

have n xx o ++ = < n *% succ(a) by simp

with (succ(a) < B>

have n *x a ++ = < n *x 8 using It_trans omult_It_mono <Ord(n)y 0<n)
by auto

then show ?thesis using oadd_le_self <Ord(83)» lt_trans2 «Ord(n)) by auto

qged

qed
end

3 Various results missing from ZF.

theory ZF Miscellanea
imports
ZF
Nat_ Miscellanea
begin

lemma funcl : fe A—-B=ac A= b=f‘a= (a, by €f
by (simp__all add: apply Pair)

lemma vimage_fun__sing:
assumes feA—B beB
shows {a€A . fla=b} = f-*{b}

using assms vimage__singleton__iff function__apply_equality Pi_iff funcl by auto

lemma image_fun_subset: SEA—B — CCA=— {S ‘z . z€ C} = S“C
using image_function[symmetric,of S C| domain_of fun Pi_iff by auto

lemma subset_Diff Un: X C A= A= (A-X)U X by auto
lemma Diff bij:
assumes VAeF. X C A shows (MeF. A-X) € bij(F, {A-X. AeF})

using assms unfolding bij def inj _def surj_def
by (auto intro:lam__type, subst subset_Diff Un[of X]) auto
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lemma function__ space_nonempty:
assumes beB
shows (Az€A. b): A — B
using assms lam__type by force

lemma vimage_lam: (A\z€A. f(z)) -“B ={z€A. f(z) € B}
using lam__funtype[of A f, THEN [2] domain__type]
lam__funtypelof A f, THEN (2] apply__equality] lamI[of _ A f]
by auto blast

lemma range_ fun_ subset_codomain:

assumes h:B — C

shows range(h) C C

unfolding range_def domain__def converse__def using range_type[OF __ assms
by auto

lemma Pi rangeD:
assumes f€Pi(A,B) b € range(f)
shows Ja€A. fa=1
using assms apply__equality|OF __ assms(1), of __ b
domain__type|OF __ assms(1)] by auto

lemma Pi range eq: f € Pi(A,B) = range(f) = {f ‘z . v € A}
using Pi_rangeD[of f A B] apply_rangel|of f A B]
by blast

lemma Pi vimage subset : f € Pi(A,B) = f-“C C A
unfolding Pi def by auto

definition
minimum :: ¢ = 1 = 1 where

minimum(r,B) = THE b. first(b,B,r)

lemma minimum__in: [ well _ord(A,r); BCA; B#0 | = minimum(r,B) € B
using the_first in unfolding minimum__def by simp

lemma well _ord_surj imp_inj inverse:
assumes well_ord(A,r) h € surj(A,B)
shows (AbeB. minimum(r, {a€A. h‘a=b})) € inj(B,A)
proof -
let ?f=X\beB. minimum(r, {a€A. h‘a=b})
have minimum(r, {a € A . h ‘a = b}) € {a€A. h‘a=b} if beB for b
proof -
from «h € surj(A,B)> that
have {a€A. ha=b} # 0
unfolding surj_def by blast
with «well _ord(A,r)»

12



show minimum(r,{a€A. h‘a=b}) € {acA. h‘a=b}
using minimum__in by blast
qed
moreover from this
have 9f: B— A
using lam__type[of B__ \__.A] by simp
moreover
have ?f ‘w = ?f ‘0 = w = z if weB z€B for w z
proof -
from calculation that
have w = h ¢ minimum(r,{a€A. h‘a=w})
z = h ‘ minimum(r,{a€A. h‘a=x})
by simp__all
moreover
assume f ‘w = f ‘x
moreover from this and that
have minimum(r, {a € A . h ‘a = w}) = minimum(r, {a € A . h ‘a = z})
unfolding minimum__def by simp__all
moreover from calculation(1,2,4)
show w=x by simp
qed
ultimately
show ?thesis
unfolding inj def by blast
qed

lemma well _ord _surj imp_lepoll:
assumes well _ord(A,r) h € surj(A,B)
shows B<A
unfolding lepoll def using well ord_surj imp_inj inverse[OF assms]
by blast

— New result
lemma surj _imp_well ord:
assumes well_ord(A,r) h € surj(A,B)
shows Js. well_ord(B,s)
using assms lepoll_well _ord[OF well_ord__surj_imp_lepoll]
by force

lemma Pow_sing : Pow({a}) = {0,{a}}
proof(intro equalityl ,simp__all)
have z € {0,{a}} if z C {a} for 2
using that by auto
then
show Pow({a}) C {0, {a}} by auto
qed

lemma Pow _cons:
shows Pow(cons(a,A)) = Pow(A) U {{a} U X . X: Pow(A)}

13



using Un_ Pow_subset Pow_sing
proof(intro equalityl ,auto simp add:Un__Pow_ subset)
{
fix CD
assume A B . BePow(A) = C # {a} UBCC{a}UADeC
moreover from this
have VzeC . z=a V z€A by auto
moreover from calculation
consider (a) D=a | (b) DeA by auto
from this
have DeA
proof(cases)
case a
with calculation show ?thesis by auto
next
case b
then show ?thesis by simp
qed
}
then show Az za. (Vza€Pow(A). z # {a} U za) = 2 C cons(a, A) = za €
r=1za € A
by auto
qed

lemma app_nm :

assumes nenat menat fen—m x € nat

shows fx € nat
proof(cases z€n)

case True

then show “thesis using assms in_n__in_nat apply_type by simp
next

case Fulse

then show ?thesis using assms apply_0 domain__of _fun by simp
qed

lemma Upair_eq cons: Upair(a,b) = {a,b}
unfolding cons def by auto

lemma converse__apply eq : converse(f) ‘z = J(f-* {z})
unfolding apply def vimage_def by simp

lemmas app_fun = apply_iff[THEN iffD1]

lemma Finite__imp_ lesspoll nat:
assumes Finite(A)
shows A < nat
using assms subset__imp_lepoll| OF naturals _subset_nat] eq_lepoll_trans
n__lesspoll _nat eq lesspoll_trans
unfolding Finite def lesspoll def by auto

14



end

4 Renaming of variables in internalized formulas

theory Renaming
imports
ZF  Miscellanea
ZF-Constructible. Formula
begin

4.1 Renaming of free variables

definition
union__fun :: [i,4,i,i] = { where
union__fun(f,g,m,p) = Aj € m U p . if j€m then [ else g%

lemma union_ fun__ type:
assumes f € m — n
geEDP —4q
shows union_ fun(f,g,m,p) € mUp — nU q
proof -
let h=union_ fun(f,g,m,p)
have
D: ?h'r e nU gifz € mU pfor x
proof (cases © € m)
case True
then have
z € mU p by simp
with <zem)
have ?h‘z = fz
unfolding union_fun_def beta by simp
with «f € m — ny <zem»
have ?h‘x € n by simp
then show ?thesis ..
next
case Fulse
with <z €e m U p
have z € p
by auto
with «x¢m»
have ?h‘z = gz
unfolding union_ fun_ def using beta by simp
with <g € p = ¢ zep
have ?h‘z € q by simp
then show ?thesis ..
qed
have A:function(?h) unfolding union_ fun_ def using function_lam by simp
have z€ (m U p) x (n U q) if z€ ?h for z

15



using that lamE[of t m U p _ z € (m U p) x (n U ¢)] D unfolding
union__fun__def
by auto
then have B:?h C (m U p) x (n U gq) ..
have m U p C domain(?h)
unfolding union_fun_ def using domain_lam by simp
with A B
show ?thesis using Pi_iff [THEN iffD2] by simp
qed

lemma union_ fun__action :
assumes
env € list(M)
env’ € list(M)
length(env) = m U p
Vi.i€m— nth(f%env’) = nth(i,env)
YV j.j€p— nth(g9,env’) = nth(j,env)
showsV i.iemUp —
nth(i,env) = nth(union_fun(f,g,m,p) ‘i, env’)
proof -
let ?h = union__fun(f,g,m,p)
have nth(z, env) = nth(?h‘z,env’) if € m U p for z
using that
proof (cases z€m)
case True
with <zem)
have ?h‘z = fz
unfolding union_fun_def beta by simp
with assms <zem)
have nth(z,env) = nth(?h‘z,env’) by simp
then show ?thesis .
next
case Fulse
with <z e m U p
have
x € p x¢m by auto
then
have ?h‘z = gz
unfolding union_ fun_ def beta by simp
with assms <zep»
have nth(z,env) = nth(?h‘z,env’) by simp
then show ?thesis .
qed
then show ?thesis by simp
qed

lemma id_fn_ type :
assumes n € nat
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shows id(n) € n — n
unfolding id_def using <n€nat» by simp

lemma id_fn_ action:
assumes n € nat env€list(M)
shows A j.j < n = nth(j,env) = nth(id(n)j,env)
proof -
show nth(j,env) = nth(id(n),env) if j < n for j using that <n€nat> tD by
stmp
qed

definition

rsum :: [4,i,i,1,i] = ¢ where
rsum(f,g,m,n,p) = \j € m#+p . if j<m then [ else (g‘(j#-m))#+n

lemma sum_ inl:
assumes m € nat n€nat
feEm—=nxem
shows rsum(f,g,m,n,p)‘c = f
proof -
from (menat»
have m<m#+p
using add_le_self[of m] by simp
with assms
have zem#+p
using ltI[of © m] lt_trans2[of x m m#+p] ItD by simp
from assms
have z<m
using I/t by simp
with <xéem#+p>
show ?thesis unfolding rsum__def by simp
qed

lemma sum_inr:
assumes m € nat n€nat pcnat
gEP—qgm < xx < m#H+p
shows rsum(f,g,m,n,p)‘c = g(z#-m)#+n
proof -
from assms
have zenat
using in_n_in_nat[of m#F+p] ItD
by simp
with assms
have — z<m
using not_It_iff le[THEN iffD2] by simp
from assms
have zem#+p
using /tD by simp
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with = z<m»
show ?thesis unfolding rsum__def by simp
qed

lemma sum__action :
assumes m € nat n€nat p€nat gcnat
f € m—n gep—q
env € list(M)
env’ € list(M)
envl € list(M)
env2 € list(M)
length(env) = m
length(envl) = p
length(env’) = n
N i . i< m = nth(i,env) = nth(f,env’)
N\ j. j < p = nth(j,envl) = nth(g%,env2)
shows V ¢ . i < m#+p —
nth(i,env@envl) = nth(rsum(f,g,m,n,p) ‘i,env’@env2)
proof -
let ?h = rsum(f,g,m,n,p)
from <méenat) (nEnat> (genat>
have m<m#+p n<n#+q ¢<n#-+q
using add_le_self[of m] add_le_self2[of n q] by simp__all
from <penat>
have p = (m#+p)#-m using diff _add_inverse2 by simp
have nth(z, env Q envl) = nth( ?h‘z,env’Qenv2) if z<m#+p for =
proof (cases z<m)
case True
then
have 2: ?he= fx zem fz € n x€nat
using assms sum__inl ItD apply_type[of f m __ x| in_n_in_nat by simp__all
with (x<m) assms
have fz < n fo<length(env’) fz€nat
using ltl in_n_in_nat by simp__all
with 2 <z<m) assms
have nth(z,envQenvi) = nth(z,env)
using nth__append|OF <envelist(M)>] <x€naty by simp
also
have
.. = nth(f‘z,env’)
using 2 <z<m) assms by simp
also
have ... = nth(fz,env'Qenv2)
using nth__append|OF <env’elist(M))] «f‘z<length(env’) f‘x €nats by simp

also

have ... = nth(?h‘z,env'Qenv2)
using 2 by simp

finally
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have nth(z, env @ envl) = nth(?h‘c,env’Qenv2) .
then show ?Zthesis .
next
case Fulse
have zenat
using that in_n_in_nat[of m#F+p z| ItD <pEnaly (mEnaty by simp
with <length(env) = m)
have m<z length(env) < z
using not_Ilt_iff le <m€nat> <(—x<m> by simp_all
with (—z<my <length(env) = m»
have 2 : ?hiz= g(x#-m)#+n — z <length(env)
unfolding rsum__def
using sum__inr that beta [tD by simp__all
from assms <x€naty <p=m#H+p#H-m>
have z#-m < p

using diff_mono[OF _ _ _ «x<m#+p> «m<m] by simp
then have z#-mep using ltD by simp
with «gep—q

have g‘(z#-m) € ¢ by simp
with (g€naty <length(env’) = n»
have g{(z#-m) < q g{(a#-m)€nat using ItI in_n_in_nat by simp__all
with (¢enat) (nenat>
have (g (z#-m))#+n <n#F+qn < g(z#-m)#+n - g(a#-m)#+n < length(env’)
using add_Ilt_monol[of g{(z#-m) _ n,OF __ <g€nat)]
add_le_self2]of n] <length(env’) = n»
by simp__all
from assms <= z < length(env)y <length(env) = m»
have nth(z,env @ envl) = nth(z#-m,envl)
using nth__append|OF <env€list(M)> <z€nat)] by simp

also

have ... = nth(g{(z#-m),env2)
using assms <x#-m < p> by simp

also

have ... = nth((g(x#-m)#+n)#-length(env’),env2)
using <«length(env’) = n»
diff _add__inverse2 <g{(x#-m)Enat
by simp
also
have ... = nth((g(x#-m)#+n),env'Qenv2)
using nth_append[OF <env'€list(M))] <n€naty - g(z#-m)#+n < length(env’)»
by simp
also
have ... = nth(?h‘c,env'Qenv2)
using 2 by simp
finally
have nth(z, env @ envl) = nth(?h‘c,env'Qenv2) .
then show ?thesis .
ged
then show ?thesis by simp
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qed

lemma sum__type :
assumes m € nat n€nat penat gcnat
f € m—n gep—q
shows rsum(f,g,m,n,p) € (m#+p) — (n#+q)
proof -
let ?h = rsum(f,g,m,n,p)
from (méenat) (n€naty «gEnat>
have m<m#+p n<n#+q ¢<n#+q
using add_le_self[of m] add_le_self2[of n q] by simp__all
from <penat>
have p = (m#+p)#-m using diff add_inverse2 by simp
{fix z
assume [: xeém#+p z<m
with 1 have ?h‘c= f‘c zeém
using assms sum__inl ItD by simp__all
with <(fem—n»
have ?h‘x € n by simp
with (n€nat» have ?h‘c < n using [t by simp
with (n<n#+¢
have ?h‘c < n#+q using It _trans2 by simp
then
have ?h‘c € n#+q using itD by simp
}
then have 1:%h‘c € n#+q if zem#+p z<m for z using that .
{fix z
assume [: zem#+p m<z
then have x<m+#+p z€nat using ltI in_n_in_nat[of m#+p| ItD by simp__all
with 1
have 2 : ?h'a= g(ax#-m)#+n
using assms sum__inr ItD by simp__all
from assms <x€nat) (p=m#H+p#H-m>
have z#-m < p using diff mono[OF _ _ _ «x<m#+p> «<m<x)] by simp
then have z#-me&p using ItD by simp
with <gep—¢
have g{(z#-m) € ¢ by simp
with <genaty have g (z#-m) < ¢ using ItI by simp
with <genaty
have (g{(a#-m))#+n <n#+q using add_lt_monol[of g (z#-m) _ n,OF
<q€naty] by simp
with 2
have ?h‘c € n#+q using itD by simp
}
then have 2:?h‘c € n#+q if xeém#+p m<z for z using that .
have
D: ?h'z € n#t+q if zem#+p for =
using that
proof (cases z<m)
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case True
then show ?thesis using 1 that by simp
next
case Fulse
with <menaty have m<z using not_lt_iff le that in_n_in_nat[of m#+p]
by simp
then show ?thesis using 2 that by simp
qed
have A:function(?h) unfolding rsum__def using function_lam by simp
have ze€ (m #+ p) X (n #+ q) if z€ ?h for =
using that lamE[of © m#+p _ z € (m #+ p) x (n #+ ¢)] D unfolding
rsum,__def
by auto
then have B:?h C (m #+ p) X (n #+ q) ..
have m #+ p C domain(?h)
unfolding rsum__def using domain__lam by simp
with A B
show ?thesis using Pi_iff [THEN iffD2] by simp
qed

lemma sum_ type_id :
assumes
f € length(env)—length(env’)
env € list(M)
env’ € list(M)
envl € list(M)
shows
rsum(f,id(length(envl)),length(env),length(env’),length(envl)) €
(length(env)#+length(envl)) — (length(env’)#+length(envl))
using assms length__type id_fn_ type sum__type
by simp

lemma sum_ type_id_auz2 :
assumes
f e m—n
m € nat n € nat
envl € list(M)
shows
rsum(f,id(length(envl)),m,n,length(envl)) €
(m#+length(envl)) — (n#+length(envl))
using assms id__fn_ type sum__type
by auto

lemma sum__action_id :
assumes
env € list(M)
env’ € list(M)
f € length(env)—length(env’)
envl € list(M)
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N\ i .0 < length(env) = nth(i,env) = nth(fé,env’)
shows A i . i < length(env)#+length(envl) =
nth(i,env@envl) = nth(rsum(f,id(length(envl)),length(env),length(env’),length(envl)) i, env’Qenvl)
proof -
from assms
have length(env)€nat (is ?m € _) by simp
from assms have length(env’)€nat (is ?n € _) by simp
from assms have length(envi)enat (is ?p € _) by simp
note lenv = id_fn_action|OF <?penaty <envi€list(M)»)
note lenvy_ty = id_fn_type[OF <?pEnaty]
{
fix ¢
assume ¢ < length(env)#-+length(envi)
have nth(i,envQenvl) = nth(rsum(f,id(length(envl)),?m,?n,?p) ‘i,env’Qenvi)
using sum__action[OF <?menatr <?nEnat> «?pEnaty «?pEnaty «f€m— ?n»
lenv_ty <enve€list(M)> <env’€list(M)»
cenvi€list(M)y <envi€list(M)y _
_ _ assms(5) lenv
| <i<?m#+length(envl)s by simp

then show A 7. i < ?m#+length(envl) =
nth(i,envQenvl) = nth(rsum(f,id(?p),?m,?n,?p) ‘i,env'Qenvl) by simp
qed

lemma sum_action id_auzx :
assumes
fem—n
env € list(M)
env’ € list(M)
envl € list(M)
length(env) = m
length(env’) = n
length(envl) = p
N\ i. i< m = nth(i,env) = nth(f%,env’)
shows A ¢ .1 < m#+length(envl) =
nth(i,envQenvl) = nth(rsum(f,id(length(envl)),m,n,length(envl)) ‘i, env'Qenvi)
using assms length__type id_fn_ type sum__action_id
by auto

definition
sum__id :: [i,i] = i where
sum__id(m,f) = rsum(Az€l.z,f,1,1,m)

lemma sum_id0 : menat=—>sum__id(m,f)‘0 = 0
by (unfold sum__id_def ,subst sum__inl,auto)

lemma sum__idS : penat = qEnat = feEp—q =z € p = sum__id(p,f) (succ(x))
= succ(f‘z)
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by (subgoal _tac x€nat,unfold sum_id_def,subst sum__inr,
stmp__all add:ltI,simp__all add: app_nm in_n_in_nat)

lemma sum_id_tc_ _aux :
pEnat = q € nat = f € p— q= sum_id(p,f) € I#+p — 1#+q
by (unfold sum__id_ def,rule sum__type,simp _all)

lemma sum_id_tc :
n € nat = m € nat = f € n - m = sum_id(n,f) € succ(n) — succ(m)
by (rule ssubst[of succ(n) — succ(m) 1#+n — 1#+m],
simp,rule sum__id_tc_auz,simp__all)

4.2 Renaming of formulas

consts ren :: i=1
primrec
ren( Member(z,y)) =
(A n € nat . A m € nat. \f € n — m. Member (fz, f‘y))

ren( Equal(z,y)) =
(An € nat . A\ m € nat. \f € n — m. Equal (fz, fy))

ren(Nand(p,q)) =
(A n € nat . A m € nat. A\f € n — m. Nand (ren(p) ‘n‘m‘f, ren(q) ‘n‘m*f))

ren(Forall(p)) =
(An € mnat. A m e nat. \f € n— m. Forall (ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f)))

lemma arity _meml : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=z¢el
by (simp,rule subsetD,rule le_imp _subset,assumption,simp)
lemma arity _memr : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=yel
by (simp,rule subsetD,rule le_imp__subset,assumption,simp)
lemma arity_eql : | € nat = Equal(z,y) € formule = arity(Fqual(z,y)) < I
= zcl
by (simp,rule subsetD,rule le_imp _subset,assumption,simp)
lemma arity_eqr : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < 1
= yel
by (simp,rule subsetD,rule le__imp__subset,assumption,simp)
lemma nand_arl : p € formula = q€formula =>arity(p) < arity(Nand(p,q))
by (simp,rule Un_upperl_le,simp+)
lemma nand_ar2 : p € formula = q€formula =>arity(q) < arity(Nand(p,q))
by (simp,rule Un__upper2_le,simp+)

lemma nand_arlD : p € formulae = q€formula = arity(Nand(p,q)) < n =
arity(p) < n

by (auto simp add: le_trans|OF Un__upperl_le[of arity(p) arity(q)]])
lemma nand_ar2D : p € formula = g€formula = arity(Nand(p,q)) < n =
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arity(q) < n
by (auto simp add: le_trans[OF Un_upper2_lelof arity(p) arity(q)]])

lemma ren_tc : p € formula =
(Anmf.n€nit= mée nat = f € n—-m= ren(p)n‘m’f € formula)
by (induct set:formula,auto simp add: app_nm sum__id_ tc)

lemma arity_ren :
fixes p
assumes p € formula
shows A nm f.n € nat = m € nat = f € n—>m = arity(p) < n =
arity(ren(p) ‘n‘mf)<m
using assms
proof (induct set:formula)
case (Member z y)
then have fz € m f'y € m
using Member assms by (simp add: arity_meml apply_ funtype,simp add:arity_memr
apply_ funtype)
then show ?Zcase using Member by (simp add: Un__least It ItI)
next
case (Fqual z y)
then have fx € m f'y € m
using Equal assms by (simp add: arity_eql apply_ funtype,simp add:arity__eqr
apply_ funtype)
then show Zcase using Equal by (simp add: Un_least It It])
next
case (Nand p q)
then have arity(p)<arity(Nand(p,q))
arity(q) <arity(Nand(p,q))
by (subst nand_arl,simp,simp,simp,subst nand__ar2,simp+)
then have arity(p)<n
and arity(q)<n using Nand
by (rule_tac j=arity(Nand(p,q)) in le_trans,simp,simp)+
then have arity(ren(p) ‘n‘m‘f) < m and arity(ren(q) ‘n‘m‘f) < m
using Nand by auto
then show ?case using Nand by (simp add:Un__least_lt)
next
case (Forall p)
from Forall have succ(n)enat succ(m)€nat by auto
from Forall have 2: sum_id(n.f) € succ(n)—succ(m) by (simp add:sum_id_tc)
from Forall have 3:arity(p) < succ(n) by (rule_tac n=arity(p) in natE,simp+)
then have arity(ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f))<succ(m) using
Forall (succ(n)€naty (succ(m)€natr 2 by force
then show ?case using Forall 2 3 ren__tc arity__type pred_le by auto
qed

lemma arity_forallE : p € formula = m € nat = arity(Forall(p)) < m =
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arity(p) < suce(m)
by(rule_tac n=arity(p) in natE erule arity_type,simp+)

lemma env_coincidence__sum_id :
assumes m € nat n € nat
o € list(A) o' € list(A)
feEn—-m
N\ i.i<n= nth(i,0) = nth(f,0’)
a € Aje suce(n)
shows nth(j,Cons(a,p)) = nth(sum_id(n,f)‘j,Cons(a,0"))
proof -
let 2g=sum__id(n,f)
have succ(n) € nat using <n€naty by simp
then have j € nat using <jesucc(n)) in_n_in_nat by blast
then have nth(j,Cons(a,0)) = nth(?g%,Cons(a,0"))
proof (cases rule:natE[OF <jEnat])
case I
then show ?thesis using assms sum__id0 by simp
next
case (2 1)
with (jesucc(n)» have succ(i)€succ(n) by simp
with <n€nat) have i € n using nat_succD assms by simp
have fiem using (fen—m> apply_type <ieny by simp
then have f‘ € nat using in_n_in_nat <me€nat> by simp
have nth(succ(i),Cons(a,0)) = nth(i,0) using <i€nat> by simp

also have ... = nth(f‘,0’) using assms <i€ny ltI by simp
also have ... = nth(succ(f%),Cons(a,0’)) using «f‘i€nat> by simp
also have ... = nth(%g‘succ(i),Cons(a,0"))

using assms sum__idS[OF «n€nat) <menaty <fEn—m) i € ny] cases by
stmp
finally have nth(succ(i),Cons(a,0)) = nth(?g‘succ(i),Cons(a,0’)) .
then show ?thesis using <j=succ(i)) by simp
qed
then show ?thesis .
qed

lemma sats iff sats ren :
assumes ¢ € formula
shows [ n € nat; m € nat ; o € list(M) ; o' € list(M) ; f € n — m;
arity(¢) < n ;
N i.i<n= nth(i,0) = nth(f4,0) ]| =
sats(M p,0) «— sats(M,ren(p) ‘n‘mf,o’)
using «p € formula»
proof(induct ¢ arbitrary:n m o o' f)
case (Member z y)
have ren(Member(z,y)) ‘n‘m‘f = Member(f‘z,f‘y) using Member assms arity_type
by force
moreover
have z € n using Member arity_meml by simp
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moreover
have y € n using Member arity_memr by simp
ultimately
show ?case using Member ItI by simp
next
case (Equal z y)
have ren(Equal(z,y)) ‘n‘m‘f = Equal(f‘z,fy) using Equal assms arity_type by
force
moreover
have z € n using Fqual arity__eql by simp
moreover
have y € n using Fqual arity__eqr by simp
ultimately show ?case using Equal It by simp
next
case (Nand p q)
have ren(Nand(p,q)) ‘n‘m‘f = Nand(ren(p) ‘n‘m‘f,ren(q) ‘n‘m‘f) using Nand by
stmp
moreover
have arity(p) < n using Nand nand_ar1D by simp
moreover from this
have i € arity(p) = i € n for { using subsetD[OF le__imp__subset[OF <arity(p)
< m]] by simp
moreover from this
have i € arity(p) = nth(i,0) = nth(f‘,0’) for i using Nand It] by simp
moreover from this
have sats(M,p,0) +— sats(M,ren(p) ‘n‘m‘f,o’) using <arity(p)<n> Nand by simp
have arity(q) < n using Nand nand__ar2D by simp
moreover from this
have i € arity(q) = i € n for { using subsetD[OF le_imp_ subset|OF <arity(q)
< w]] by simp
moreover from this
have i € arity(q) = nth(i,0) = nth(f‘,0’) for i using Nand ItI by simp
moreover from this
have sats(M,q,0) <— sats(M,ren(q) ‘n‘m‘f,o’) using assms <arity(q)<n> Nand
by simp
ultimately
show ?case using Nand by simp
next
case (Forall p)
have 0:ren(Forall(p)) ‘n‘m‘f = Forall(ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f))
using Forall by simp
have I:sum_id(n,f) € succ(n) — succ(m) (is %9 € _) using sum__id_tc Forall
by simp
then have 2: arity(p) < succ(n)
using Forall le_trans[of _ succ(pred(arity(p)))] succpred_lel by simp
have succ(n)€enat succ(m)enat using Forall by auto
then have A:)\ j .j < suce(n) = nth(j, Cons(a, 0)) = nth(?g%, Cons(a, o0’))
if ac M for a
using that env_coincidence sum__id Forall ItD by force
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have
sats(M,p,Cons(a,0)) +— sats(M,ren(p) ‘succ(n) ‘succ(m) ‘?g,Cons(a,0")) if a€ M
for a
proof -
have C:Cons(a,p) € list(M) Cons(a,o’)€list(M) using Forall that by auto
have sats(M,p,Cons(a,0)) «— sats(M,ren(p) ‘succ(n) ‘succ(m) ‘?g,Cons(a,0’))
using Forall(2)[OF <succ(n)enaty <succ(m)enaty C(1) C(2) 1 2 A[OF
(a€M>]] by simp
then show ?thesis .
qged
then show ?case using Forall 0 1 2 by simp
qed

end
theory Utils

imports ZF-Constructible. Formula
begin

This theory encapsulates some ML utilities

ML_ file« Utils.ml»

end
theory Renaming_Auto
imports
Renaming
Utils
keywords
rename :: thy_decl % ML
and
simple__rename :: thy decl % ML
and
src
and
tgt
abbrevs
simple__rename =

begin

lemmas nat_succl = nat_succ_iff[THEN iffD2]
ML_ file«Renaming ML.ml»
ML«

open Renaming ML

fun renaming _def mk_ren name from to ctxt =
let val to = to |> Syntaz.read_term ctxt
val from = from |> Syntax.read_term ctxt
val (tc_lemma,action_lemma,fvs,r) = mk_ren from to ctxt
val (tc_lemma,action_lemma) = (fix_vars tc_lemma fos ctzt | fix_wvars
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action_lemma fus ctxt)
val ren__fun_name = Binding.name (name ~ __fn)
val ren__fun_def = Binding.name (name ~ __fn_ def)
val ren__thm = Binding.name (name ~ __thm)
m
Local _Theory.note  ((ren__thm, []), [tc_lemma,action_lemma)) ctxt |> snd
|>
Local _Theory.define ((ren__fun_name, NoSyn), ((ren__fun_def, []), r)) |> snd
end;
)

ML«
local

val ren__parser = Parse.position (Parse.string --
(Parse.$33% src |-- Parse.string --| Parse.$$$ tgt -- Parse.string));

val _ =
Outer__Syntax.local__theory command__keyword <rename)> ML setup for synthetic
definitions
(ren_parser >> (fn ((name,(from,to)), ) => renaming def sum_rename
name from to ))

val _ =
Outer__Syntax.local_theory command__keyword <simple renames ML setup
for synthetic definitions
(ren_parser >> (fn ((name,(from,to)),_) => renaming_def ren__thm name
from to))

m
end
)
end

5 Automatic synthesis of formulas

theory Synthetic_ Definition

imports
Utils

keywords
synthesize :: thy decl % ML
and
synthesize__notc :: thy_decl % ML
and
generate__schematic :: thy decl % ML
and
arity_theorem :: thy decl % ML
and
manual__schematic :: thy_goal stmt % ML
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and
manual__arity :: thy goal__stmt % ML
and
from__schematic
and

for

and
from,__definition
and

assuming

and
intermediate

begin

named__theorems fm_ definitions Definitions of synthetized formulas.
named__theorems iff sats Theorems for synthetising formulas.
named__theorems arity Theorems for arity of formulas.

named__theorems arity_aux Auziliary theorems for calculating arities.

ML«

val $¢= curry ((op $) o swap)
infir $°

infix 6 &&&

val op &&& = Utils.&&&

Infiz 6 *xx
val op xxx = Utils.x*x*

fun arity__goal intermediate def mname lthy =
let
val thm = Proof _Context.get_thm lthy (def _name ~ __def)
val (_, tm, _) = Utils.thm__concl_tm lthy (def _name ~ _def)
val (def, tm) = tm |> Utils.dest__eq_tms’
fun first_lambdas (Abs (body as (_, ty, ))) =
if ty = Q{typ i}
then (op ::) (Utils.dest _abs body |>> Utils.var i ||> first_lambdas)
else Utils.dest_abs body |> first_lambdas o #2
| first_lambdas _ =[]
val (def, vars) = Term.strip_comb def
val vs = vars Q first _lambdas tm
val def = fold (op $°) vs def
val hyps = map (fn v => Utils.mem__ v Utils.nat__ |> Utils.tp) vs
val concl = @Q{const IFOL.eq(7)} $ (Q{const arity} $ def) $ Var ((ar, 0), Q{typ
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val g_iff = Logic.list_implies (hyps, Utils.tp concl)

val attribs = if intermediate then [ else @{attributes [arity]}
mn

(g_iff, arity_ ~ def _name ~ (if intermediate then ' else ), attribs, thm, vs)
end

fun manual__arity intermediate def name pos lthy =
let
val (goal, thm_name, attribs, _, _) = arity_goal intermediate def name lthy
mn
Proof.theorem NONE (fn thmss => Utils.display theorem pos
o Local__Theory.note ((Binding.name thm_name,
attribs), hd thmss))

[[(goal, [))]] ithy
end

fun prove__arity thms goal ctxt =
let
val rules = (Named__ Theorems.get ctxt named__theorems (arity) Q
(Named__Theorems.get ctrt named__theorems <arity__auz))
m
Goal.prove ctat || [] goal
(K (rewrite__goal_tac ctaxt thms 1 THEN Method.insert _tac ctxt rules 1 THEN
asm__simp__tac ctat 1))
end

fun auto__arity intermediate def _name pos lthy =
let
val (goal, thm__name, attribs, def thm, vs) = arity_goal intermediate def name
lthy
val intermediate text = if intermediate then intermediate else
val help = You can manually prove the arity_theorem by typing:\n
" manual__arity ~ intermediate_text ~ for \ T def _name T \\n
val thm = prove__arity [def thm| goal lthy
handle ERROR s => help ~\n\n s |> Ezn.reraise 0 ERROR
val thm = Utils.fix_vars thm (map Utils.freeName vs) lthy
in
Local__Theory.note ((Binding.name thm__name, attribs), [thm]) lthy |> Utils.display
theorem pos
end

fun prove_tc_form goal thms ctxt =
Goal.prove ctzt || || goal (K (rewrite__goal _tac ctat thms 1 THEN TypeCheck.typecheck__tac
ctzt))

fun prove__sats_tm thm__auto thms goal ctxt =
let

val ctat’ = ctat |> Simplifier.add__simp (hd thm__auto)
n
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Goal.prove ctzt [] [] goal
(K (rewrite__goal_tac ctxt thms 1 THEN PARALLEL ALLGOALS (asm__simp__tac
ctat’)))
end

fun prove__sats__iff goal ctat = Goal.prove ctat || [| goal (K (asm__simp_tac ctxt

1))

fun is_mem (Q{const mem} $ _$§ _) = true
| is_mem __ = false

fun pre__synth__thm__sats term set env vars vs lthy =
let
val (_, tm, ctxtl) = Utils.thm__concl_tm lthy term
val (thm__refs, ctat2) = Variable.import true [Proof _Context.get_thm lthy term]
ctatl |>> #2
val vs" = map (Thm.term__of o #2) vs
val vars’ = map (Thm.term__of o #2) vars
val r_tm = tm |> Utils.dest_lhs_def |> fold (op $¢) vs’
val sats = @{const apply} $ (Q{const satisfies} $ set $ r_tm) $ env
val sats’ = @{const IFOL.eq(i)} $ sats $ (Q{const succ} $ @{const zero})
in
{ vars = vars’
, vs = vs’
, sats = sats’
, thm__refs = thm__refs

, lthy = ctxt2
, €NV = env
, set = set
}
end

fun synth__thm__sats__gen name lhs hyps pos attribs aux__funs environment lthy =
let
val ctxt = (#prepare__ctxt aux_funs) lthy
val ctat = Utils.add_to__context (Utils.freeName (#set environment)) ctat
val (new_vs, ctxt’) = (#create_variables aux_funs) (#vs environment, ctat)
val new__hyps = (#create__hyps aux_funs) (#vs environment, new_vs)
val concl = (#make__concl auz_funs) (lhs, #sats environment, new_ vs)
val g_iff = Logic.list_implies (new__hyps @ hyps, Utils.tp concl)
val thm = (#prover auz_funs) g_iff ctat’
val thm = Utils.fix_vars thm (map Utils.freeName ((#vars environment) Q
new_vs)) lthy
m
Local_Theory.note ((name, attribs), [thm]) lthy |> Utils.display theorem pos
end

fun synth__thm__sats_iff def name lhs hyps pos environment =
let
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val subst = Utils.zip_ with (I xxx I) (#vs environment)
fun subst_nth (Q{const nth} $ v $ _) new_wvs = AList.lookup (op =) (subst
new_vs) v |> the
| subst_nth (t1$ t2) new_vs = (subst_nth t1 new_vs) $ (subst_nth t2 new_vs)
| subst_nth (Abs (v, ty, t)) new_vs = Abs (v, ty, subst_nth t new_wvs)
| subst_ntht =1
val name = Binding.name (def _name ~ _iff sats)
val iff _sats__attrib = Q{attributes [iff _sats]}
val auz_funs = { prepare__ctrt = fold Utils.add__to__context (map Utils.freeName
(#vs environment))
, create_variables = fn (vs, ctxt) => Variable.variant_fizes (map
Utils.freeName vs) ctxzt |>> map Utils.var_i
, create__hyps = fn (vs, new_vs) => Utils.zip_ with (fn (v, nv) =>
Utils.eq_ (Utils.nth__ v (#env environment)) nv) vs new_vs |> map Utils.tp
, make_concl = fn (lhs, rhs, new_vs) => Q{const IFOL.iff} $
(subst_nth lhs new_vs) $ rhs
, prover = prove_ sats_iff

‘ }

synth__thm__sats _gen name lhs hyps pos iff _sats_attrib aux_funs environment
end

fun synth__thm__sats_fm def name lhs hyps pos thm__auto environment =
let

val name = Binding.name (sats_ ~ def _name ~ __fm)

val simp__attrib = Q{attributes [simp]}

val auz_funs = { prepare_ctxt = I
, create_variables = K [ ##x [
, create__hyps = K ||
, make__concl = fn (rhs, lhs, ) => @{const IFOL.iff} $ lhs $ rhs
, prover = prove__sats_tm thm__auto (#thm__refs environment)

_ }

synth__thm__sats _gen name lhs hyps pos simp__attrib aux_funs environment
end

fun synth__thm__tc def name term hyps vars pos lthy =
let

val (__ tm,ctztl) = Utils.thm__concl_tm lthy term

val (thm__refs,ctxt2) = Variable.import true [Proof _Context.get_thm lthy term]
ctatl |>> #2

val vars’ = map (Thm.term_of o #2) vars

val tc__attrib = Q{attributes [TC)}

val 7_tm = tm |> Utils.dest_lhs_def |> fold (op $°) vars’

val concl = Q{const mem} § r_tm § Q{const formula}

val g = Logic.list_implies(hyps, Utils.tp concl)

val thm = prove_tc_form g thm__refs ctxt2

val name = Binding.name (def _name ~ _fm__type)

val thm = Utils.fix_vars thm (map Utils.freeName vars’) ctzt?2
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mn
Local_Theory.note ((name, tc_attrib), [thm]) lthy |> Utils.display theorem pos
end

fun synthetic__def def _name thm__ref pos tc auto thy =
let
val thm = Proof Context.get thm thy thm_ ref
val thm_vars = rev (Term.add_vars (Thm.full _prop__of thm) [])
val (((_,inst),thm_tms), ) = Variable.import true [thm] thy
val vars = map (fn v => (v, the (Vars.lookup inst v))) thm_vars
val (tm,hyps) = thm_tms |> hd |> Thm.concl_of &&& Thm.prems_of
val (lhs,rhs) = tm |> Utils.dest_iff tms o Utils.dest_trueprop
val ((set,t),env) = rhs |> Utils.dest_sats_frm
fun relevant ts (Q{const mem} $t$ _) =
(not (t = @{term 0})) andalso
(not (Term.is_Free t) orelse member (op =) ts (t |> Term.dest_Free |>
41)
| relevant _ = false
val t_vars = sort_strings (Term.add_free_names t [|)
val vs = filter (Ord__List.member String.compare t_vars o #1 o #1 o #1) vars
val at = fold_rev (lambda o Thm.term_of o #2) vs t
val hyps’ = filter (relevant t_vars o Utils.dest_trueprop) hyps
val def _attrs = Q{attributes [fm__definitions]}
in
Local_Theory.define ((Binding.name (def _name ~__fm), NoSyn),
((Binding.name (def_name ~ __fm__def), def _attrs), at)) thy
|>> (#2 #> I xxx single) |> Utils.display theorem pos |>
(if tc then synth_thm_tc def name (def _name ~ _fm_def) hyps’ vs pos else
I) |>
(if auto then
pre__synth__thm__sats (def_name ~ __fm__def) set env vars vs
#> T &&& #lthy
#> #1 &&& uncurry (synth__thm_sats_fm def name lhs hyps pos thm__tms)
#> uncurry (synth__thm__sats_iff def name lhs hyps pos)
else I)
end

fun prove__schematic thms goal ctxt =
let
val rules = Named__Theorems.get ctxt named__theorems <iff _sats»
mn
Goal.prove ctxt [] [] goal
(K (rewrite__goal_tac ctxt thms 1 THEN REPEAT1 (CHANGED (resolve__tac
ctzt rules 1 ORELSE asm__simp__tac ctzt 1))))
end

val valid__assumptions = | (nonempty, Utils.mem__ Q{term 0})

]
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fun pre__schematic__def target assuming lthy =
let
val thm = Proof _Context.get_thm lthy (target ~ _def)
val (vars, tm, ctrtl) = Utils.thm__concl_tm lthy (target ~ __def)
val (const, tm) = tm |> Utils.dest_eq_tms' o Utils.dest_trueprop |>> #1 o
strip__comb
val t_vars = sort_strings (Term.add_ free_names tm [])
val vs = List.filter (#1 #> #1 #> #1 #> Ord_ List.member String.compare
t_vars) vars
|> List.filter ((curry op = Q{typ i}) o #2 o #1)
|> List.map (Utils.var_i o #1 o #1 o #1)
fun first_lambdas (Abs (body as (__, ty, _))) =
if ty = Q{typ i}
then (op ::) (Utils.dest_abs body |>> Utils.var_i ||> first_lambdas)
else Utils.dest_abs body |> first_lambdas o #2
| first_lambdas __ =[]
val vs = vs Q (first_lambdas tm)
val ctxtl’ = fold Utils.add_to_context (map Utils.freeName vs) ctxtl
val (set, ctxt2) = Variable.variant_fizes [A] ctatl’ |>> Utils.var_i o hd
val class = @{const setclass} $ set
val (enw, ctet3) = Variable.variant_fizes [env] ctzt2 |>> Utils.var_i o hd
val assumptions = filter (member (op =) assuming o #1) valid__assumptions
|> map #2
val hyps = (List.map (fn v => Utils.tp (Utils.mem__ v Utils.nat_)) vs)
Q@ [Utils.tp (Utils.mem__ env (Utils.list__ set))]
Q Utils.zip_with (fn (f,x) => Utils.tp (f x)) assumptions (replicate
(length assumptions) set)
val args = class :: map (fn v => Utils.nth_ v env) vs
val (fm_name, ctxt]) = Variable.variant_fizes [fm] ctxt3 |>> hd
val fm__type = fold (K (fn acc => Type (fun, [Q{typ i}, acc]))) vs Q{typ i}
val fm = Var ((fm_name, 0), fm_type)
val lhs = fold (op $°) args const
val fm__app = fold (op $°) vs fm
val sats = @{const apply} $ (Q{const satisfies} $ set $ fm__app) $ env
val ths = @{const IFOL.eq(i)} $ sats $ (Q{const succ} $ @{const zero})
val concl = @Q{const IFOL.iff} $ lhs $ rhs
val schematic = Logic.list_implies (hyps, Utils.tp concl)
in
(schematic, ctxt4, thm, set, env, vs)
end

fun str_join _[] =
| str_join _ [s] = s
| str_join ¢ (s :: 8s) = s ~ ¢ (str_join c ss)

fun schematic__def def name target assuming pos lthy =
let
val (schematic, ctzt, thm, set, env, vs) = pre_schematic_def target assuming
lthy
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val assuming _text = if null assuming then else assuming ~ (map (fn s => \
s T\) assuming |> str_join )
val help = You can manually prove the schematic__goal by typing:\n
~ manual_schematic [sch_name] for \ ~target "\ T assuming_text "\n
~ And then complete the synthesis with:\n
~ synthesize \ " target ~\ from__schematic [sch_name]\n
~ In both commands, «sch_name» must be the same and, if ommited,
will be defaulted to sats_ ~ target ~ __fm__auto.\n
~ You can also try adding new assumptions and/or synthetizing definitions
of sub-terms.
val thm = prove__schematic [thm] schematic ctxt
handle ERROR s => help ~\n\n " s |> Ezn.reraise o ERROR
val thm = Utils.fix_vars thm (map Utils.freeName (set :: env :: vs)) lthy
in
Local_Theory.note ((Binding.name def _name, []), [thm]) lthy |> Utils.display
theorem pos
end

o~

fun schematic__synthetic_def def name target assuming pos tc auto =
(synthetic__def def _name (sats_ ~ def _name ~__fm__auto) pos tc auto)
o (schematic_def (sats_ ~ def_name ~ __fm__auto) target assuming pos)

fun manual__schematic def name target assuming pos lthy =
let
val (schematic, _, _, _, _, ) = pre_schematic_def target assuming lthy
m
Proof.theorem NONE (fn thmss => Utils.display theorem pos
o Local__Theory.note ((Binding.name def name, []),
hd thmss))
[(schematic, [])]] lthy
end

ML«
local
val simple_ from__schematic__synth__constdecl =
Parse.string --| (Parse.$$$ from__schematic)
>> (fn bndg => synthetic_def bndg (sats_ ~ bndg ~ __fm__auto))

val full _from__schematic__synth__constdecl =
Parse.string -- ((Parse.$8$ from__schematic |-- Parse.thm))
>> (fn (bndg,thm) => synthetic_def bndg (#1 (thm |>> Facts.ref _name)))

val full _from__definition__synth__constdecl =
Parse.string -- ((Parse.$$$ from__definition |-- Parse.string)) -- (Scan.optional
(Parse.$83% assuming |-- Scan.repeat Parse.string) [])
>> (fn ((bndg,target), assuming) => schematic__synthetic_def bndg target
assuming)
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val simple_ from__definition__synth__constdecl =
Parse.string -- (Parse.$3%$ from__definition |-- (Scan.optional (Parse.$$$ assuming
|-- Scan.repeat Parse.string)) [])
>> (fn (bndyg, assuming) => schematic__synthetic_def bndg bndg assuming)

val synth__constdecl =
Parse.position (full_from__schematic__synth__constdecl || simple_ from__schematic__synth__constdecl
|| full_from__definition__synth__constdecl
|| simple_ from__definition__synth__constdecl)

val full _schematic_decl =
Parse.string -- ((Parse.$$$ for |-- Parse.string)) -- (Scan.optional (Parse.$$$
assuming |-- Scan.repeat Parse.string) [])

val stimple__schematic _decl =
(Parse.$33$ for |-- Parse.string >> (fn name => sats_ ~ name ~ __fm__auto)
&&& I) -- (Scan.optional (Parse.$3% assuming |-- Scan.repeat Parse.string) [])

val schematic__decl = Parse.position (full _schematic__decl || simple__schematic__decl)

val =
Outer__Syntax.local_theory command__keyword synthesize> ML setup for
synthetic definitions
(synth__constdecl >> (fn (f,p) => f p true true))

val =
Outer__Syntax.local _theory command__keyword (synthesize__notc> ML setup
for synthetic definitions
(synth__constdecl >> (fn (f,p) => [ p false false))

val _ = Quter__Syntax.local_theory command__keyword generate_schematic)
ML setup for schematic goals
(schematic__decl >> (fn (((bndg,target), assuming),p) => schematic_def
bndg target assuming p))

val__ = Outer__Syntaz.local theory to proof command__keyword (manual_schematicy
ML setup for schematic goals
(schematic__decl >> (fn (((bndg,target), assuming),p) => manual__schematic
bndg target assuming p))

val arity_parser = Parse.position ((Scan.option (Parse.$$$ intermediate) >>
is_some) -- (Parse.$33$ for |-- Parse.string))

val__ = Quter_Syntaz.local theory to proof command__keyword <manual__arity»
ML setup for arities
(arity_parser >> (fn ((intermediate, target), pos) => manual_arity

intermediate target pos))

val _ = QOuter__Syntax.local theory command__keyword <arity theorem) ML
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setup for arities
(arity_parser >> (fn ((intermediate, target), pos) => auto__arity intermediate
target pos))

m

end
)

The synthetic_def function extracts definitions from schematic goals. A
new definition is added to the context.

end

6 Aids to internalize formulas

theory Internalizations
imports
ZF-Constructible. DPow__absolute
Synthetic_ Definition
begin

definition
infinity_ax :: (i = 0) = o where
infinity _ax(M) =
(FI[M]. (3 2[M]. empty(M,z) A zeI) A (Vy[M]. yeI — (3 sy[M]. successor(M,y,sy)
A sy€el)))

definition
wellfounded__trancl :: [i=>0,i,i,i] => o where
wellfounded__trancl(M,Z,r,p) =
Jw[M]. Fwz[M]. Irp[M].
w € Z & pair(M,w,p,wz) & tran__closure(M,r,rp) & wz € 1p

lemma empty_intf :
infinity _ax(M) =
(3 2[M]. empty(M,z))
by (auto simp add: empty_def infinity _ax_def)

lemma Transset intf :
Transset(M) = yex —= 2z € M —= ye M
by (simp add: Transset_def,auto)

definition
choice__az :: (i=0) = o where
choice__ax(M) = YV z[M]. Fa[M]. If[M]. ordinal(M,a) A surjection(M,a,z,f)

lemma (in M_ basic) choice _ax_abs :

choice_ax(M) <— (Vz[M]. Fa[M]. 3f[M]. Ord(a) A f € surj(a,x))
unfolding choice_azx_def
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by simp

notation Member («-__ €/ _+)
notation Equal («_ =/ _-)
notation Nand (¢—'(_ A/ _")»)
notation And (¢ A/ _ )
notation Or (- V/ _»)
notation Iff («-_ </ _ )
notation Implies (<-__ —/ _-)
notation Neg (<= )

notation Forall (<'(:¥(/_)-")»)
notation Ezxists (</(-3(/_)-")»)

notation subset_fm (- C/ _ )
notation succ_fm (¢-succ’(__') is _+)
notation empty_fm («-__ is empty-)
notation fun_apply fm («-_° is _ )
notation big_union_fm (¢\J__ is_)
notation upair_fm ({_,_} is _ )

notation ordinal_fm («-__ is ordinal-)

abbreviation
fm__surjection :: [i,i,i] = ¢ («-__ surjects _ to _-») where
fm__surjection(f,A,B) = surjection_fm(A,B,f)

abbreviation
fm_typedfun :: [i,i,d) = ¢ (<_: _ — _-) where
fm__typedfun(f,A,B) = typed_ function_fm(A,B.,f)

We found it useful to have slightly different versions of some results in ZF-
Constructible:

lemma nth_closed :
assumes envelist(A) 0€A
shows nth(n,env)eA
using assms unfolding nth_def by (induct env; simp)

lemma mem__model_iff _sats [iff _sats]:
[| 0 € A; nth(i,env) = z; env € list(A)|]
==> (z€A) +— sats(A, Exists(Equal(0,0)), env)
using nth_ closed[of env A {]
by auto

lemma subset_iff _sats[iff _sats]:
nth(i, env) = x = nth(j, env) = y = i€nat = jenat =
env € list(A) = subset(##A, x, y) «— sats(A, subset_fm(i, j), env)
using sats_subset_fm' by simp

lemma not_mem_model iff sats [iff _sats]:
[| 0 € A; nth(i,env) = z; env € list(A)]]
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==> (V z .z ¢ A) +— sats(A, Neg(Ezxists(Equal(0,0))), env)
by auto

lemma top_iff sats [iff _sats]:
env € list(A) = 0 € A = sats(A, Erists(Equal(0,0)), env)

by auto

lemma prefizl__iff sats[iff _sats|:

assumes
z € nat env € list(A) 0 € Aa€ A

shows
a = nth(z,env) «— sats(A4, Equal(0,x#+1), Cons(a,env))
nth(z,env) = a < sats(A4, Equal(z#+1,0), Cons(a,env))
a € nth(z,env) <— sats(A, Member(0,2#+1), Cons(a,env))
nth(z,env) € a +— sats(A, Member(z#+1,0), Cons(a,env))

using assms nth__closed

by simp_all

lemma prefiz2_iff _sats[iff _sats|:
assumes
z € nat env € list(A) 0 e Aace Abe A

shows
b = nth(z,env) «— sats(A4, Equal(1,2#+2), Cons(a,Cons(b,env)))
nth(z,env) = b <— sats(A, Fqual(z#+2,1), Cons(a,Cons(b,env)))
b € nth(z,env) «— sats(A, Member(1,x#+2), Cons(a,Cons(b,env)))
nth(z,env) € b «— sats(A, Member(z#+2,1), Cons(a,Cons(b,env)))
using assms nth__closed
by simp_all

lemma prefiz3_iff _sats[iff _sats]:
assumes
xz € nat env € list(A) 0 € Aa€e AbcAce A

shows

¢ = nth(z,env) <— sats(A, Equal(2,2#+3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) = c > sats(A, Equal(z#+3,2), Cons(a,Cons(b,Cons(c,env))))
¢ € nth(z,env) «— sats(A, Member(2,2#+3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) € ¢ «— sats(A, Member(z#+3,2), Cons(a,Cons(b,Cons(c,env))))
using assms nth__closed
by simp_all

lemmas FOL_sats iff = sats _Nand__iff sats _Forall iff sats _Neqg iff sats _And_iff
sats__Or_iff sats _Implies iff sats Iff iff sats Fxists iff

lemma nth_ConsI: [nth(n,l) = z; n € nat] = nth(succ(n), Cons(a,l)) = z

by simp

lemmas nth rules = nth__0 nth__Consl nat_0I nat_succl
lemmas sep rules = nth__0 nth__Consl FOL__iff sats function_iff sats
fun_plus_iff sats successor_iff sats
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omega,__iff sats FOL_sats iff Replace_iff sats

Also a different compilation of lemmas (termsep_rules) used in formula
synthesis

lemmas fm_ defs =

omega__fm__def limit_ordinal_fm__ def empty_fm_ def typed function_ fm_ def
pair_fm__def upair__fm__def domain__fm__def function_fm_ def succ_fm_ def
cons_fm__def fun__apply _fm__defimage_fm__def big _union_fm__ def union_ fm_ def
relation__fm__def composition__fm__def field__fm__def ordinal _fm__def range_ fm__def
transset_fm__def subset_fm_ def Replace_ fm__def

lemmas formulas_def [fm__definitions] = fm__defs

is_iterates_fm_ def iterates MH fm_ def is wfrec_fm_ def is recfun_ fm__ def
is_transrec_fm__def

is_nat_case_fm_ def quasinat__fm__def numberi_fm_ def ordinal_fm__ def finite_ordinal__fm__def
cartprod__fm__def sum__fm__def Inr_fm_ def Inl_fm__ def

formula__functor_fm__def

Memrel__fm__def transset__fm,__def subset_fm__def pre_image fm__def restriction_ fm__ def
list_functor_fm_ def tl_fm_ def quasilist_fm_ def Cons_fm__def Nil_fm_ def

lemmas sep_rules’ [iff _sats] = nth_0nth_ConsI FOL__iff _sats function__iff _sats
fun_plus_iff sats omega__iff sats FOL_ sats iff

declare rtran_closure iff sats [iff _sats] tran__closure iff sats [iff _sats]
is_eclose_iff _sats [iff _sats]

arity__theorem for rtran_ closure_fm

arity__theorem for tran_ closure_fm

arity_ theorem for rtran_ closure _mem_ fm

end

7 Some enhanced theorems on recursion

theory Recursion_Thms
imports ZF-Constructible. Datatype _absolute

begin

— Removing arities from inherited simpset
declare arity_And [simp del] arity Or[simp del] arity_Implies[simp del]

arity_ Exists[simp del| arity_ Iff[simp del]

arity__subset_fm [simp del] arity_ordinal_fm[simp del] arity_transset_fm[simp
del]

We prove results concerning definitions by well-founded recursion on some
relation R and its transitive closure R

lemma fld_restrict_eq: a € A = (r N AxA)-“{a} = (r-“{a} N A)
by (force)
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lemma fld_restrict_mono : relation(r) = A C B = r N AxA C r N BxB
by (auto)

lemma fid_restrict_dom :
assumes relation(r) domain(r) C A range(r)C A
shows M AxA =r
proof (rule equalityl blast,rule subsetl)
{ fix z
assume Ir: r € r
from zr assms have 3 a b . z = (a,b) by (simp add: relation__def)
then obtain a b where (a,b) € r (a,b) € rNAxA z € rNAxA
using assms zr
by force
then have z€ r N AxA by simp
}
then show z € r = z€ rMAxA for x .
qed

definition tr_down :: [i,i] = @
where tr_down(r,a) = (r™+)-‘“{a}

lemma tr_downD : x € tr_down(r,a) = (z,a) € r"+
by (simp add: tr_down__def vimage__singleton__iff)

lemma pred_down : relation(r) = r-‘{a} C tr_down(r,a)
by (simp add: tr_down__def vimage _mono r_subset_trancl)

lemma tr_down__mono : relation(r) =z € r-‘{a} = tr_down(r,x) C tr_down(r,a)
by (rule subsetl, simp add:tr_down__def,auto dest: underD,force simp add: underl
r_into__trancl trancl_trans)

lemma rest_eq :
assumes relation(r) and r-‘“{a} C Band a € B
shows r-‘{a} = (rNBxB)-‘“{a}
proof (intro equalityl subsetl)
fix z
assume z € r-‘{a}
then
have z € B using assms by (simp add: subsetD)
from «z€ r-“{a}p
have (z,a) € r using underD by simp
then
show z € (rNBxB)-‘{a} using «z€Bs <a€B) underl by simp
next
from assms
show z € r-“{a} if z € (r N BxB) -*{a} for x
using vimage _mono that by auto
qed

41



lemma wfrec_restr_eq: v’ = r N AxA = wfrec[A|(r,a,H) = wfrec(r’,a,H)
by (simp add:wfrec_on__def)

lemma wfrec_ restr :
assumes r7: relation(r) and wfr:wf(r)
shows a € A = tr_down(r,a) C A = wfrec(r,a,H) = wfrec[A](r,a,H)
proof (induct a arbitrary:A rule:wf _induct _raw|[OF wfr] )
case (1 a)
have wfRa : wf[A](r)
using wf _subset wfr wf _on_ def Int_lower! by simp
from pred__down rr
have r - {a} C tr_down(r, a) .
with 1
have r-‘“{a} C A by (force simp add: subset_trans)
{
fix z
assume z_a: z € r-‘{a}
with «r-“{a} C 4>
have z € A ..
from pred__down rr
have b : r -“{z} C tr_down(r,z) .
then
have tr_down(r,z) C tr_down(r,a)
using tr_down_mono x_a rr by simp
with 1
have tr_down(r,z) C A using subset_trans by force
have (z,a) € r using ©_a wunderD by simp
with 1 <tr_down(r,z) C Az € A
have wfrec(r,z,H) = wfrec[A](r,z,H) by simp
}
then
have z€ r-‘{a} = wfrec(r,x,H) = wfrec[A](r,z,H) for = .
then
have Eql :(A z € r-“{a} . wfrec(r,z,H)) = (A z € r-“{a} . wfrec[A](r,z,H))
using lam__cong by simp

from assms

have wfrec(r,a,H) = H(a,A x € m-‘{a} . wfrec(r,z,H)) by (simp add:wfrec)

also

have ... = H(a,A z € r-“{a} . wfrec[A|(r,x,H))
using assms Eql by simp

also from 1 «r-‘{a} C A»

have ... = H(a,A z € (rNAxA)-‘{a} . wfrec[A](r,z,H))
using assms rest_eq by simp

also from <ac 4>

have ... = H(a,A z € (r-“{a})NA . wfrec[A](r,z,H))
using fild_restrict_eq by simp

also from <acA> <wf[A](r)
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have ... = wfrec[A](r,a,H) using wfrec_on by simp
finally show ?Zcase .
qed

lemmas wfrec_tr_down = wfrec_restr|OF _ __ __ subset_refi]

lemma wfrec_trans_restr : relation(r) = wf(r) = trans(r) = r-‘{a}CA =
a € A=

wfree(r, a, H) = wfrec[A](r, a, H)

by (subgoal_tac tr_down(r,a) C A,auto simp add : wfrec_restr tr_down__def
trancl_eq r)

lemma field trancl : field(r™+) = field(r)
by (blast intro: r_into_trancl dest!: trancl _type [THEN subsetD)])

definition
Rrel :: [i=i=>0,i] = i where
Rrel(R,A) = {2€AxA. 3z y. 2 = (z, y) N R(z,y)}

lemma Rrell : 2 € A = y € A = R(z,y) = (z,y) € Rrel(R,A)
unfolding Rrel def by simp

lemma Rrel _mem: Rrel(mem,x) = Memrel(x)
unfolding Rrel def Memrel def ..

lemma relation_ Rrel: relation(Rrel(R,d))
unfolding Rrel def relation_ def by simp

lemma field Rrel: field(Rrel(R,d)) C d
unfolding Rrel def by auto

lemma Rrel _mono : A C B = Rrel(R,A) C Rrel(R,B)
unfolding Rrel def by blast

lemma Rrel restr_eq : Rrel(R,A) N BxB = Rrel(R,ANDB)
unfolding Rrel def by blast

lemma field Memrel : field(Memrel(A)) C A
using Rrel_mem field_ Rrel by blast

lemma restrict _trancl Rrel:
assumes R(w,y)
shows restrict(f,Rrel(R,d)-‘“{y}) ‘w
= restrict(f,(Rrel(R,d) ™+)-“{y}) ‘w
proof (cases yed)
let ?r=Rrel(R,d) and ?s=(Rrel(R,d)) ™+
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case True
show ?thesis
proof (cases wed)
case True
with «yed> assms
have (w,y)e ?r
unfolding Rrel def by blast
then
have (w,y)€ ?s
using r_subset_trancl[of ?r] relation_Rrellof R d] by blast
with «(w,y)e ?r
have we ?r-“{y} we ?s-“{y}
using vimage_singleton__iff by simp__all
then
show ?thesis by simp
next
case Fulse
then
have w¢ domain(restrict(f,?r-‘{y}))
using subsetD[OF field_Rrel[of R d]] by auto
moreover from (wé¢d
have wé¢domain(restrict(f,?s-‘“{y}))
using subsetD|OF field_Rrellof R d], of w] field trancl[of ?r]
fieldI1[of w y ?s] by auto
ultimately
have restrict(f, ?r-‘“{y}) ‘w = 0 restrict(f,?s-“{y})‘w = 0
unfolding apply def by auto
then show ¢thesis by simp
qed
next
let ?r=Rrel(R,d)
let ?s=2r"+
case Fulse
then
have ?r-“{y}=0
unfolding Rrel def by blast
then
have w¢ ?r-“{y} by simp
with <y¢d> assms
have y¢ field(?s)
using field trancl subsetD[OF field _Rrellof R d]] by force
then
have w¢ ?s-“{y}
using vimage__singleton__iff by blast
with «wé 2r-“{y}
show ?thesis by simp
qed

lemma restrict_trans_eq:

44



assumes w € y
shows restrict(f,Memrel(eclose({z}))-‘“{y}) ‘w
= restrict(f,(Memrel(eclose({z})) ™+)-“{y}) ‘w
using assms restrict__trancl_Rrel[of mem | Rrel _mem by (simp)

lemma wf eq trancl:
assumes A fy . H(y,restrict(f,R-‘{y})) = H(y,restrict(f, R +-‘{y}))
shows wfrec(R, x, H) = wfrec(R™+, =, H) (is wfrec(?r, _, ) = wfrec(?r’,_, ))
proof -
have wfrec(R, z, H) = wftrec(?r ™+, x, Ay f. H(y, restrict(f,?r-“{y})))
unfolding wfrec__def ..
also
have ... = wftrec(?r 4+, z, Ay f. H(y, restrict(f,(¢r +)-“{y})))
using assms by simp
also
have ... = wfrec(?r™+, =, H)
unfolding wfrec_def using trancl_eq r[OF relation_trancl trans__trancl] by
stmp
finally
show ?thesis .
qed

lemma transrec__equal_on__ Ord:
assumes
Nz f . Ord(z) = foo(x,f) = bar(z,f)
Ord(a)
shows
transrec(a, foo) = transrec(a, bar)
proof -
have transrec(f3,foo) = transrec(f,bar) if Ord(B) for j
using that
proof (induct rule:trans__induct)
case (step )
have transrec(, foo) = foo(B, Az€p. transrec(z, foo))
using def transrec[of Az. transrec(z, foo) foo] by blast
also from assms and step

have ... = bar(8, Az€p. transrec(z, foo))
by simp

also from step

have ... = bar(B, Az€p. transrec(z, bar))
by (auto)

also

have ... = transrec(s, bar)
using def transrec[of \x. transrec(z, bar) bar, symmetric]
by blast

finally

show transrec(3, foo) = transrec(8, bar) .

ged

with assms
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show ?thesis by simp
qed

— Next theorem is very similar to [Az f. Ord(z) = %foo(z, f) = %bar(z, f);

Ord(?a)] = transrec(a, ?foo) = transrec(%a, ?bar)
lemma (in M__eclose) transrec__equal_on_M:
assumes
Aot . M(z) = M(f) = foo(s,f) = bar(sf)
NB. M(B8) = transrec_replacement(M ,is_foo,B) relation2(M,is_foo,foo)
strong__replacement(M, Az y. y = (z, transrec(z, foo)))
YV z[M]. ¥ g[M]. function(g) — M (foo(x,g))
M(a) Ord(a)
shows
transrec(a, foo) = transrec(c, bar)
proof -
have M (transrec(z, foo)) if Ord(z) and M(z) for z
using that assms transrec__closed|of is_fool
by simp

have transrec(8,foo) = transrec(B8,bar) M (transrec(B,foo)) if Ord(5) M(B) for 3

using that
proof (induct rule:trans_induct)

case (step )

moreover

assume M (3)

moreover

note «Ord(8)=— M(B8) = M (transrec(3, foo))»

ultimately

show M (transrec(8, foo)) by blast

with step «<M(B)) <Az. Ord(z)= M(z) = M(transrec(z, foo))
«strong_replacement(M, Az y. y = (x, transrec(z, foo)))

have M(\ze€p. transrec(z, foo))
using Ord_in__Ord transM|of _ f]
by (rule_tac lam__closed) auto

have transrec(, foo) = foo(B, Az€p. transrec(z, foo))
using def transrec[of Az. transrec(z, foo) foo] by blast

also from assms and «(M(Az€p. transrec(z, foo))y «M(5)>

have ... = bar(8, Az€p. transrec(z, foo))
by simp

also from step and <M(5)»

have ... = bar(B, Az€p. transrec(z, bar))
using transM[of __ ] by (auto)

also

have ... = transrec(s, bar)
using def transrec[of \x. transrec(z, bar) bar, symmetric]
by blast

finally

show transrec(3, foo) = transrec(8, bar) .

ged

with assms
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show ?thesis by simp
qed

lemma ordermap_restr_eq:
assumes well _ord(X,r)
shows ordermap(X, r) = ordermap(X, r N XxX)
proof -
let ?A=\z . Order.pred(X, z, r)
let ?B=Az . Order.pred(X, z, r N X x X)
let ?F=Xz f. [ ?A(x)
let ?G=MXz f. f  ?B(x)
let ?2P=X\ z. zeX — wfrec(r N X x Xz x f. f ?A(z)) = wfrec(r N X x
X,z z f. f “ 2B(x))
have pred_eq:
Order.pred(X, z, r N X x X) = Order.pred(X, =, r) if ze X for z
unfolding Order.pred_ def using that by auto
from assms
have wf onX:wf(r N X x X) unfolding well _ord_def wf _on_def by simp

have ?P(z) for 2

proof(induct rule:wf induct[where P=2P OF wf onX])
case (1 1)

assume z€X
from 1
have lam_ eq:
Awe(rn X x X) -“{z}. wfrec(r N X x X, w, ?F)) =
Awe(rn X x X) -“{z}. wfrec(r N X x X, w, ?G)) (is ?L=7R)
proof -
have wfrec(r N X x X, w, F) = wfrec(r N X x X, w, ?G) if
we(rNXxX)- 4z} for w
using 1 that by auto
then show ?thesis using lam__cong[OF refl] by simp
qed
then
have wfrec(r N X x X, x, ?F) = 2L “ ?A(x)
using wfrec[OF wf_onX,of x ?F] by simp

also have ... = 7R “ ?B(xz)

using lam__eq pred_eq|OF <z€_>] by simp
also
have ... = wfrec(r N X x X, z, ?G)

using wfrec[OF wf_onX,of x ?G] by simp
finally

have wfrec(r N X x X, z, ¢F) = wfrec(r N X x X, z, ?G) by simp

}

then
show ?case by simp
qed
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}

then
show ?thesis
unfolding ordermap__def wfrec_on__def using Int_ac by simp
qed

end

8 The binder Least

theory Least
imports
Internalizations

begin

We have some basic results on the least ordinal satisfying a predicate.

lemma Least_Ord: (p a. R(e)) = (g a. Ord(a) A R(«))
unfolding Least def by (simp add:lt _Ord)

lemma Ord_Least_cong:
assumes Ay. Ord(y) = R(y) +— Q(y)
shows (u a. R(a)) = (p a. Q(«)
proof -
from assms
have (¢ a. Ord(a) A R(a)) = (p a. Ord(a) A Q(a))
by simp
then
show ?thesis using Least Ord by simp
qged

definition
least :: [i=-0,i=>0,i] = o where
least(M,Q,i) = ordinal(M,i) A (
(empty(M,i) A (VY b[M]. ordinal(M,b) — —=Q(D)))
V (Q(7) A (VB[M]. ordinal(M,b) A bei— —Q(D))))

definition
least_fm :: [i,i] = i where
least_fm(q,i) = And(ordinal_fm(%),
Or(And(empty_ fm(i),Forall(Implies(ordinal__fm(0),Neg(q)))),
And(Ezists(And(q,Equal(0,succ(?)))),
Forall(Implies(And(ordinal_fm(0),Member(0,succ(7))),Neg(q))))))

lemma least_fm_type[TC] :i € nat = qE€formula = least_fm(q,i) € formula

unfolding least fm_ def
by simp
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lemmas basic_ fm__simps = sats_subset_ fm’' sats_transset_ fm’ sats_ordinal__fm’

lemma sats least fm :

assumes p_iff sats:

Na. a € A = P(a) +— sats(4, p, Cons(a, env))
shows

[y € nat; env € list(A) ; 0€A]

= sats(A, least_fm(p,y), env) <—

least(#4# A, P, nth(y,env))

using nth_ closed p_iff sats unfolding least def least_fm_ def
by (simp add:basic__fm__simps)

lemma least_iff sats [iff _sats]:

assumes is_Q_iff sats:
Na. a € A = is_Q(a) «— sats(4, q, Cons(a,env))

shows
[nth(j,env) = y; j € nat; env € list(A); 0€A]
= least(#H#A, is_Q, y) <— sats(A, least_fm(q,j), env)
using sats_least_fm [OF is_Q_iff sats, of j , symmetric]
by simp

lemma least__conj: a€ M = least(##M, Ax. €M A Q(x),a) «— least(##M,Q,a)
unfolding least def by simp

context M trivial
begin

8.1 Uniqueness, absoluteness and closure under Least

lemma unique_least:
assumes M (a) M(b) least(M,Q,a) least(M,Q,b)
shows a=b
proof -
from assms
have Ord(a) Ord(b)
unfolding least def
by simp_ all
then
consider (le) a€b | a=b | (ge) b€a
using Ord_linear[OF <Ord(a)> «Ord(b))] by auto
then
show ?thesis
proof(cases)
case le
then show ?thesis using assms unfolding least_def by auto
next
case ge
then show ?thesis using assms unfolding least def by auto
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qed
qed

lemma least abs:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) N Ord(y) M(a)
shows least(M,Q,a) +— a = (p z. Q(x))
unfolding least def
proof (cases ¥V b[M]. Ord(b) — — Q(b); intro iffI; simp add:assms)
case True
with assms
have — (3. Ord(i) A Q(i)) by blast
then
show 0 =(p z. Q(z)) using Least 0 by simp
then
show ordinal(M, p z. Q(z)) A (empty(M, Least(Q)) V Q(Least(Q)))
by simp
next
assume 3 b[M]. Ord(b) A Q(b)
then
obtain ¢ where M () Ord(i) Q(¢) by blast
assume a = (p z. Q(x))
moreover
note (M (a)>
moreover from <Q(i)» «Ord(i)»
have Q(u z. Q(z)) (is ?G)
by (blast intro: LeastI)
moreover
have (Vb[M]. Ord(b) A b € (p z. Q(z)) — — Q(b)) (is ?H)
using less_LeastE[of @) __ False]
by (auto, drule_tac ltI, simp, blast)
ultimately
show ordinal(M, p z. Q(z)) A (empty(M, p z. Q(z)) A (Vb[M]. Ord(b) — —
Qb)) vV ?2G A ?H)
by simp
next
assume 1:3b[M]. Ord(b) A Q(b)
then
obtain ¢ where M(7) Ord(i) Q(¢) by blast
assume Ord(a) A (a = 0 A (YVb[M]. Ord(b) — — Q(b)) V Q(a) A (Vb[M].
Ord(b) AN b€ a— = Qb))
with 1
have Ord(a) Q(a) ¥V b[M]. Ord(b) A b € a — — Q(b)
by blast+
moreover from this and assms
have Ord(b) = b € a = - Q(b) for b
by (auto dest:transM)
moreover from this and <Ord(a)
have b < ¢ = - Q(b) for b
unfolding It def using Ord_in_Ord by blast
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ultimately
show a = (u z. Q(2))
using Least__equality by simp
qed

lemma Least closed:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) N Ord(y)
shows M(p z. Q(z))
using assms Least_le[of Q] Least_0[of Q]
by (cases (Fi[M]. Ord(i) A Q(¢))) (force dest:transM ItD)+

Older, easier to apply versions (with a simpler assumption on Q).

lemma least _abs”:
assumes Az. Q(z) = M(z) M(a)
shows least(M,Q,a) +— a = (p z. Q(x))
using assms least__abs[of Q] by auto

lemma Least closed:
assumes Az. Q(z) = M(x)
shows M(u z. Q(x))
using assms Least__closed[of Q] by auto

end — M _trivial

end

9 Fully relational versions of higher order construct

theory Higher Order_Constructs
imports
Recursion__Thms
Least
begin

syntax

_sats == [i, 1,1 = o ((_,_ E_) [36,36,36] 25)
translations

(M,env |= @) = CONST sats(M,p,env)

definition

is_If = [i=0,0,i,i,i] = o where

is If(M,b,t,f,r) = (b — r=t) A (b — r=f)
lemma (in M_trans) If _abs:

is If(Mb,t.f,r) «— r = If(b,t.f)
by (simp add: is_If def)

definition
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is_If fm :: [i,i,4,i]] = i where
is _If fm(p,t.f,r) = Or(And(p,Equal(t,r)),And(Neg(p), Equal(f,r)))

lemma is_If fm_type [TC]: ¢ € formula = t € nat = f € nat = r € nat
—

is _If fm(p,t.f,r) € formula
unfolding is If fm_def by auto

lemma sats _is If fm:

assumes Qsats: Q «— A, env = ¢ env € list(A)

shows is If(##A, Q, nth(t, env), nth(f, env), nth(r, env)) +— A, env |
is_If fm(p,t.f,r)

using assms unfolding is If defis If fm_def by auto

lemma is_If fm_iff sats [iff _sats]:
assumes Qsats: Q «— A, env = ¢ and
nth(t, env) = ta nth(f, env) = fa nth(r, env) = ra
t € nat f € nat r € nat env € list(A)
shows is_If(##A,Q,ta,fa,ra) «— A, env |= is_If fm(p,t.f,r)
using assms sats_is_If fm[of Q A ¢ env ¢t f r] by simp

lemma arity is If fm [arity]:
p € formula = t € nat = f € nat = r € nat =
arity(is_If fm(e, t, f, r)) = arity(p) U succ(t) U succ(r) U succ(f)
unfolding is If fm_def
by auto

definition
is_The :: [i=>0,i=0,i] = o where
is_ The(MQ i) = (Q(i) AN (Fz[M]. Q(z) A .
(=(32[M]. Q(z) A (Vy[M]. Qy) — y = z))) A empty(M,i)

lemma (in M_trans) The_abs:
assumes Az. Q(z) = M(z) M(a)
shows is_The(M,Q,a) +— a = (THE z. Q(z))
proof (cases Jz[M]. Q(z) N Vy[M]. Q(y) — y = z))
case True
with assms
show ?thesis
unfolding is The_def
by (intro iffI the__equality[symmetric])
(auto, blast intro:thel)
next
case Fulse
with <Az. Q(z) = M(z)
have - (Jz. Q(z) A Vy. Qly) — y = x))
by auto
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then
have The(Q) = 0
by (intro the_0) auto
with assms and Fulse
show ?thesis
unfolding is The_ def
by auto
qed

definition
is_recursor :: [i=0,1,[1,i,i]=>0,i,i] =0 where
is_recursor(M,a,is_b,k,r) = is_transrec(M, An f ntc. is_nat_case(M,a,
Am bmfm.
I fm[M]. fun_apply(M.f,m,fm) A is_b(m,fm,bmfm),n,ntc),k,r)

lemma (in M__eclose) recursor_abs:
assumes Ord(k) and
types: M(a) M(k) M(r) and
b_iff: Am fomf. M(m) = M(f) = M(bmf) = is_b(m,f,bmf) <— bmf
= b(m,f) and
b_closed: \m fbmf. M(m) = M(f) = M(b(m,f)) and
repl: transrec_replacement(M, An f ntc. is_nat_case(M, a,
Am bmfm. 3 fm[M]. fun__apply(M, f, m, fm) A is_b( m, fm, bmfm), n, ntc),
k)
shows
is_recursor(M,a,is_bk,r) «— r = recursor(a,bk)
unfolding is recursor_def recursor__def
using assms
apply (rule_tac transrec_abs)
apply (auto simp:relation2__def)
apply (rule nat_case_abs|THEN iffD1, where is_b1=Am bmfm.
3 fim[M]. fun_apply(M, _m,fm) A is_b(m,fm,bmfm)))
apply (auto simp:relationl _def)
apply (rule nat_case_abs| THEN iffD2, where is_bI=Am bmfm.
3 fm[M]. fun_apply(M,_,m,fm) A is_b(m,fm,bmfm)])
apply (auto simp:relationl _def)
done

definition
is_wfrec_on :: [i=>0,[4,i,i|=>0,i,i,i, i]| => o where
is_wfrec_on(M,MH A,r,a,z) == is_wfrec(M,MH r,a,z)

lemma (in M_ trancl) trans_wfrec_on__abs:
[lwf(r); trans(r); relation(r); M(r); M(a); M(z);
wfrec__replacement(M,MH,r); relation2(M,MH H);
YV z[M]. V g[M]. function(g) — M(H(z,9));
r-‘“{a}CA; a € A
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==> is_wfrec_on(M,MH,Ar a,z) +— z=wfrec[A](r,a,H)
using trans_wfrec_abs wfrec_trans restr
unfolding is wfrec_on_ def by simp

end

10 Automatic relativization of terms and formulas

Relativization of terms and formulas. Relativization of formulas shares
relativized terms as far as possible; assuming that the witnesses for the
relativized terms are always unique.

theory Relativization
imports
ZF-Constructible. Datatype__absolute
Higher _Order__Constructs

keywords
relativize :: thy decl % ML
and
relativize__tm :: thy_decl % ML
and
reldb__add :: thy decl % ML
and
reldb__rem :: thy decl % ML
and
relationalize :: thy decl % ML
and
rel__closed :: thy_goal stmt % ML
and
is_iff_rel :: thy goal stmt % ML
and
univalent :: thy goal_stmt % ML
and
absolute
and
functional
and
relational
and
external
and
for

begin

ML_ file<Relativization Database.mi>

ML«
structure Absoluteness = Named_Thms
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(val name = @{binding absolut}

val description = Theorems of absoulte terms and predicates.)
)
setup<Absoluteness.setup»

lemmas relative abs =
M__trans.empty abs
M __trans.pair_abs
M __trivial.cartprod__abs
M _trans.union__abs
M __trans.inter__abs
M __trans.setdiff _abs
M __trans. Union__abs
M trivial.cons _abs

M __trivial.successor__abs
M _trans.Collect__abs

M __trans.Replace__abs
M trivial.lambda__abs2
M __trans.image__abs

M __trivial.nat__case__abs

M __trivial.omega__abs
M _basic.sum__abs

M _trivial.Inl_abs

M __trivial.Inr_abs

M _basic.converse _abs
M __basic.vimage__abs
M _trans.domain__abs
M __trans.range__abs
M__basic.field__abs

M __basic.composition__abs
M _trans.restriction__abs
M _trans.Inter _abs

M __trivial.bool _of o__abs
M trivial.not__abs

M trivial.and__abs

M trivial.or _abs

M _trivial. Nil_abs

M __trivial. Cons__abs

M trivial.list_case _abs
M trivial.hd__abs

M trivial.tl _abs

M trivial.least__abs’

M __eclose.transrec__abs
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M __trans.If abs

M trans.The_abs

M _eclose.recursor__abs
M__trancl.trans _wfrec__abs
M__trancl.trans_wfrec_on__abs

lemmas datatype abs =
M __datatypes.list_N__abs
M __datatypes.list_abs
M __datatypes.formula_ N __abs
M __datatypes.formula__abs
M eclose.is_eclose_n__abs
M _eclose.eclose__abs
M __datatypes.length__abs
M __datatypes.nth__abs
M __trivial. Member__abs
M __trivial. Equal__abs
M trivial. Nand__abs
M _trivial. Forall _abs
M __datatypes.depth__abs
M__datatypes.formula__case__abs

declare relative_abs[absolut)
declare datatype abs[absolut]

ML«
signature Relativization =
siq

structure Data: GENERIC DATA

val Rel add: attribute

val Rel del: attribute

val add_rel_const : Database.mode -> term -> term -> Data.T -> Data.T

val add_constant : Database.mode -> string -> string -> Proof.context ->
Proof.context

val rem__constant : (term -> Data.T -> Data.T) -> string -> Proof.context ->
Proof.context

val db: Data.T

val init_db : Data.T -> theory -> theory

val get _db : Proof.context -> Data.T

val relativ_fm: bool -> bool -> term -> Data.T -> (term * (term * term)) list
« Proof.context * term list * bool -> term -> term * ((term x (term * term)) list
* term list x term list x Proof.context)

val relativ_tm: bool -> bool -> term option -> term -> Data.T -> (term =
(term * term)) list x Proof.context -> term -> term x (term * (term * term)) list
x Proof.context

val read_mew__const : Proof.context -> string -> term

val relativ_tm_ frm’: bool -> bool -> term -> Data.T -> Proof.context -> term
-> term option * term

val relativize__def: bool -> bool -> bool -> bstring -> string -> Position.T ->
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Proof.context -> Proof.context
val relativize__tm: bool -> bstring -> string -> Position.T -> Proof.context ->
Proof.context
val rel_closed__goal : string -> Position.T -> Proof.context -> Proof.state
val iff _goal : string -> Position.T -> Proof.context -> Proof.state
val univalent__goal : string -> Position.T -> Proof.context -> Proof.state
end

structure Relativization : Relativization = struct

infix 6 &&&
val op &&& = Utils.&&&

Infiz 6 *xxx
val op xxx = Utils.x*x

infix 6 QQ

val op QQ = Utils.QQ
infix 6 ---

val op --- = Utils.---

fun insert_abs2rel ((t, u), db) = ((t, u), Database.insert Database.abs2rel (t, t) db)
fun insert_rel2is ((t, u), db) = Database.insert Database.rel2is (t, u) db

(x relativization db of relation constructors x)
val db = [ (@{const relation}, Q{const Relative.is_relation})
, (@{const function}, @{const Relative.is_function})
, (@{const mem}, @{const mem})
, (@{const True}, Q{const True})
, (@{const False}, Q{const False})
, (@{const Memrel}, Q{const membership})
, (@{const trancl}, @{const tran__closure})
, (@{const IFOL.eq(i)}, @{const IFOL.eq(i)})
, (@{const Subset}, @{const Relative.subset})
, (@{const quasinat}, Q{const Relative.is__quasinat})
, (@{const apply}, @{const Relative.fun__apply})
, (@{const Upair}, Q{const Relative.upair})
]
|> List.foldr (insert_rel2is o insert_abs2rel) Database.empty
|> Database.insert Database.abs2is (Q{const Pi}, Q{const is_funspace})

fun var_i v = Free (v, @{typ i})
fun var_io v = Free (v, @{typ i = o})

val const_name = #1 o dest_Const

val lookup_tm = AList.lookup (op aconv)
val update _tm = AList.update (op aconv)
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val join__tm = AList.join (op aconv) (K #1)
val conj_ = Utils.binop @Q{const IFOL.conj}

(x generic data *)

structure Data = Generic__Data

(
type T = Database.db
val empty = Database.empty (x Should we initialize this outside this file? x)
val merge = Database.merge

)i
fun init_db db = Context.theory _map (Data.put db)
fun get_db thy = Data.get (Context.Proof thy)

val read__const = Proof Context.read_const {proper = true, strict = true}
val read_new _const = Proof Context.read_term __pattern

fun add_rel_const mode ¢ t = Database.insert mode (¢, t)

fun get_consts thm =
let val (¢_rel, rths) = Thm.concl_of thm |> Utils.dest_trueprop |>
Utils.dest_iff _tms |>> head_ of
in case try Utils.dest_eq tms rhs of
SOME tm => (c_rel, tm |> #2 |> head_of)
| NONE => (c_rel, rhs |> Utils.dest_mem__tms |> #2 |> head_ of)
end

fun add_rule thm rs =

let val (c_rel,c_abs) = get_consts thm

(x in (add_rel__const Database.rel2is c__abs ¢_rel o add__rel _const Database.abs2rel
c_abs c_abs) rs *)

in (add_rel__const Database.abs2rel c_abs c_abs o add__rel _const Database.abs2is
c_abs c_rel) rs
end

fun get_mode is_ functional relationalising = if relationalising then Database.rel2is
else if is_functional then Database.abs2rel else Database.abs2is

fun add__constant mode abs rel thy =
let
val ¢__abs = read__new__const thy abs
val ¢_rel = read_new _const thy rel
val db_map = Data.map (Database.insert mode (c¢__abs, c¢_rel))
fun add_to_context ctxt’ = Context.proof map db_map ctat’
fun add_to_theory ctxt’ = Local Theory.raw_theory (Context.theory map
db_map) ctzt’
m
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Local _Theory.target (add_to_theory o add_to_ context) thy
end

fun rem__constant rem__op ¢ thy =
let
val ¢ = read_new__const thy c
val db_map = Data.map (rem__op c)
fun add_to_context ctxt’ = Context.proof map db_map ctat’
fun add_to_theory ctzt’ = Local _Theory.raw_theory (Context.theory_map
db_map) ctzt’
mn
Local _Theory.target (add_to_theory o add_to_ context) thy
end

val del_rel _const = Database.remove__abs
fun del_rule thm = del_rel_const (thm |> get_consts |> #2)

val Rel add =
Thm.declaration__attribute (fn thm => fn context =>
Data.map (add_rule (Thm.trim__context thm)) context);

val Rel del =
Thm.declaration__attribute (fn thm => fn context =>
Data.map (del_rule (Thm.trim__context thm)) context);

(x Conjunction of a list of terms x)
fun congs [| = @Q{term IFOL. True}
| conjs (fs as _ :: ) = foldrl (uncurry conj_) fs

(* Produces a relativized existential quantification of the term t *)
fun rex p t (Free v) = Q{const rex} $ p $ lambda (Free v) t

| rex _ t (Bound ) =t

| rex __ ¢ tm = raise TERM (rex shouldn't handle this.,[tm,t])

(* Constants that do not take the class predicate x)
val absolute_rels = [ @{const ZF_Base.mem}

, @{const IFOL.eq(7)}

, @{const Memrel}

, @{const True}

, @{const False}

]

(x Creates the relational term corresponding to a term of type i. If the last
argument is (SOME v) then that variable is not bound by an existential
quantifier.

"

fun close_rel _tm pred tm tm_var rs =
let val news = filter (not o (fn x => is_Free x orelse is_Bound x) o #1) rs
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val (vars, tms) = split_list (map #2 news) ||> (curry op Q) (the_list tm)
val vars = case tm__var of
SOME w => filter (fn v => not (v = w)) vars
| NONE => vars
in fold (fn v => fn t => rex pred (incr_boundvars 1 t) v) vars (conjs tms)
end

fun relativ_tms ____ __ rs ctxt [| = ([], s, ctxt)
| relativ_tms is_functional relationalising pred rel_db rs ctet (u :: us) =
let val (w_wu, rs_wu, ctrt_u) = relativ_tm is_functional relationalising NONE
pred rel_db (rs, ctrt) u
val (w_us, rs_us, ctat_us) = relativ_tms is_functional relationalising pred
rel _db rs_u ctrt u us
in (w_u :: w_us, join_tm (rs_u , rs_us), ctat_us)
end
and
(x The result of the relativization of a term is a triple consisting of
a. the relativized term (it can be a free or a bound variable but also a Collect)
b. a list of (term x (term, term)), taken as a map, which is used
to reuse relativization of different occurrences of the same term. The
first element is the original term, the second its relativized version,
and the last one is the predicate corresponding to it.
c. the resulting context of created variables.
*
)
relativ_tm is_functional relationalising mv pred rel_db (rs,ctat) tm =
let
(x relativization of a fully applied constant *)
fun mk_rel_const mv ¢ (args, after) abs_args ctat =
case Database.lookup (get_mode is_functional relationalising) c rel_db of
SOME p =>
let
val args’ = List.filter (not o member (op =) (Utils.frees p)) args
val (v, ctatl) =
the__default
(Variable.variant_fizes || ctzt |>> var_i o hd)
(Utils.map__option (I &&& K ctat) mo)
val args’ =
(x FIXME: This special case for functional relativization of sigma
should not be needed x)
if ¢ = @{const Sigma} andalso is_functional
then
let
val t = hd args’
val t' = Abs (uu_, Q{typ i}, (hd o tl) args’ |> incr_boundvars 1)
m
[t, ¢
end
else
args’
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val arg_list = if after then abs_args Q args’ else args’ Q abs__args
val r_tm =
if is_functional
then list_comb (p, if p = c then arg_list else pred :: arg_list)
else list_comb (p, if (not o null) args’ andalso hd args’ = pred then
arg_list @ [v] else pred :: arg _list @Q [v])
m
if is__functional
then (r_tm, r_tm, ctat)
else (v, r_tm, ctatl)
end
| NONE => raise TERM (Constant ~ const_name ¢ ~ is not present in
the db. , nil)
(x relativization of a partially applied constant *)
fun relativ_app mv mctxt tm abs_args (Const c) (args, after) rs =
let
val (w_ts, rs_ts, ctat_ts) = relativ_tms is_functional relationalising
pred rel_db rs (the_default ctxt mctat) args
val (w_tm, r_tm, ctzt_tm) = mk_rel_const mv (Const ¢) (w_ts, after)
abs__args ctxt_ts
val rs_ts' = if is_functional then rs_ts else update_tm (tm, (w_tm,
r_tm)) rs_ts

mn
(w_tm, rs_ts', ctat_tm)
end
| relativ_app _ _ t =

raise TERM (Eﬁed to relativize an application with a non-constant in
head position,|t])

(x relativization of non dependent product and sum *)
fun relativ_app_no_dep mv tm c t t' rs =
if loose__bvarl (t', 0)
then
raise TERM (A dependency was found when trying to relativize, [tm])
else
relativ_app mv NONE tm [ ¢ ([t, incr_boundvars ~ 1 t'], false) rs

fun relativ_replace mv t body after ctxt’ =
let
val (v, b) = Utils.dest_abs body |>> var_i ||> after
val (b, (rs', ctat’)) =
relativ__fm is_functional relationalising pred rel_db (rs, ctzt', single v,
false) b |>> incr_boundvars 1 ||> #1 &&& #4
mn
relativ_app mv (SOME ctat”’) tm [lambda v b'] @{const Replace} ([t], false)
TS
end

fun get_abs_body (Abs body) = body
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| get_abs_body t = raise TERM (Term is not Abs, [t])

fun go _ (Var _) = raise TERM (Var: Is this possible?,]])
| go mv (@{const Replace} $ t $ Abs body) = relativ_replace mv t body I ctxt
(x It is easier to rewrite RepFun as Replace before relativizing,
since { f(z) .zet}t={y.xzet,y=f(z)} *)
| go mv (Q{const RepFun} $ t $ Abs body) =
let
val (y, ctzt") = Variable.variant_fizes [| ctzt |>> var_i o hd
m
relativ_replace mv t body (lambda y o Utils.eq_ y o incr_boundvars 1)
ctzt’
end
| go mv (@{const Collect} $ t$ pc) =
let
val (pc’y (rs', ctat’)) = relativ_fm is_functional relationalising pred
rel_db (rs,ctzt, [], false) pe ||> #1 &&& #4
m
relativ_app mv (SOME ctzt’) tm [pc] @{const Collect} ([t], false) rs’
end
| go mv (@{const Least} $ pc) =
let
val (pc'y (rs', ctat’)) = relativ_fm is_functional relationalising pred
rel_db (rs,ctat, [|, false) pc ||> #1 &&& #/
m
relativ_app mv (SOME ctxt’) tm [pc'] @Q{const Least} ([], false) rs’
end
| go mv (Q{const transrec} $ t $ Abs body) =
let
val (res, ctet’) = Variable.variant_fizes [if is_functional then __auz else
| ctat |>> var_i o hd
val (z, b") = Utils.dest__abs body |>> var_i
val (y, b) = get_abs body b’ |> Utils.dest_abs |>> var_i
val p = Utils.eq__ res b |> lambda res
val (p’, (rs’, ctzt’)) = relativ_fm is_functional relationalising pred
rel_db (rs, ctat’, [z, y], true) p |>> incr_boundvars 3 ||> #1 &&& #/4
val p' = if is_functional then p’ |> #2 o Utils.dest_eq_tms o #2 o
Utils.dest_abs o get_abs_body else p’
m
relativ_app mv (SOME ctat”) tm [p’ |> lambda z o lambda y] @{ const
transrec} ([t], not is_functional) rs’

end
| go mv (tm as @{const Sigma} $ t $ Abs (_, _, t') =
relativ_app_no__dep mv tm Q{const Sigma} t t' rs
| go mv (tm as @{const Pi} $t$ Abs (_, _,t)) =

relativ_app_no__dep mv tm @Q{const Pi} ¢t t' rs
| go mv (tm as @Q{const bool_of o} $ t) =
let
val (t', (rs', ctxt’)) = relativ_fm is_functional relationalising pred rel_db
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(rs, ctxt, [], false) t ||> #1 &&& #4

in
relativ_app mv (SOME ctat’) tm [t'] @Q{const bool_of o} ([], false) rs’
end
| go mv (tm as @{const If} $ b $ ¢ $ ¢) =
let

val (br, (rs’, ctat’)) = relativ_fm is_functional relationalising pred
rel_db (rs, ctzt, [], false) b ||> #1 &&& #4
mn
relativ_app mv (SOME ctzt) tm [br] @{const If} ([t,t], true) rs’
end
| go mv (@{const The} $ pc) =
let
val (pc’, (rs', ctat’)) = relativ_fm is_functional relationalising pred
rel_db (rs,ctat, [], false) pc ||> #1 &&& #4
m

relativ_app mv (SOME ctat’) tm [pc'] @{const The} ([], false) rs’
end

| go mv (@{const recursor} $ t $ Abs body $ t') =
let
val (res, ctet’) = Variable.variant_fizes [if is_functional then _auz else
| ctet |>> var_i o hd
val (z, b') = Utils.dest_abs body |>> var_i
val (y, b) = get_abs_body b’ |> Utils.dest_abs |>> var_i
val p = Utils.eq_ res b |> lambda res
val (p’, (rs'; ctat')) = relativ_fm is_functional relationalising pred
rel_db (rs, ctat’, [z, y], true) p |>> incr_boundvars 3 ||> #1 &&& #4
val p’ = if is_functional then p' |> #2 o Utils.dest_eq _tms o #2 o
Utils.dest__abs o get_abs_body else p’
val (tr, rs”, ctat'”) = relativ_tm is_functional relationalising NONE
pred rel_db (rs’, ctxt') ¢
m
relativ_app mv (SOME ctat’"’) tm [tr, p’ |> lambda x o lambda y]
@{ const recursor} ([t/], true) rs"’
end
| go mv (@{const wfrec} $ t1 $ t2 $ Abs body) =
let
val (res, ctet’) = Variable.variant_fizes [if is_functional then _auz else
| ctat |>> var_i o hd
val (z, b) = Utils.dest_abs body |>> var_i
val (y, b) = get_abs_body b' |> Utils.dest_abs |>> var_i
val p = Utils.eq__ res b |> lambda res
val (p’, (rs'; ctat')) = relativ_fm is_functional relationalising pred
rel_db (rs, ctat’, [z, y], true) p |>> incr_boundvars 3 ||> #1 &&& #4
val p' = if is_functional then p’ |> #2 o Utils.dest_eq _tms o #2 o
Utils.dest_abs o get_abs_body else p’
in

relativ_app mv (SOME ctxt”’) tm [p’ |> lambda z o lambda y] @{const
wfrec} ([¢1,t2], not is_functional) rs’
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end
| go mv (@{const wfrec_on} $ 118 12§ t3 § Abs body) =
let
val (res, ctet’) = Variable.variant_fizes [if is_functional then _auz else
| ctxt |>> var_i o hd
val (z, b") = Utils.dest__abs body |>> var_i
val (y, b) = get_abs_body b' |> Utils.dest_abs |>> var_i
val p = Utils.eq_ res b |> lambda res
val (p’, (rs', ctxt’)) = relativ_fm is_functional relationalising pred
rel_db (rs, ctzt’, [z, y], true) p |>> incr_boundvars 3 ||> #1 &&& #4
val p’ = if is_functional then p' |> #2 o Utils.dest_eq_tms o #2 o
Utils.dest_abs o get_abs_body else p’
in
relativ_app mv (SOME ctxt”) tm [p’ |> lambda z o lambda y] @{ const
wfrec_on} ([¢1,2,t3], not is_functional) rs’
end
| go mv (Q{const Lambda} $ t $ Abs body) =
let
val (res, ctat’) = Variable.variant_fizes [if is_functional then _auz else
| ctat |>> var_i o hd
val (z, b) = Utils.dest_abs body |>> var_i
val p = Utils.eq__ res b |> lambda res
val (p’, (rs', ctat')) = relativ_fm is_functional relationalising pred
rel_db (rs, ctzt’, [z], true) p |>> incr_boundvars 2 ||> #1 &&& #4
val p' = if is_functional then p’ |> #2 o Utils.dest_eq_tms o #2 o
Utils.dest_abs o get_abs_body else p’
val (tr, rs”, ctat’’) = relativ_tm is_functional relationalising NONE
pred rel_db (rs', ctxt’) t
m
relativ_app mv (SOME ctat”") tm [tr, p’ |> lambda x] @{const Lambda}
(1, true) rs"
end
(x The following are the generic cases x)
| go mv (tm as Const _) = relativ_app mv NONE tm [| tm ([], false) rs
| go mv (tm as _ $ ) = (strip_comb tm ||> I &&& K false |> uncurry
(relativ_app mv NONE tm [])) rs
| go _ tm = if is_functional then (tm, rs, ctat) else (tm, update_tm
(tm,(tm,tm)) rs, ctat)

(x we first check if the term has been already relativized as a variable *)
in case lookup_tm rs tm of
NONE => go mv tm
| SOME (w, _) => (w, s, ctxt)
end
and

relativ_fm is_functional relationalising pred rel _db (rs, ctxt, vs, is_term) fm =
let

(x relativization of a fully applied constant x)
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fun relativ_app (ctxt, rs) ¢ args = case Database.lookup (get_mode is_functional
relationalising) ¢ rel_db of
SOME p =>
let (x flag indicates whether the relativized constant is absolute or not. x)
val flag = not (exists (curry op aconv c) absolute_rels orelse ¢ = p)
val (args, rs_ts, ctxt’) = relativ_tms is_functional relationalising pred rel__db
rs ctxt args
(* TODO: Verify if next line takes care of locales’ definitions x)
val args’ = List.filter (not o member (op =) (Utils.frees p)) args
val args’ = if not (null args’) andalso hd args’ = pred then args’ else pred ::
args’
val tm = list_comb (p, if flag then args' else args’)
(x TODO: Verify if next line is necessary *)
val news = filter (not o (fn x => is_Free x orelse is_Bound ) o #1) rs_ts
val (vars, tms) = split_list (map #2 news)
(x val vars = filter (fn v => not (v = tm)) vars x) (x Verify if this line is
necessary *)
in (tm, (rs_ts, vars, tms, ctzt'))
end
| NONE => raise TERM (Constant ~ const_name ¢ ~ is not present in the
db. , nil)

fun close__fm quantifier (f, (rs, vars, tms, ctat)) =
let
fun contains_b0 t = loose_bvarl (t, 0)

fun contains__extra_var t = fold (fn v => fn acc => acc orelse fold__aterms
(fn t => fn acc => t = v orelse acc) t false) vs false

fun contains_b0_extra t = contains_b0 t orelse contains extra_var t

(xt1$v— t2iff ve FV(t2) %)
fun chained_frees (_$ v) t2 = member (op =) (Utils.frees t2) v
| chained_frees t _ = raise TERM (Malformed term, [t])

val tms__to__close = filter contains_b0__extra tms |> Utils.reachable chained_ frees
tms
val tms_to__keep = map (incr_boundvars ~ 1) (tms --- tms_to__close)
val vars_to_close = inter (op =) (map (List.last o #2 o strip__comb)
tms_to_close) vars
val vars_to_keep = wvars --- vars__to_ close
val new _rs =
s
|> filter (fn (k, (v, rel)) => not (contains_b0__extra k orelse contains _b0__extra
v orelse contains_b0__extra rel))
|> map (fn (k, (v, rel)) => (incr_boundvars ~1 k, (incr_boundvars ~1 v,
incr_boundvars ~ 1 rel)))

val f/ =
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if not is__term andalso not quantifier andalso is_functional
then pred $ Bound 0 :: (map (curry (op $) pred) vs) Q [f]
else [f]
mn
(fold (fn v => fnt => rex pred (incr_boundvars 1 t) v) vars_to__close (conjs
(f' @ tms_to_close)),
(new_rs, vars_to_keep, tms_to_keep, ctxt))
end

(* Handling of bounded quantifiers. *)
fun bguant (ctxzt, rs) quant conn dom pred =
let val (v,pred’) = Utils.dest_abs pred |>> var_i
in
go (ctzt, rs, false) (quant $ (lambda v o incr_boundvars 1) (conn $ (@{const
mem} $ v § dom) $ pred’))
end
and
bind__go (ctxt, rs) const f f' =
let
val (r, (rs1, varsl, tmsl, ctrtl)) = go (ctzt, rs, false) f
val (r', (rs2, vars2, tms2, ctrt2)) = go (ctatl, rsi, false) f'

in
(const § v § 1/, (rs2, varsl QQ vars2, tmsl QQ tms2, ctxt2))
end
and
relativ_eq_var (ctzt, rs) vt =

let
val (_, rs', ctat’) = relativ_tm is_functional relationalising (SOME v)
pred rel_db (rs, ctxt) t

val f = lookup_tm rs' t |> #2 o the
val rs" = filter (not o (curry (op =) t) o #1) rs’
val news = filter (not o (fn x => is_Free x orelse is_Bound x) o #1) rs”
val (vars, tms) = split_list (map #2 news)

mn
(f, (rs”, vars, tms, ctat’))

end

and
relativ_eq (ctzt, rs) t1 t2 =
if is_functional orelse ((is_Free t1 orelse is_Bound t1) andalso (is_ Free t2
orelse is_Bound t2)) then

relativ_app (ctzt, rs) @{const IFOL.eq(7)} [t1, t2]

else if is_Free t1 orelse is_Bound t1 then
relativ__eq _var (ctxt, rs) t1 t2

else if is_Free t2 orelse is__Bound t2 then
relativ_eq var (ctat, rs) t2 t1

else
relativ__app (ctzt, rs) @{const IFOL.eq(7)} [t1, t2]

and

go (ctxt, s, _ ) (@{const IFOL.conj} $ f $ f') = bind_go (ctat, rs)
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@{ const IFOL.conj} f f'

| go (ctat, rs, _ ) (@{const IFOL.disj} $ f $ f') = bind_go (ctzt, rs)
@{const IFOL.disj} f f'

| go (ctat, rs, _ ) (@{const IFOL.Not} $ f) = go (ctat, rs, false) f [>>
((curry op $) @{const IFOL.Not})

| go (ctxt, rs, _ ) (@{const IFOL.iff} $ f $ f') = bind_go (ctxt, rs)
@{const IFOL.iff} f f'

| go (ctat, rs, _ ) (@{const IFOL.imp} $ f $ f') = bind_go (ctat, rs)
@{const IFOL.imp} f f’

| go (ctxt, rs, ) (@{const IFOL.All(i)} $ f) = go (ctat, rs, true) f [>>
((curry op $) (Q{const OrdQuant.rall} $ pred))

| go (ctzt, rs, _ ) (@{const IFOL.Ex(i)} $ f) = go (ctzt, rs, true) f |>>
((curry op $) (Q{const OrdQuant.rex} $ pred))

| go (ctat, rs, _ ) (@{const Bex} $ f $ Abs p) = bquant (ctat, rs) Q{ const
Exz(i)} @{const IFOL.conj} f p

| go (ctxt, 1s, _ ) (@{const Ball} $ f $ Abs p) = bquant (ctzt, rs) Qfconst
All(7)} @{const IFOL.imp} fp

| go (ctzt, rs, _ ) (@{const rall}y $ _ $§ p) = go (ctat, rs, true) p |[>>
(curry op 8) (Q{const rall} $ pred)

| go (ctxt, rs, _ ) (@{const rex} $ _ $ p) = go (ctat, rs, true) p |>>
(curry op 8) (Q{const rex} $ pred)

| go (ctat, rs, _ ) (@{const IFOL.eq(7)} $ t1 $ t2) = relativ_eq (ctzt, Ts)
t1t2

| go (ctat, rs, _ ) (Const ¢) = relativ_app (ctzt, rs) (Const ¢) ||

| go (ctxt, rs, _ ) (tmas__$ ) = strip__comb tm |> uncurry (relativ_app
(ctat, rs))

| go (ctzt, rs, quantifier) (Abs (v, _, t)) =

let

val new_rs = map (fn (k, (v, rel)) => (incr_boundvars 1 k, (incr_boundvars
1 v, incr_boundvars 1 rel))) rs
m
go (ctat, new_rs, false) t |> close_fm quantifier |>> lambda (var_i v)
end
| go __ t = raise TERM (Relativization of formulas cannot handle this case.,[t])
n
go (ctat, rs, false) fm
end

fun relativ_tm__frm’ is_functional relationalising cls_pred db ctzt tm =
let
fun get_bounds (I as Abs _) = op QQ (strip_abs | |>> map (op #1) ||>
get__bounds)
| get_bounds (t as _$_) = strip_comb ¢ |> op :: |> map get_bounds |> flat
| get _bounds _ =[]

val ty = fastype of tm

val initial_ctxt = fold Utils.add__to__context (get_bounds tm) ctxt
n
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case ty of
Q{typ i} =>
let
val (w, rs, _) = relativ_tm is_functional relationalising NONE cls_pred
db ([], initial_ctxt) tm

in
if is__functional
then (NONE, w)
else (SOME w, close_rel_tm cls_pred NONE (SOME w) rs)
end
| @{typ o} =>
let

fun close_fm (f, (_, vars, tms, _)) =
fold (fn v=> fnt => rex cls_pred (incr_boundvars 1 t) v) vars (conjs
(f = tms))
in
(NONE, relativ_fm is_functional relationalising cls_pred db ([], initial _ctxt,
[, false) tm |> close_fm)
end
| ty’ => raise TYPE (We can relativize only terms of types i and o, [ty’], [tm])
end

fun Iname ctxt = Local _Theory.full _name ctxt o Binding.name

fun destroy_ first_lambdas (Abs (body as (_, ty, _))) =
Utils.dest_abs body ||> destroy_first_lambdas |> (#1 o #2) &&& ((fn v =>
Free (v, ty)) sxx #2) ||> op =
| destroy_ first_lambdas t = (t, [])

fun freeType (Free (_, ty)) = ty
| freeType t = raise TERM (freeType, [t])

fun relativize__def is__external is_functional relationalising def name thm__ref pos
lthy =
let
val ctat = lthy
val (vars,tm,ctztl) = Utils.thm__concl_tm ctxt (thm_ref ~ __def)
val db’ = Data.get (Context. Proof lthy)
val (tm, lambdavars) = tm |> destroy_first _lambdas o #2 o Utils.dest_eq tms’
o Utils.dest__trueprop
val ctatl = fold Utils.add_to__context (map Utils.freeName lambdavars) ctat!
val (cls_pred, ctxtl, vars, lambdavars) =
if (not o null) vars andalso (#2 o #1 o hd) vars = Q{typ i = o} then
((Thm.term__of o #2 o hd) wvars, ctztl, tl vars, lambdavars)
else if null vars andalso (not o null) lambdavars andalso (freeType o hd)
lambdavars = Q{typ i = o} then
(hd lambdavars, ctztl, vars, tl lambdavars)
else Variable.variant_fizes [N] ctatl |>> war_io o hd |> (fn (cls, ctat) =>
(cls, ctxt, vars, lambdavars))
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val db’ = db’ |> Database.insert Database.abs2rel (cls_pred, cls_pred)
o Database.insert Database.rel2is (cls_pred, cls_pred)
val (v,t) = relativ_tm_ frm’ is_functional relationalising cls_pred db’ ctatl tm
val t_vars = sort_strings (Term.add_ free_names tm [])
val vs" = List.filter (#1 #> #1 #> #1 #> Ord_List.member String.compare
t_wvars) vars
val vs = cls_pred :: map (Thm.term__of o #2) vs’ @Q lambdavars Q the_list v
val at = List.foldr (uncurry lambda) t vs
val abs__const = read__const lthy (if is_external then thm_ref else Iname Ilthy
thm,__ref)
Jfun new__const ctrt’' = read_new_const ctzt’ def name
fun db_map ctzt’ =
Data.map (add_rel _const (get_mode is_functional relationalising) abs__const
(new__const ctat’))
fun add_to__context ctzt’ = Context.proof _map (db_map ctat’) ctxt’
fun add_to_theory ctxt’ = Local Theory.raw_theory (Context.theory map
(db_map ctat”)) ctxt’
m
lthy
|> Local _Theory.define ((Binding.name def _name, NoSyn), ((Binding.name
(def _name ~ _def), []), at))
|>> (#2 #> (fn (s,t) => (s,[t])))
|> Utils.display theorem pos
|> Local Theory.target (add_to_theory o add_to_ context)
end

fun relativize__tm is_ functional def name term pos lthy =

let
val ctxt = lthy
val (cls_pred, ctxtl) = Variable.variant fizes [N] ctat |>> var_io o hd
val tm = Syntazx.read_term ctztl term
val db’ = Data.get (Context. Proof lthy)
val db’ = db’ |> Database.insert Database.abs2rel (cls_pred, cls_pred)

o Database.insert Database.rel2is (cls_pred, cls_pred)

val vs' = Variable.add _frees ctztl tm ||
val ctat2 = fold Utils.add_to__context (map #1 vs’) ctxtl
val (v,t) = relativ_tm_ frm’ is_functional false cls_pred db’ ctxt2 tm
val vs = cls_pred :: map Free vs’ Q the_list v
val at = List.foldr (uncurry lambda) t vs

m
lthy
|> Local _Theory.define ((Binding.name def _name, NoSyn), ((Binding.name

(def _name ~ _def), []), at))

5> (#2 #> (fn (s,8) => (5,[1])))
|> Utils.display theorem pos

end

val op $° = curry ((op $) o swap)
infix $°
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fun is_free i (Free (_, @{typ i})) = true
| is_free_i__ = false

fun rel__closed__goal target pos lthy =
let
val (__, tm, _) = Utils.thm__concl_tm lthy (target ~ _rel def)
val (def, tm) = tm |> Utils.dest_eq_tms’
fun first_lambdas (Abs (body as (_, ty, _))) =
if ty = Q{typ i}
then (op ::) (Utils.dest_abs body |>> Utils.var_i ||> first_lambdas)
else Utils.dest__abs body |> first_lambdas o #2
| first_lambdas _ = |]
val (def, vars) = Term.strip_comb def ||> filter is_free i
val vs = vars Q first_lambdas tm
val class = Free (M, @Q{typ i = o})
val def = fold (op $°) (class :: vs) def
val hyps = map (fn v => class $ v |> Utils.tp) vs
val concl = class $ def
val goal = Logic.list_implies (hyps, Utils.tp concl)
val attribs = Q{attributes [intro, simp]}
in
Proof .theorem NONE (fn thmss => Utils.display theorem pos
o Local _Theory.note ((Binding.name (target ~
_rel_closed), attribs), hd thmss))
[[(goal, [))]] lthy

end

fun iff _goal target pos lthy =
let
val (_, tm, ctxt’) = Utils.thm__concl_tm lthy (target ~ _rel_def)
val (__, is_def, ctxt) = Utils.thm__concl_tm ctat’ (is_ ~ target ~ __def)
val is_def = is_def |> Utils.dest_eq tms’ |> #1 |> Term.strip_comb |> #1
val (def, tm) = tm |> Utils.dest_eq_tms’
fun first_lambdas (Abs (body as (__, ty, _))) =
if ty = Q{typ i}
then (op ::) (Utils.dest_abs body |>> Utils.var_i ||> first_lambdas)
else Utils.dest__abs body |> first_lambdas o #2
| first_lambdas =[]
val (def, vars) = Term.strip_comb def ||> filter is_free i
val vs = vars Q first _lambdas tm
val class = Free (M, @{typ ¢ = o})
val def = fold (op $°) (class :: vs) def
val ty = fastype_of def
val res = if ty = Q{typ i}
then Variable.variant_fizes [res| ctat |> SOME o Utils.var_i o hd o
oy
else NONE
val is_def = fold (op $°) (class :: vs Q the_list res) is_def
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val hyps = map (fn v => class $ v |> Utils.tp) (vs @ the list res)
val concl = @Q{const IFOL.iff} $ is_def
$ (if ty = Q{typ i} then (Q{const IFOL.eq(i)} $ the res $ def) else def)
val goal = Logic.list_implies (hyps, Utils.tp concl)
in
Proof .theorem NONE (fn thmss => Utils.display theorem pos
o Local_Theory.note ((Binding.name (is__ ~ target ~

_if), 1]), hd thmss))

[[(goal, [))]] ithy
end

fun univalent__goal target pos lthy =
let
val (_, tm, ctzt) = Utils.thm__concl_tm lthy (is_ ~ target ~ __def)
val (def, tm) = tm |> Utils.dest__eq_tms’
fun first_lambdas (Abs (body as (__, ty, _))) =
if ty = @{typ i}
then (op ::) (Utils.dest_abs body |>> Utils.var_i ||> first_lambdas)
else Utils.dest__abs body |> first_lambdas o #2
| first_lambdas _ =[]
val (def, vars) = Term.strip_comb def ||> filter is_free i
val vs = vars Q first _lambdas tm
val n = length vs
val vs = List.take (vs, n - 2)
val class = Free (M, @{typ i = o})
val def = fold (op $°) (class :: vs) def
val v = Variable.variant_fizes [A] ctxt |> Utils.var_i o hd o #1
val hyps = map (fn v => class $ v |> Utils.tp) (v :: vs)
val concl = @Q{const Relative.univalent} $ class $ v $ def
val goal = Logic.list_implies (hyps, Utils.tp concl)
in
Proof.theorem NONE (fn thmss => Utils.display theorem pos
o Local_Theory.note ((Binding.name (univalent is__
“target), []), hd thmss))

[[(goal, ()] ithy
end

end
)

ML«
local
val full _mode_parser =
Scan.option (((Parse.$$$ functional |-- Parse.$$$ relational) >> K Database.rel2is)
[| (((Scan.option (Parse.$$$ absolute)) |-- Parse.$$$ functional)

>> K Database.abs2rel)
l| (((Scan.option (Parse.$$$ absolute)) |-- Parse.$$$ relational) >>

K Database.abs2is))

>> (fn mode => the_default Database.abs2is mode)
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val reldb__parser =
Parse.position (full _mode_parser -- (Parse.string -- Parse.string));

val singlemode__parser = (Parse.$$$ absolute >> K Database.remove__abs)
|| (Parse.$$$ functional >> K Database.remove__rel)
|| (Parse.$$$ relational >> K Database.remove__is)

val reldb__rem__parser = Parse.position (singlemode_parser -- Parse.string)

val mode__parser =
Scan.option ((Parse.$3%$ relational >> K false) || (Parse.$$$ functional >>
K true))
>> (fn mode => if is_none mode then false else the mode)

val relativize__parser =
Parse.position (mode__parser -- (Parse.string -- Parse.string) -- (Scan.optional
(Parse.$3%$ external >> K true) false));

val _ =
Outer__Syntax.local _theory command__keyword reldb__add> ML setup for
adding relativized / absolute pairs
(reldb__parser >> (fn ((mode, (abs_term,rel_term)), ) =>
Relativization.add__constant mode abs__term rel__term))

val =
Outer__Syntax.local _theory command__keyword <reldb__rem> ML setup for
adding relativized / absolute pairs
(reldb__rem__parser >> (uncurry Relativization.rem__constant o #1))

val =
Outer__Syntax.local_theory command__keyword (relativizes ML setup for
relativizing definitions
(relativize__parser >> (fn (((is_functional, (bndg,thm)), is_external),pos)
=>
Relativization.relativize__def is__external is_functional false thm bndg pos))

val _ =
Outer__Syntax.local _theory command__keyword <relativize _tm> ML setup for
relativizing definitions
(relativize__parser >> (fn (((is_functional, (bndg,term)), _),pos) =>
Relativization.relativize__tm is_functional term bndg pos))

val =
Outer__Syntax.local__theory command__keyword «relationalizey ML setup for
relativizing definitions
(relativize_parser >> (fn (((is_functional, (bndg,thm)), is_external),pos)
=>
Relativization.relativize__def is__external is_functional true thm bndg pos))
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val =
Outer__Syntax.local__theory to_proof command__keyword rel_closed> ML
setup for rel_closed theorem
(Parse.position (Parse.$$$ for |-- Parse.string) >> (fn (target,pos) =>
Relativization.rel__closed__goal target pos))

val _ =
Outer__Syntax.local__theory to_proof command__keywordis_iff rely ML
setup for rel_closed theorem
(Parse.position (Parse.$$$ for |-- Parse.string) >> (fn (target,pos) =>
Relativization.iff _goal target pos))

val =
Outer__Syntax.local_theory to_proof command__keyword <univalenty ML
setup for rel__closed theorem
(Parse.position (Parse.$$$ for |-- Parse.string) >> (fn (target,pos) =>
Relativization.univalent__goal target pos))

val =
Theory.setup
(Attrib.setup binding < Rely (Attrib.add__del Relativization. Rel__add Relativization.Rel _del)
declaration of relativization rule) ;
mn
end
)
setup«Relativization.init_db Relativization.db »

declare relative__abs[Rel]
declare datatype__abs|Rel]

ML«
val db = Relativization.get db Q{context}
)

end
theory Discipline Base
imports
ZF-Constructible. Rank
ZF  Miscellanea
Relativization

begin

declare [[syntaz_ambiguity _warning = false])
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10.1 Discipline of relativization of basic concepts

definition
is_singleton :: [i=0,4,i]] = o where
is_singleton(A,x,z) = I c[A]. empty(A,c) A is_cons(A,x,c,z)

lemma (in M _trivial) singleton__abs[simp] :
[ M(z); M(s) | = is_singleton(M,z,s) «— s = {z}
unfolding is _singleton_def using nonempty by simp

synthesize singleton from__definition is singleton

lemma (in M_trivial) singleton__closed [simp]:
M(z) = M({z})
by simp

lemma (in M_ trivial) Upair_closed[simp]: M(a) = M(b) = M(Upair(a,b))
using Upair_eq cons by simp

lemma (in M__trivial) upair_closed[simp] : M(z) = M(y) = M({z,y})
by simp

The following named theorems gather instances of transitivity that arise
from closure theorems

named__theorems trans closed

definition
is_hcomp :: [i=o0,i=i=0,i=i=>0,i,i] = o where
is_hcomp(Mis_f,is_g,a,w) = F2[M]. is_g(a,z) A is_f(z,w)

lemma (in M_trivial) is_hcomp__abs:

assumes
is_f _abs:\a z. M(a) = M(z) = is_f(a,2) +— z = f(a) and
is_g_abs:N\a z. M(a) = M(z2) = is_g(a,2) «— 2z = g(a) and
g_closed:N\a. M(a) = M(g(a))
M(a) M(w)

shows
is_hcomp(M,is_f,is_g,a,w) +— w = f(g(a))

unfolding is hcomp_def using assms by simp

definition
hcomp__fm :: [i=i=i,i=i=>1,i,i] = { where
heomp_fin(pfpg,a,w) = Brists( And(pg(succ(a),0),pf (0,succ(w))))

lemma sats hcomp_ fm:
assumes
f_iff _sats:\a b z. a€nat = benat — 2e M —
is_f(nth(a,Cons(z,env)),nth(b,Cons(z,env))) +— sats(M,pf(a,b),Cons(z,env))
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and
g_iff _sats:\a b z. a€nat = bEnat = 2eé M —
is_g(nth(a,Cons(z,env)),nth(b,Cons(z,env))) «— sats(M,pg(a,b), Cons(z,env))
and
a€nat wenat envelist(M)
shows
sats(M hcomp__fm(pf,pg,a,w),env) <— is_hcomp(##M is_f,is_g,nth(a,env),nth(w,env))
proof -
have sats(M, pf(0, succ(w)), Cons(z, env)) <— is_f(z,nth(w,env)) if ze M
wenat for z w
using f_iff _sats[of 0 succ(w) z] that by simp
moreover
have sats(M, pg(succ(a), 0), Cons(z, env)) «— is_g(nth(a,env),z) if te M acnat
for z a
using g _iff _sats[of succ(a) 0 z] that by simp
ultimately
show ?thesis unfolding hcomp_ fm__ def is_hcomp_ def using assms by simp
qed

definition
hcomp_r :: [i=0,[i=0,i,i]=>0,[i=>0,i,i]=>0,i,i] = o where
hcomp_r(M,is_f,is _g,a,w) = A2[M]. is_g(M,a,2) N is_f(M,zw)

definition
is_hcomp2_ 2 :: [i=o,[i=0,i,i,i|=0,[i=0,i,i,i|=0,[i=0,i,i,i|=0,i,i,i]] = o where
is_hcomp2_2(M,is_f,is_gl,is_g¢2,a,b,w) = 3 glab[M]. 3 g2ab[M].
is_gl(M,a,b,glab) A is_g2(M,a,b,g2ab) A is_f(M,glab,g2ab,w)

lemma (in M_ trivial) hcomp__abs:

assumes
is_f_abs:\a z. M(a) M(z) = is_f(M,a,2) +— z = f(a) and
is_g_abs:N\a z. M(a) M(z) = is_g(M,a,2) +— 2z = g(a) and
g_closed:N\a. M(a) = M(g(a))
M(a) M(w)

shows
hecomp_r(M,is_f,is_g,a,w) +— w = f(g(a))

unfolding hcomp_r _def using assms by simp

=
=

lemma hcomp__uniqueness:

assumes

uniq_is_f:

Nrdd. M(r)= M(d) = M({d) = is_ f(M,r,d) = is f(M, r,d) =
d=d’

and

uniq_is_g:

Ardd. M(r)y = M(d) = M({d') = is_g(M,r,d) = is_g(M,r,d) =
d=d’

and
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M(a) M(w) M(w")
hcomp_r(M,is_f,is _g,a,w)
hecomp_r(M,is_f,is_g,a,w’)
shows
w=w'
proof -
from assms
obtain z 2z’ where is_g(M, a, z) is_g(M, a, 2')
is_f(M,zw) is_f(M,z"\w’)
unfolding hcomp_r_def by blast
moreover from this and uniq is g and <M(a)»
have 2=z’ by blast
moreover note unig_is_f and «M(w)> <M (w’)
ultimately
show ?thesis by blast
qed

lemma hcomp_witness:
assumes
wit_is_f: Ar. M(r) = 3d[M]. is_f(M,r,d) and
wit_is_g: Ar. M(r) = 3d[M]. is_g(M,r,d) and
M(a)
shows
Jw[M]. hcomp_r(M,is_f,is_g,a,w)
proof -
from «M(a)> and wit_is_g
obtain z where is_g(M,a,z) M(z) by blast
moreover from this and wit_is f
obtain w where is_f(M,z,w) M(w) by blast
ultimately
show ?thesis
using assms unfolding hcomp_ r_def by auto
qed

lemma (in M__trivial) hcomp2 2 abs:
assumes
is_f _abss\rl r2 z. M(rl) = M(r2) = M(z) = is_f(M,r1,r2,z) +— 2z =
f(r1,r2) and
is_g1_abssA\rl 12 z. M(rl) = M(r2) = M(z) = is_gl(M,rl,r2,z) <—
z = g1(rl,r2) and
is_g2_abss\r1 12 z. M(rl) = M(r2) = M(z) = is_g2(M,r1,r2,z) +—
z = ¢2(r1,r2) and
types: M(a) M(5) M(w) M(gi(a,b)) M(g2(a,}))
shows
is_hcomp2_2(M,is_f,is_gljis g¢2,a,b,w) <— w = f(g1(a,b),92(a,b))
unfolding is hcomp2 2 _def using assms
— We only need some particular cases of the abs assumptions
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by simp

lemma hcomp2_ 2 _uniqueness:
assumes
uniq_is_f:
Nrlir2dd. M(rl) = M(r2) = M(d) = M(d') =
is f(M,rl,r2,d) = is_f(M,rl,r2, d) = d=4d’
and
untq s gl:
Arl r2 d d'. M(rl) = M((r2)— M(d) = M(d") = is_gl(M, r1,r2, d)
= is_gl(M, r1,r2, d) =
d=d'
and
uniq s g2:
Arl r2 d d'. M(rl) = M(r2)=— M(d) = M(d") = is_g2(M, r1,r2, d)
= is g2(M, ri,r2, d') =
d=d'
and
M(a) M(b) M(w) M(w")
is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w)
is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w’)
shows
w=w’
proof -
from assms
obtain z 2z’ y y’ where is_g1(M, a,b, z) is_gl(M, a,b, 2’)
is_g2(M, a,b, y) is_g2(M, a,b, y')
is_f(M,z,y,w) is_f(M,z",y",w")
M(2) M(>') M(y) M(y)
unfolding is _hcomp2 2 _def by force
moreover from this and uniq_is g1 uniq_is_g2 and <M(a)> <M (b)»
have z=z' y=y' by blast+
moreover note uniq is_f and «M(w) <M (w')
ultimately
show ?thesis by blast
qed

lemma hcomp2 2 witness:
assumes
wit_is_f: Arl 2. M(rl) = M(r2) = 3d[M]. is_f(M,r1,r2,d) and
wit_is_gl: Arlr2. M(rl) = M(r2) = 3d[M]. is_g1(M,rl,r2,d) and
wit_is_g2: \rl r2. M(rl) = M(r2) = 3d[M]. is_g2(M,r1,r2,d) and
M(a) M(b)
shows
Jw[M]. is_hcomp2_ 2(M,is_f,is gl,is_g2,a,b,w)
proof -
from <M (a)> <M(b)> and wit_is gl
obtain gla where is_g1(M,a,b,gla) M(gla) by blast
moreover from «M(a)» <M(b)> and wit_is_g2
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obtain g2a where is_g2(M,a,b,g2a) M(g2a) by blast
moreover from calculation and wit_is f
obtain w where is_f(M,gla,92a,w) M(w) by blast
ultimately
show ?thesis
using assms unfolding is hcomp2 2 _def by auto
qed

lemma (in M_trivial) extensionality trans:
assumes
M(d) A (Vz[M]. zed <— P(x))
M(d) N (Vz[M]. z€d’ +— P(x))
shows
d=d’
proof -
from assms
have Vz. zed <— P(z) N M(z)
using transM[of __ d] by auto
moreover from assms
have Vz. zed’ <— P(z) N M(x)
using transM[of __ d'] by auto
ultimately
show ?thesis by auto
qed

definition
It_rel :: [i=0,i,i] = o where
It_rel(M,a,b) = a€b A ordinal(M,b)

lemma (in M _trans) It_abs[absolut]: M(a) = M(b) = lt_rel(M,a,b) +— a<b
unfolding It _rel def It_def by auto

definition
le_rel :: [i=>0,i,i] = o where
le_rel(M,a,b) = 3 sb[M]. successor(M,b,sb) A It_rel(M,a,sb)

lemma (in M_ trivial) le_abs[absolut]: M(a) = M(b) = le_rel(M,a,b) +—
a<b
unfolding le_rel def by (simp add:absolut)

10.2 Discipline for Pow

definition
is_Pow :: [i=0,i,i] = o where
is_ Pow(M,A,z) = M(z) A (Vz[M]. z € z +— subset(M,z,A4))

definition

Pow_rel :: [i=0,i] = i (<Pow—"(__")>) where
Pow_rel(M,r) = THE d. is_Pow(M,r,d)

78



abbreviation
Pow_r_set :: [i,i] = i (\Pow—"(__")») where
Pow_r_set(M) = Pow_rel(##M)

context M basic
begin

lemma is Pow uniqueness:

assumes

M(r)

is_Pow(M,r,d) is_Pow(M,r,d’)
shows

d=d’
using assms extensionality__trans
unfolding is Pow_def
by simp

lemma is_Pow_witness: M(r) = 3 d[M]. is_Pow(M,r,d)
using power__azr unfolding power ax_def powerset_def is Pow _def
by simp — We have to do this by hand, using axioms

lemma is Pow_closed : [ M(r);is_Pow(M,r,d) | = M(d)
unfolding is Pow_def by simp

lemma Pow_rel_closed[intro,simp|: M(r) = M(Pow_rel(M,r))
unfolding Pow rel def
using is_Pow_ closed theI[OF ex1I]of Ad. is_Pow(M,r,d)], OF _is_Pow_uniqueness|of

r]]
is_Pow witness
by fastforce

lemmas trans_Pow_rel_closed[trans_closed] = transM[OF __ Pow_rel_closed]

The proof of f rel iff lemma is schematic and it can reused by copy-paste
replacing appropriately.

lemma Pow _rel iff:
assumes M(r) M(d)
shows is_ Pow(M,r,d) <— d = Pow_rel(M,r)
proof (intro iffT)
assume d = Pow_rel(M,r)
with assms
show is_Pow(M, r, d)
using is_Pow_uniqueness|of r] is_Pow_witness
thel[OF ex1I[of Ad. is_Pow(M,r,d)], OF __ is_Pow_uniqueness|of ]|
unfolding Pow_rel def
by auto
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next
assume is_Pow(M, r, d)
with assms
show d = Pow_rel(M,r)
using isPow_uniqueness unfolding Pow _rel def
by (auto del:the _equality intro:the _equality[symmetric])
qed

The next ”"def ” result really corresponds to YA € Pow(?B) «— ?A C 7B

lemma def Pow rel: M(A) = M(r) = A€Pow_rel(M,r) «+— AC r
using Pow_rel iff[OF _ Pow_rel_closed, of r 1]
unfolding is Pow_def by simp

lemma Pow_rel_char: M(r) = Pow_rel(M,r) = {A€Pow(r). M(A)}
proof -
assume M (r)
moreover from this
have z € Pow_rel(M,r) = 2Cr M(z) = 2 C r = x € Pow_rel(M,r) for z
using def Pow_rel by (auto intro:trans_closed)
ultimately
show ?thesis
using trans_ closed by blast
qged

lemma mem_ Pow_rel_abs: M(a) = M(r) = a € Pow_rel(M,r) «— a €
Pow(r)
using Pow_rel_char by simp

end — M _basic

10.3 Discipline for PiP

definition
PiP_rel:: [i=0,i,i]=0 where
PiP_rel(M,A,f) = 3df[M]. is_domain(M,f,df) N subset(M,A,df) N
is_function(M,f)

context M _basic
begin

lemma def PiP_rel:
assumes
M(A) M(f)
shows
PiP_rel(M,A,f) «— A C domain(f) A function(f)
using assms unfolding PiP_rel def by simp

end — M _basic
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definition — FIX THIS: not completely relational. Can it be?
Sigfun :: [i,i=i]=1 where
Sigfun(z,B) = JyeB(z). {(z,y)}

lemma Sigma_ Sigfun: Sigma(A,B) = |J {Sigfun(z,B) . z€A}
unfolding Sigma_ def Sigfun_ def ..

definition — FIX THIS: not completely relational. Can it be?
is_Sigfun :: [i=0,i,i=1i,i]]=0 where
is_Sigfun(M,z,B,Sd) = M(Sd) A (3 RB[M]. is_Replace(M,B(x),\y z. z={(z,y)},RB)
A big_union(M,RB,Sd))

context M trivial
begin

lemma is_Sigfun__abs:
assumes
strong_replacement(M,\y z. z={{(z,y)})
M(z) M(B(z)) M(Sd)
shows
is_Sigfun(M,z,B,5d) +— Sd = Sigfun(z,B)
proof -
have {z . y € B(x), 2 = {(z, )}} = (UyeB@). {(z, »)}) by auto
then
show ?thesis
using assms transM[OF _ «M(B(z))»] Replace__abs
unfolding is Sigfun_ def Sigfun__def by auto
qed

lemma Sigfun__closed:

assumes
strong__replacement(M, Ay z. y € B(z) A z = {{z, y)})
M(z) M(B(z))

shows
M(Sigfun(z,B))

using assms transM[OF _ <M (B(z))>] RepFun__closed2

unfolding Sigfun_def by simp

lemmas trans_Sigfun_closed[trans_closed] = transM[OF __ Sigfun__closed)]
end — M trivial
definition

is_Sigma :: [i=0,i,i=1i,i]]=0 where
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is_Sigma(M,A,B,S) = M(S) A (3 RSf[M].
is_Replace(M,A\z z. z=Sigfun(z,B),RSf) N big_union(M,RSf,S))

locale M Pi = M _basic +
assumes
Pi_separation: M(A) = separation(M, PiP_rel(M,A))
and
Pi__replacement:
strong__replacement(M, Aya z. ya € y A z = {{z, ya)})
M(y) =
strong_replacement(M, Az z. z = (| za€y. {{z, za)}))

locale M Pi _assumptions = M__Pi +
fixes A B
assumes
Pi__assumptions:
M(A)
Nz. 1€ A = M(B(z))
VzeA. strong_replacement(M, Ay z. y € B(z) A z = {{z, y)})
strong__replacement(M Az z. z=Sigfun(z,B))
begin

lemma Sigma__abs[simpl:
assumes
M(S)
shows
is_Sigma(M,A,B,S) «+— S = Sigma(A,B)
proof -
have |J{z . z € A, z = Sigfun(z, B)} = (Jz€A. Sigfun(z, B))
by auto
with assms
show ?thesis
using Replace_abs[of A _ Az z. z=Sigfun(z,B)]
Sigfun__closed Sigma__Sigfun|of A B] transM[of __ A]
Pi__assumptions is_Sigfun__abs
unfolding is Sigma_ def by simp
qed

lemma Sigma__closed[intro,simp|: M(Sigma(A,B))
proof -
have (|Jz€A. Sigfun(z, B)) = U{z . z € A, z = Sigfun(z, B)}
by auto
then
show ?thesis
using Sigma_ Sigfun[of A B] transM|[of __ A]
Sigfun__closed Pi__assumptions
by simp
qed
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lemmas trans_Sigma__closed[trans_closed] = transM[OF __ Sigma__closed)

end — M__Pi_assumptions

10.4 Discipline for P:

definition
is_Pi :: [i=o0,i,i=1,i]]=0 where
is_Pi(M,A,B, 1) = M(I) A (3S[M]. 3 PS[M]. is_Sigma(M,A,B,S) A
is_Pow(M,S,PS) A
ts_Collect(M,PS,PiP_rel(M,A),I))

definition
Pi_rel :: [i=o,i,i=1i] = i («Pi—'(_,_")) where
Pi_rel(M,A,B) = THE d. is_Pi(M,A,B,d)

abbreviation
Pi_r_set :: [i,ii=1i] = i («Pi—'(_,_")») where
Pi_r set(M,A,B) = Pi_rel(#+#M,A,B)

context M Pi assumptions
begin

lemma is Pi uniqueness:

assumes
is_Pi(M,A,B,d) is_Pi(M,A,B,d")

shows
d=d’

using assms Pi__assumptions extensionality trans
Pow_rel_iff

unfolding is Pi def by simp

lemma is_Pi_witness: 3d[M]. is_Pi(M,A,B,d)
using Pow_rel iff Pi_separation Pi_assumptions
unfolding is Pi def by simp

lemma is_Pi_closed : is_Pi(M,A,B,d) = M(d)
unfolding is Pi def by simp

lemma Pi_rel_closed[intro,simp): M(Pi_rel(M,A,B))
proof -
have is_Pi(M, A, B, THE za. is_Pi(M, A, B, za))
using Pi_assumptions
thel[OF ex1I|of is_Pi(M,A,B)], OF __ is_Pi_uniqueness]
is Pi_witness is_Pi_closed
by auto
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then show ?thesis
using is_Pi_closed
unfolding Pi rel def
by simp
qed

— From this point on, the higher order variable y must be explicitly instantiated,
and proof methods are slower

lemmas trans_Pi_rel_closed[trans_closed] = transM[OF __ Pi_rel_closed]

lemma Pi_rel iff:
assumes M (d)
shows is_Pi(M,A,B,d) +— d = Pi_rel(M,A,B)
proof (intro iffT)
assume d = Pi_rel(M,A,B)
moreover
note assms
moreover from this
obtain e where M(e) is Pi(M,A,B,e)
using is_ Pi_witness by blast
ultimately
show is_Pi(M, A, B, d)
using s Pi_uniqueness is_Pi_witness is_Pi _closed
thel [OF ex1I]of is_Pi(M,A,B)], OF _ is_Pi_uniqueness, of €]
unfolding Pi rel def
by simp
next
assume is_Pi(M, A, B, d)
with assms
show d = Pi_rel(M,A,B)
using is_ Pi_uniqueness is_Pi_closed unfolding Pi_rel def
by (blast del:the__equality intro:the__equality[symmetric])
qed

lemma def Pi rel:
Pi_rel(M,A,B) = {fePow_rel(M,Sigma(A,B)). ACdomain(f) A function(f)}
proof -
have Pi_rel(M,A, B) C Pow_rel(M,Sigma(A,B))
using Pi_assumptions Pi_rel_iff[of Pi_rel(M,A,B)] Pow_rel iff
unfolding is Pi def by auto
moreover
have f € Pi_rel(M,A, B) = ACdomain(f) A function(f) for f
using Pi_assumptions Pi_rel iff[of Pi_rel(M,A,B)]
def PiP_rellof A f] trans_closed Pow_rel iff
unfolding is Pi_def by simp
moreover
have f € Pow_rel(M,Sigma(A,B)) = ACdomain(f) A function(f) = f €
Pi_rel(M,A, B) for f
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using Pi_rel_iff[of Pi_rel(M,A,B)] Pi_assumptions
def PiP_rellof A f] trans_closed Pow_rel iff
unfolding is Pi_def by simp
ultimately
show ?thesis by force
qed

lemma Pi _rel char: Pi_rel(M,A,B) = {fePi(A,B). M(f)}

using Pi_assumptions def Pi_rel Pow_rel _char[OF Sigma__closed) unfolding
Pi_def

by fastforce

lemma mem_Pi rel abs:
assumes M(f)
shows [ € Pi_rel(M,A,B) +— f € Pi(A,B)
using assms Pi_rel char by simp

end — M _Pi_assumptions

The next locale (and similar ones below) are used to show the relationship
between versions of simple (i.e. 21ZF , H1ZF ) concepts in two different transitive
models.
locale M__N_Pi assumptions = M:M__Pi_assumptions + N:M__Pi__assumptions
N for N +

assumes

M_imp_N:M(z) = N(x)

begin

lemma Pi_rel_transfer: PiM(A,B) C Pi"(A,B)
using M.Pi_rel _char N.Pi_rel char M__imp N by auto

end — M_N_Pi assumptions

locale M__Pi_assumptions 0 = M__Pi_assumptions _ 0
begin

This is used in the proof of AC_Pi_rel
lemma Pi_rel_emptyl[simp]: PiM(0,B) = {0}
using Pi_assumptions Pow_rel_char
by (unfold def Pi_rel function_def) (auto)
end — M _Pi_assumptions_0
context M Pi assumptions

begin
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10.5 Auxiliary ported results on Pi rel, now unused

lemma Pi_rel iff":
assumes types: M (f)
shows
f € Pi_rel(M,A,B) +— function(f) A f C Sigma(A,B) N A C domain(f)
using assms Pow_rel char
by (simp add:def Pi_rel, blast)

lemma lam_ type_ M:
assumes M(A) Az. 1€ A = M(B(x))
Nz. z € A = b(z)eB(z) strong_replacement(M, z y. y=(z, b(x)))
shows (Az€A. b(z)) € Pi_rel(M,A,B)
proof (auto simp add: lam__def def Pi_rel function__def)
from assms
have M({(z, b(z)) . z € A})
using Pi_assumptions transM[OF _ «M(A)»]
by (rule_tac RepFun_ closed, auto introl:transM[OF _ «\z. z€ A = M(B(z))*])
with assms
show {(z, b(z)) . z € A} € PowM(Sigma(A, B))
using Pow_rel_char by auto
qed

end — M_Pi_assumptions

locale M Pi assumptions2 = M__Pi _assumptions +
PiC: M_Pi_assumptions _ _ C for C
begin

lemma Pi_rel_type:
assumes [ € PiM(A,C) \z. z € A = fz € B(x)
and types: M(f)
shows f € PiM(A,B)
using assms Pi__assumptions
by (simp only: Pi_rel iff’ PiC.Pi_rel iff’)
(blast dest: function__apply__equality)

lemma Pi_rel _weaken__type:
assumes f € PiM(A,B) N\z. z € A = B(z) C C(x)
and types: M(f)
shows f € PiM(A,C)
using assms Pi__assumptions
by (simp only: Pi_rel iff" PiC.Pi_rel iff")
(blast intro: Pi_rel type dest: apply_type)

end — M__Pi_assumptions?2

end
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11 Arities of internalized formulas

theory Arities
imports
Internalizations
Discipline__Base
begin

lemmas FOL__arities [simp del, arity] = arity__And arity_ Or arity_ Implies arity_Iff
arity_ Fxists

declare pred_ Un__distriblarity_auz]

context
notes FOL__arities[simp]
begin

lemma arity_upair_fm [arity] : [ tl1€nat ; t2€nat ; upEnat | =
arity(upair_fm(t1,t2,up)) = |J {succ(t1),succ(t2),succ(up)}
unfolding upair_fm_ def
using union__abs1 union__abs2 pred_Un
by auto

lemma arity pair_fm [arity] : [ t1€nat ; t2€nat ; pEnat | =
arity(pair_fm(t1,t2,p)) = |J {succ(t1),succ(t2),succ(p)}
unfolding pair_fm_ def
using arity upair__fm union__absl union__abs2 pred_ Un
by auto

lemma arity composition_ fm [arily| :

[ renat ; senat ; tenat | = arity(composition_fm(r,s,t)) =J {suce(r), suce(s),
suce(t)}

unfolding composition_ fm__ def

using arity_pair_fm union__absl union__abs2 pred_ Un__ distrib

by auto

lemma arity_domain_fm [arity] :
[ renat ; zenat | = arity(domain_fm(r,z)) = succ(r) U succ(z)
unfolding domain_ fm_ def
using arity_pair_fm union__absl union__abs2 pred_Un__distrib
by auto

lemma arity_range_fm [arity] :
[ renat ; z€nat | = arity(range__fm(r,z)) = succ(r) U succ(z)
unfolding range fm_ def
using arity pair_fm union__absl union__abs2 pred_ Un__ distrib
by auto
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lemma arity union_fm [arity] :

[ z€nat ; yEnat ; z€nat | = arity(union_fm(x,y,2)) = J {succ(z), succ(y),
suce(z)}

unfolding union_ fm_ def

using wunion__absl union__abs2 pred_ Un__ distrib

by auto

lemma arity_image_fm [arity] :

[ zenat ; yenat ; zeénat | = arity(image_ fm(z,y,2)) = J {suce(z), succ(y),
suce(z)}

unfolding image fm_ def

using arity_pair_fm wunion__absl union__abs2 pred_Un__distrib

by auto

lemma arity_pre_image_fm [arity] :

[ z€nat ; yenat ; z€nat | = arity(pre_image_fm(z,y,2)) = U {suce(x), suce(y),
suce(z)}

unfolding pre_image fm_ def

using arity_pair_fm union__absl union__abs2 pred_ Un__distrib

by auto

lemma arity big union_fm [arity] :
[ zenat ; yenat | = arity(big_union_fm(z,y)) = succ(z) U succ(y)
unfolding big union_ fm_ def
using union__absl union__abs2 pred_Un__distrib
by auto

lemma arity fun_apply_fm [arity] :
[ zenat ; yenat ; fenat | =
arity(fun_apply_fm(f,z,y)) = suce(f) U suce(z) U succ(y)
unfolding fun__apply_fm_ def
using arity__upair_fm arity__image__fm arity__big__union__fm union__abs2 pred__Un__distrib
by auto

lemma arity_field fm [arity] :
[ renat ; ze€nat | = arity(field_fm(r,z)) = suce(r) U succ(z)
unfolding field fm_ def
using arity_pair_fm arity _domain_fm arity _range fm arity union__ fm
union__absl union__abs2 pred_ Un__distrib
by auto

lemma arity__empty_fm [arity]:
[ renat | = arity(empty_fm(r)) = suce(r)
unfolding empty fm_ def
using union__abs1 union__abs2 pred_ Un__distrib
by simp

lemma arity cons_fm [arity] :
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[z€nat;yenat;zenat] = arity(cons_fm(z,y,z)) = succ(z) U suce(y) U suce(z)
unfolding cons_fm_ def

using arity _upair_fm arity _union__fm union__abs2 pred_ Un__distrib

by auto

lemma arity succ_fm [arity] :
[zenat;yenat] = arity(succ_fm(z,y)) = succ(z) U succ(y)
unfolding succ_fm__def
using arity cons_fm
by auto

lemma arity numberl_fm [arity] :
[ renat | = arity(numberl_fm(r)) = succ(r)
unfolding numberl fm_ def
using arity__empty_fm arity_succ_fm union__absl union__abs2 pred_ Un__distrib
by simp

lemma arity function_fm [arity] :
[ renat | = arity(function_ fm(r)) = succ(r)
unfolding function_fm__ def
using arity_pair_fm union__absl union__abs2 pred_ Un__distrib
by simp

lemma arity_relation_fm [arity] :
[ renat | = arity(relation_fm(r)) = succ(r)
unfolding relation_ fm__ def
using arity_pair_fm union__absl union__abs2 pred_ Un__ distrib
by simp

lemma arity_restriction_fm [arity| :

[ r€nat ; z€nat ; A€nat | = arity(restriction__fm(A,z,r)) = succ(A) U suce(r)
U suce(z)

unfolding restriction_fm_ def

using arity_pair_fm union__abs2 pred_ Un__distrib

by auto

lemma arity_typed_function_fm [arity] :
[ zenat ; yenat ; fenat | =
arity(typed_function_ fm(f,z,y)) = U {succ(f), succ(z), succ(y)}
unfolding typed_function_fm__ def
using arity pair_fm arity_relation_fm arity_function_fm arity _domain__fm
union__abs2 pred__ Un__distrib
by auto

lemma arity_subset_fm [arity] :
[zenat ; yenat] = arity(subset_fm(z,y)) = succ(z) U suce(y)
unfolding subset_fm_ def
using union__abs2 pred_ Un__distrib
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by auto

lemma arity_transset_fm [arity] :
[zenat] = arity(transset_fm(z)) = suce(x)
unfolding transset_fm__ def
using arity_subset_fm union__abs2 pred_ Un__distrib
by auto

lemma arity_ordinal_fm [arity] :
[zenat] = arity(ordinal _fm(z)) = succ(z)
unfolding ordinal_fm_ def
using arity_transset fm union__abs2 pred_Un__ distrib
by auto

lemma arity_limit_ordinal_fm [arity] :
[zenat] = arity(limit_ordinal_fm(z)) = succ(z)

unfolding limit_ordinal fm_ def

using arity ordinal _fm arity__succ__fm arity__empty_fm union__abs2 pred_Un__distrib
by auto

lemma arity_finite__ordinal_fm [arity] :
[zenat] = arity(finite__ordinal_fm(x)) = succ(x)
unfolding finite_ordinal _fm__def
using arity ordinal__fm arity limit_ordinal__fm arity_succ__fm arity _empty_fm
union__abs2 pred_ Un__distrib
by auto

lemma arity _omega_fm [arity] :
[zenat] = arity(omega_ fm(z)) = succ(x)
unfolding omega_ fm_ def
using arity limit_ordinal _fm union__abs2 pred_ Un__ distrib
by auto

lemma arity cartprod_ fm [arity] :

[ Aenat ; Benat ; z€nat | = arity(cartprod_fm(A,B,z)) = succ(A) U suce(B)
U suce(z)

unfolding cartprod_fm_ def

using arity_pair_fm union__abs2 pred_ Un__distrib

by auto

lemma arity_singleton_fm [arity] :
[zenat ; tenat] = arity(singleton_ fm(z,t)) = succ(z) U succ(t)

unfolding singleton_ fm_ def cons_fm_ def

using arity _union_ fm arity__upair_fm arity__empty_ fm union__abs2 pred_ Un__distrib
by auto

lemma arity_Memrel_fm [arity] :

[z€nat ; tenat] = arity(Memrel _fm(z,t)) = succ(x) U suce(t)
unfolding Memrel fm__def
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using arity pair_fm union__abs2 pred_ Un__distrib
by auto

lemma arity_quasinat_fm [arity] :
[zenat] = arity(quasinat_fm(z)) = succ(z)
unfolding quasinat_fm_ def cons_fm_ def
using arity_succ_fm arity__empty_fm
union__abs2 pred__ Un__distrib
by auto

lemma arity_is_recfun_fm [arity] :
[peformula ; vEnat ; nEnat; Zenat;icnat] = arity(p) = i =
arity(is_recfun_ fm(p,v,n,2)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(7))))
unfolding is recfun_fm_ def
using arity upair__fm arity__pair__fm arity__pre_image_ fm arity_restriction__fm
union__abs2 pred__ Un__distrib
by auto

lemma arity_is_wfrec_fm [arity] :
[peformula ; venat ; neEnat; Zenat ; i€nat] = arity(p) = | =
arity(is_wfrec_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(pred(i)))))
unfolding is wfrec_fm_ def
using arity_succ_fm arity_is_recfun_ fm
union__abs2 pred_ Un__distrib
by auto

lemma arity_is_nat_case_fm [arity] :
[peformula ; vEnat ; nEnat; Zenat; i€nat] = arity(p) = i =
arity(is_nat_case_fm(v,p,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(7))
unfolding is nat_case_fm_ def
using arity_succ_fm arity__empty_fm arity_quasinat__fm
union__abs2 pred__ Un__distrib
by auto

lemma arity_iterates. MH_fm [arity] :
assumes isFeformula vEnat nEnat genat z€nat i€Enat
arity(isF) = i
shows arity(iterates MH_fm(isF,v,n,g,2)) =
succ(v) U suce(n) U suce(g) U suce(z) U pred(pred(pred(pred(7))))
proof -
let %p = Exists(And(fun__apply_fm(succ(succ(suce(g))), 2, 0), Forall(Implies( Equal(0,
2), isF))))
let %ar = succ(succ(succe(g))) U pred(pred (7))
from assms
have arity(?%p) =%ar %p€formula
using arity fun__apply _fm
union__abs1 union__abs2 pred_ Un__distrib succ_ Un__distrib Un__assoc[symmetric]
by simp__all
then
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show ?thesis
unfolding iterates MH fm_ def
using arity_is_nat_case_fm[OF «%p€_)
pred__succ__eq pred__ Un__distrib
by auto
qed

carity(2p) = %ary] assms

lemma arity_is iterates_fm [arity] :
assumes peEformula vEnat nEnat Zenat i€nat
arity(p) = i
shows arity(is_iterates_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U
pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))))
proof -
let %p = iterates. MH_fm(p, T#+v, 2, 1, 0)
let 2p = is_wfrec_fm(%p, 0, succ(succ(n)),suce(suce(Z)))
from <ve_»
have arity(?p) = (8#+v) U pred(pred(pred(pred(i)))) %p€formula
using assms arity_iterates  MH _fm union__abs2
by simp__all
then
have arity( %) = succ(succ(succ(n))) U succ(suce(suce(Z))) U (3#+v) U
pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))

using assms arity_is_wfrec_fm[OF <«%pc_» _ _ _ _ <arity(%p) = _]
union__absl pred_Un__distrib
by auto
then

show ?thesis
unfolding is iterates fm_ def
using arity Memrel _fm arity _succ_fm assms union__absl pred_ Un__distrib
by auto
qed

lemma arity eclose_n_fm [arity] :
assumes A€nat r€nat tEnat
shows arity(eclose_n_fm(A,z,t)) = succ(A) U succ(z) U succ(t)
proof -
let %p = big_union_fm(1,0)
have arity(?p) = 2 Zpeformula
using arity big union_ fm union__abs2
by simp__all
with assms
show ?thesis
unfolding eclose_n_ fm_ def
using arity is iterates fm[OF <%pe_» __ __of 2]
by auto
qed

lemma arity_mem__eclose_fm [arity] :
assumes renat tenat
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shows arity(mem__eclose_fm(z,t)) = suce(x) U suce(t)
proof -
let %p=eclose_n_fm(z #+ 2, 1, 0)
from <«zxenat>
have arity(?p) = z#+3
using arity eclose_n_ fm union__abs2
by simp
with assms
show ?thesis
unfolding mem__eclose_fm__def
using arity_finite_ordinal__fm union__abs2 pred_ Un__ distrib
by simp
qed

lemma arity_is_eclose_fm [arity] :
[z€nat ; tenat] = arity(is_eclose_fm(xz,t)) = succ(z) U suce(t)
unfolding is eclose_fm__def
using arity__mem__eclose_fm union__abs2 pred_ Un__distrib
by auto

lemma arity_ Collect_fm [arity] :
assumes z € nat y € nat peformula
shows arity(Collect_fm(z,p,y)) = succ(x) U succ(y) U pred(arity(p))
unfolding Collect_fm _def
using assms pred__ Un__distrib
by auto

schematic__goal arity least fm’
assumes
i € nat q € formula
shows
arity(least_fm(q,i)) = %ar
unfolding least fm_ def
using assms pred_Un_ distrib arity_And arity_Or arity Neg arity Implies
arity__ordinal__fm
arity__empty_fm Un__assoc[symmetric] Un__commute
by auto

lemma arity least fm [arity] :
assumes
i € nat q € formula
shows
arity(least _fm(q,i)) = succ(i) U pred(arity(q))
using assms arity least_fm’'
by auto

lemma arity_Replace_fm [arity] :

[p€formula ; vEnat ; nEnat; i€nat] = arity(p) = i =
arity(Replace__fm(v,p,n)) = succ(n) U (succ(v) U Arith.pred(Arith.pred(7)))
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unfolding Replace fm_ def
using union__abs2 pred_ Un__distrib
by simp

lemma arity_lambda__fm [arity] :
[peformula; venat ; neEnat; icnat] = arity(p) = i =
arity(lambda__fm(p,v,n)) = succ(n) U (succ(v) U Arith.pred( Arith.pred( Arith.pred(7))))
unfolding lambda__fm __def
using arity_pair_fm pred_ Un__distrib union__absl union__abs2
by simp

lemma arity transrec_fm [arity] :
[p€formula ; vEnat ; nEnat; i€nat] = arity(p) = i =
arity(is_transrec_fm(p,v,n)) = succ(v) U succ(n) U (pred”8(7))
unfolding is transrec_fm_ def
using arity Un__assoc[symmetric] pred_ Un__distrib
by simp

end — FOL _arities

declare arity_subset_fm [simp del] arity_ordinal__fm[simp del, arity] arity__transset__fm[simp
del]

end
theory Discipline_Function
imports
Arities
begin

Discipline for fst arity_ theorem for empty fm
arity__theorem for upair fm
arity__theorem for pair_fm
definition

is_fst :: (i=0)=i=i=>0 where

is_fst(M,x,t) = (3 2[M]. pair(M,t,z,x)) V

(=(32[M]. 3w[M]. pair(M,w,z,x)) A empty(M,t))

synthesize fst from_ definition is_fst
notation fst_fm («fst'(_") is _)

arity__theorem for fst_fm

definition fst_rel :: [i=o0,i] = { where
fst_rel(M,p) = THE d. M(d) A is_fst(M,p,d)

reldb__add relational fst is_fst
reldb__add functional fst fst rel

definition
is_snd :: (i=0)=i=i=0 where

94



is_snd(M,z,t) = (3 2[M]. pair(M,z,t,x)) V
(=(32[M]. 3w[M]. pair(M,z,w,x)) A empty(M,t))
synthesize snd from__definition is_snd
notation snd_fm (<-snd’(__") is _+)
arity__theorem for snd_fm

definition snd_rel :: [i=0,i] = i where
snd_rel(M,p) = THE d. M(d) A is_snd(M,p,d)

reldb__add relational snd is_snd
reldb__add functional snd snd_rel

context M trans
begin

lemma fst snd_ closed:
assumes M(p)
shows M(fst(p)) A M(snd(p))
unfolding fst def snd_def using assms
by (cases Ja. 3b. p = (a, b);auto)

lemma fst_closed[intro,simp|: M(z) = M (fst(z))
using fst_snd_ closed by auto

lemma snd_closed[intro,simp): M(z) = M(snd(z))
using fst_snd_ closed by auto

lemma fst_abs [absolut]:
[M(p); M(z) ] — is_fst(M.p,z) «— @ = fst(p)
unfolding is fst_def fst_def
by (cases Ja. 3b. p = (a, b);auto)

lemma snd_abs [absolut]:
[M(p); M(y) | = is_snd(M,p,y) +— y = snd(p)
unfolding is snd_ def snd_ def
by (cases Ja. 3b. p = (a, b);auto)

lemma empty_rel _abs : M(z) = M(0) = z = 0 <— = = (THE d. M(d) A
empty(M, d))

unfolding the def

using transM

by auto

lemma fst_rel abs:
assumes M(p)
shows fst(p) = fst_rel(M,p)
using fst__abs assms
unfolding fst_def fst_rel def

95



by (cases Ja. 3b. p = (a, b);auto;rule_tac the equality[symmetric],simp__all)

lemma snd_rel abs:
assumes M (p)
shows snd(p) = snd_rel(M,p)
using snd__abs assms
unfolding snd_def snd_rel def
by (cases Ja. 3b. p = (a, b);auto;rule_tac the__equality|symmetric],simp__all)

end — M _trans

relativize functional first first_rel external
relativize functional minimum minimum_rel external
context M trans

begin

lemma minimum,__closed[simp,intro]:
assumes M(A)
shows M (minimum(r,A))
using first_is_elem the__equality_if transM[OF _ «M(A)»)
by(cases Jx . first(z,A,r),auto simp:minimum__def)

lemma first_abs :
assumes M (B)
shows first(z,B,r) +— first_rel(M,z,B,r)
unfolding first def first_rel def using assms by auto

lemma minimum__abs:
assumes M (B)
shows minimum(r,B) = minimum_rel(M,r,B)
proof -
from assms
have first(b, B, r) «— M(b) A first_rel(M,b,B,r) for b
using first_abs
proof (auto)
fix b
assume first_rel(M,b,B,r)
with <M (B)»
have b€ B using first_abs first_is_elem by simp
with «(M(B)»
show M (b) using transM[OF <b€Bs] by simp
qed
with assms
show ?thesis unfolding minimum__rel def minimum__def
by simp
qed

end — M _trans
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11.1 Discipline for A\A B. A — B

definition
is_function__space :: [i=o0,i,i,i] = o where
is_function_space(M,A,B,fs) = M(fs) A is_funspace(M,A,B,fs)

definition
function__space_rel :: [i=0,i,i] = i where
function__space_rel(M,A,B) = THE d. is_function__space(M,A,B,d)

reldb__rem absolute Pi
reldb__add relational Pi is_function_ space
reldb__add functional Pi function_ space rel

abbreviation
function_space_r :: [i,i=0,i] = i («_ —— _ [61,1,61] 60) where
A =M B = function_space_rel(M,A,B)

abbreviation
function_space_r_set :: [i,i,i] = ¢ (<_ —— _» [61,1,61] 60) where
function__space_r_set(A,M) = function__space_rel(##M,A)

context M Pi
begin

lemma is_function__space__uniqueness:
assumes
M(r) M(B)
is_function_space(M,r,B,d) is_function_space(M,r,B,d’)
shows
d=d’
using assms extensionality trans
unfolding is function_space_ def is_funspace__def
by simp

lemma is_function_space_witness:
assumes M(A) M(B)
shows 3 d[M]. is_function__space(M,A,B,d)
proof -
from assms
interpret M _Pi assumptions M A A_. B
using Pi_replacement Pi_separation
by unfold_locales (auto dest:transM simp add:Sigfun__def)
have Vf[M]. f € Pi_relM,A, \_. B)+— f€ A— B
using Pi_rel char by simp
with assms
show ?thesis unfolding is_funspace_def is_function_ space def by auto
qed

lemma is_function_space_closed :
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is_function__space(M,A,B,d) = M(d)
unfolding is function_space__def by simp

— adding closure to simpset and claset
lemma function__space_rel _closed[intro,simp]:
assumes M(z) M(y)
shows M (function_space_rel(M,x,y))
proof -
have is_function_space(M, x, y, THE za. is_function_space(M, z, y, za))
using assms
thel [OF ex1l[of is_function_space(M,z,y)], OF __is_function__space__uniqueness|of
z y]
is__function__space _witness
by auto
then show ?thesis
using assms is_function__space_ closed
unfolding function_space_rel def
by blast
qed

lemmas trans_function__space__rel__closed[trans__closed] = transM[OF __ function__space_rel_closed)]

lemma function_space rel_iff:
assumes M (z) M(y) M(d)
shows is_function_space(M,z,y,d) +— d = function__space_rel(M,x,y)
proof (intro iffI)
assume d = function_space_rel(M,z,y)
moreover
note assms
moreover from this
obtain e where M (e) is_function_space(M,z,y,e)
using is_function_ space_witness by blast
ultimately
show is_function_space(M, z, y, d)
using is_function__space__uniqueness|of x y| is_function__space_witness
thel[OF ex1I]of is_function_space(M,x,y)], OF __is_function__space__uniqueness|of
z y], of €
unfolding function_space_rel def
by auto
next
assume is_function_space(M, x, y, d)
with assms
show d = function__space_rel(M,x,y)
using is_function__space__uniqueness unfolding function_ space_rel def
by (blast del:the__equality intro:the__equality[symmetric])
qed

lemma def function_space_ rel:
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assumes M(A) M(y)
shows function_space_rel(M,A,y) = Pi_rel(M,A\_. y)
proof -
from assms
interpret M_Pi assumptions M A M\_. y
using Pi_replacement Pi_separation
by unfold_locales (auto dest:transM simp add:Sigfun__def)
from assms
have zefunction_space_rel(M,A,y) «— z€Pi_rel(M,A) . y) if M(z) for
using that
function__space_rel_ifflof A y, OF __ __ function__space__rel_closed, of A y]
def Pi_rel Pi_rel_char Pow_rel_char
unfolding is_function_space_def is_funspace def by (simp add:Pi_def)
with assms
show ?thesis — At this point, quoting "trans_ rules” doesn’t work
using transM[OF __ function__space__rel_closed, OF _ <M(A)» «M(y)»]
transM[OF __ Pi_rel_closed] by blast
qed

lemma function_space_rel_char:
assumes M(A) M(y)
shows function_space_rel(M,Ay) = {f € A — y. M(f)}
proof -
from assms
interpret M _Pi assumptions M A X_. y
using Pi_replacement Pi_separation
by unfold_locales (auto dest:transM simp add:Sigfun__def)
show ?thesis
using assms def function__space_rel Pi_rel char
by simp
qed

lemma mem_ function__space__rel abs:
assumes M(A) M(y) M(f)
shows [ € function_space_rel(M,Ayy) +— fe€ A —y
using assms function__space_rel_char by simp

end — M _Pi

locale M N Pi= M:M Pi+ N:M_Pi N for N +
assumes
M _imp N:M(zx) = N(x)
begin

lemma function__space_rel_transfer: M(A) = M(B) =
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function__space_rel(M,A,B) C function__space_rel(N,A,B)
using M.function__space_rel char N.function__space rel_char
by (auto dest!:M__imp_ N)

end — M_N_Pi

abbreviation

is_apply = fun__apply

— It is not necessary to perform the Discipline for is_apply since it is absolute
in this context

11.2 Discipline for Collect terms.

We have to isolate the predicate involved and apply the Discipline to it.

definition
injP_rel:: [i=o0,i,i]=0 where
ingP_rel(M,A,f) = YV w[M]. Vz[M]. V fw[M]. V fr[M]. weA N z€A A
is_apply(M.f,w,fw) A is_apply(M,f,z.fr) N fu=fr— w=z

synthesize injP_rel from_ definition assuming nonempty
arity__theorem for injP_rel fm

context M _basic
begin

— I’'m undecided on keeping the relative quantifiers here. Same with surjP below.
It might relieve from changing ¢?P(%z) = 3. ?P(x)
(Az. ?P(z)) = V. ?P(z) to [?P(%z); ?M(%z)] = Jz[?M]. ?P(x)
(Az. ?M(z) = ?P(z)) = Vz[?M]. ?P(x) in some proofs. I wonder if this
escalates well. Assuming that all terms appearing in the "def ” theorem are in M
and using [y € %z; M(%z)] = M(?y), it might do.
lemma def injP_rel:
assumes
M(A) M(f)
shows
ingP_rel(M,A,f) «— (Yw[M]. Vz[M]. weA N z€A A fu=fr — w=z)
using assms unfolding injP_rel def by simp

end — M _basic

11.3 Discipline for inj

definition
is_inj : [i=o0,i,i,i]]=0 where
is_inj(M,A,B,I) = M(I) N (3F[M]. is_function_space(M,A,B,F) A
is__Collect(M,F injP_rel(M,A),I))
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declare typed_function_iff sats Collect iff sats [iff _sats]

synthesize is_funspace from__definition assuming nonempty
arity_ theorem for is funspace_fm

synthesize is_function_space from__definition assuming nonempty
notation is_function_space_fm («-_ — __is _+)

arity_theorem for is function_space_fm

synthesize is inj from__definition assuming nonempty
notation is_inj fm («¢inj'(_,_") is _-»)

arity_ theorem intermediate for is inj fm

lemma arity is_inj fm[arity]:
A € nat =
B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U succ(B) U
suce(I)
using arity_is_inj fm' by (auto simp:pred_Un__distrib arity)

definition
ing_rel :: [i=0,4,i] = ¢ (ving—'(_,_")>) where
inj_rel(M,A,B) = THE d. is_inj(M,A,B,d)

abbreviation
ing_r_set i [i,i,9 = i (<ing—'(_,_")») where
inj_r_set(M) = inj_rel(##M)

locale M_inj = M_Pi +
assumes
ingP__separation: M(r) = separation(M,injP_rel(M, r))
begin

lemma is inj uniqueness:
assumes
M(r) M(B)
is_inj(M,r,B,d) is_inj(M,r,B,d’)
shows
d=d’
using assms function__space_rel_iff extensionality trans
unfolding is inj def by simp

lemma is inj witness: M(r) = M(B)= 3d[M]. is_inj(M,r,B,d)

using injP__separation function__space_rel iff
unfolding is inj def by simp
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lemma is inj closed :
is_inj(M,z,y,d) = M(d)
unfolding is inj def by simp

lemma inj_rel_closed[intro,simp):
assumes M (z) M(y)
shows M(inj_rel(M,z,y))
proof -
have is_inj(M, z, y, THE za. is_inj(M, z, y, xa))
using assms
thel[OF ex1l]of is_inj(M,z,y)], OF _ is_inj_uniqueness[of z y|]
1s_inj_witness
by auto
then show ?thesis
using assms is_inj _closed
unfolding inj rel def
by blast
qed

lemmas trans_inj_rel_closed[trans_closed] = transM[OF __ inj_rel_closed)

lemma inj rel iff:
assumes M (z) M(y) M(d)
shows is_inj(M,z,y,d) «— d = inj_rel(M,z,y)
proof (intro iffI)
assume d = inj_rel(M,z,y)
moreover
note assms
moreover from this
obtain e where M (e) is_inj(M,z,y,e)
using s inj witness by blast
ultimately
show is_inj(M, z, y, d)
using is_inj uniqueness[of x y| is_inj witness
thel [OF ex1I[of is_inj(M,z,y)], OF _ is_inj uniqueness[of = y], of e
unfolding inj rel def
by auto
next
assume is_inj(M, z, y, d)
with assms
show d = inj_rel(M,z,y)
using is_inj uniqueness unfolding inj rel def
by (blast del:the__equality intro:the__equality[symmetric])
qed

lemma def inj rel:
assumes M(A) M(B)
shows inj_rel(M,A,B) =
{f € function_space_rel(M,A,B). VY w[M]. Va[M]. weA AN z€A N fw =
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fo — w=z}
(is _ = Collect(_,?P))
proof -
from assms
have inj_rel(M,A,B) C function__space_rel(M,A,B)
using inj_rel_iff[of A B inj_rel(M,A,B)] function__space_rel_iff
unfolding is inj def by auto
moreover from assms
have f € inj rel(M,A,B) = ?P(f) for f
using inj_rel_iff[of A B inj_rel(M,A,B)] function__space_rel iff
def _ingP_rel transM[OF __ function__space_rel_closed, OF _ «M(A)» <M (B))]
unfolding is inj def by auto
moreover from assms
have f € function_space_rel(M,A,B) = ?P(f) = f € inj_rel(M,A,B) for f
using inj_rel_iff[of A B inj_rel(M,A,B)] function__space_rel iff
def _ingP_rel transM[OF __ function__space_rel_closed, OF _ «M(A)» <M (B))]
unfolding is inj def by auto
ultimately
show ?thesis by force
qed

lemma inj rel char:
assumes M(A) M(B)
shows inj rel(M,A,B) = {f € inj(A,B). M(f)}
proof -
from assms
interpret M _Pi assumptions M A \A_. B
using Pi_replacement Pi__separation
by unfold_locales (auto dest:transM simp add:Sigfun__def)
from assms
show ?thesis
using def _inj rel[OF assms] def_function__space_rel]OF assms]
transM[OF _ <M (A)»] Pi_rel_char
unfolding inj def

by auto
qed
end — M inj

locale M N _inj = M:M_inj + N:M_inj N for N +
assumes
M_imp_N:M(z) = N(z)
begin

lemma inj rel transfer: M(A) = M(B) = inj_rel(M,A,B) C inj_rel(N,A,B)

using M.inj _rel_char N.inj_rel char
by (auto dest':M__imp_ N)
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end — M _N_inj

definition
surjP_rel:: [i=0,i,i,i]=0 where
surjP_rel(M,A,B,f) =
Vy[M]. z[M]. Ifz[M]. ye¢B — z€A A is_apply(M.f,z.fx) N fr=y

synthesize surjP_rel from__definition assuming nonempty

context M basic
begin

lemma def surjP_rel:
assumes
M(A) M(B) M(f)
shows
suriP_rel(M,A,B.f) «— (Vy[M]. Az[M]. ye¢B — x€A A fr=y)
using assms unfolding surjP_rel _def by auto

end — M _basic

11.4 Discipline for surj

definition
is_surj : [i=o0,i,i,i=0 where
is_surj(M,A,B,I) = M(I) A (3 F[M]. is_function__space(M,A,B,F) A
is_Collect(M,F ,surjP_rel(M,A,B),I))

synthesize is_surj from__definition assuming nonempty
notation is_surj fm (¢surj’(_,_") is _-)

definition
suri_rel :: [i= 0,13 = @ (<surj—'(_,_")») where
surj_rel(M,A,B) = THE d. is_surj(M,A,B,d)

abbreviation
suri_r_set : [i,4,4d] = i («surj—'(_,__")») where
surj_r_set(M) = surj_rel(##M)

locale M surj = M__Pi +
assumes
surjP_separation: M(A)=— M (B)=>separation(M \z. suriP_rel(M,A,B,z))
begin
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lemma is surj uniqueness:
assumes
M(r) M(B)
is_surj(M,r,B,d) is_surj(M,r,B,d’)
shows
d=d’
using assms function__space__rel iff extensionality trans
unfolding is surj def by simp

lemma is_surj_ witness: M(r) = M(B)=— 3d[M]. is_surj(M,r,B,d)
using surjP__separation function_space__rel iff
unfolding is surj def by simp

lemma is surj closed :
is_surj(M,z,y,d) = M(d)
unfolding is surj def by simp

lemma surj_rel_closed[intro,simp]:
assumes M(z) M(y)
shows M (surj_rel(M,z,y))
proof -
have is_surj(M, z, y, THE za. is_surj(M, z, y, za))
using assms
thel[OF ex1I[of is_surj(M,x,y)], OF _ is_surj_uniqueness[of z y|]
is_surj_wiltness
by auto
then show ?thesis
using assms is_surj_closed
unfolding surj rel def
by blast
qed

lemmas trans_surj _rel _closed[trans_closed] = transM[OF __ surj_rel closed]

lemma surj_rel iff:
assumes M(z) M(y) M(d)
shows is_surj(M,z,y,d) +— d = surj_rel(M,z,y)
proof (intro iffI)
assume d = surj_rel(M,z,y)
moreover
note assms
moreover from this
obtain e where M(e) is_surj(M,z,y,e)
using is_surj witness by blast
ultimately
show is_surj(M, z, y, d)
using is_surj_uniqueness[of x y| is_surj_witness
thel [OF ex1I]of is_surj(M,z,y)], OF __ is_surj_uniqueness[of x y], of €]
unfolding surj_rel_def
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by auto
next
assume is_surj(M, z, y, d)
with assms
show d = surj_rel(M,z,y)
using is_surj uniqueness unfolding surj rel def
by (blast del:the__equality intro:the__equality[symmetric])
qed

lemma def surj rel:
assumes M(A) M(B)
shows surj rel(M,A,B) =
{f € function_space_rel(M,A,B). ¥V y[M]. 3z[M]. yeB — z€A A fo=y }
(is _ = Collect(_,?P))
proof -
from assms
have surj_rel(M,A,B) C function__space_rel(M,A,B)
using surj_rel_iff[of A B surj_rel(M,A,B)] function__space__rel_iff
unfolding is surj def by auto
moreover from assms
have f € surj_rel(M,A,B) = ?P(f) for f
using surj_rel_iff[of A B surj_rel(M,A,B)] function__space _rel_iff
def surjP_rel transM[OF __ function_space_rel_closed, OF __ «M(A)»
«(M(B)]
unfolding is surj def by auto
moreover from assms
have f € function_space_rel(M,A,B) = ?P(f) = f € surj_rel(M,A,B) for f
using surj_rel_iff[of A B surj_rel(M,A,B)] function__space__rel_iff
def surjP_rel transM[OF __ function__space_rel_closed, OF __ «(M(A)»
«(M(B)]
unfolding is surj def by auto
ultimately
show ?thesis by force
qed

lemma surj_rel char:
assumes M(A) M(B)
shows surj_rel(M,A,B) = {f € surj(A,B). M(f)}
proof -
from assms
interpret M Pi assumptions M A A_. B
using Pi_replacement Pi_separation
by unfold_locales (auto dest:transM simp add:Sigfun__def)
from assms
show ?thesis
using def surj_rel[OF assms] def_function__space_rel|OF assms]
transM[OF _ «<M(A)»] transM[OF _ <M(B)»] Pi_rel_char
unfolding surj_def
by auto
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qed
end — M _surj

locale M N_surj = M:M_surj + N:M__surj N for N +
assumes
M _imp N:M(z) = N(x)
begin

lemma surj_rel_transfer: M(A) = M(B) = surj_rel(M,A,B) C surj_rel(N,A,B)
using M.surj_rel char N.surj_rel char
by (auto dest':M__imp_ N)

end — M_N_surj

definition
is_Int :: [i=0,i,i,i]=0 where
is_Int(M,A,B,]) = M(I) AN (Vz[M). 2 € [ +— z € AN x € B)

reldb__rem relational inter
reldb__add absolute relational ZF Base.Int is _Int

synthesize is_Int from__definition assuming nonempty
notation is_Int_fm (<_ N _is _»)

context M basic
begin

lemma is Int closed :
is_Int(M,A,B,]) = M(I)
unfolding is Int def by simp

lemma is Int abs:
assumes
M(A) M(B) M(I)
shows
is_Int(M,A,B,J) +— I =ANB
using assms transM[OF _ <M (B))] transM[OF _ <M (I))]
unfolding is Int def by blast

lemma is Int_ uniqueness:
assumes
M(r) M(B)
is_Int(M,r,B,d) is_Int(M,r,B,d")
shows
d=d’
proof -
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have M(d) and M(d’)
using assms is__Int_closed by simp+
then show ?thesis
using assms is_Int_abs by simp
qed

Note: [M(?4); M(?B)] = M(?A N ?B) already in ZF-Constructible. Relative.
end — M _basic

11.5 Discipline for by

reldb__add functional inj inj_rel

reldb__add functional relational inj rel is_inj
reldb__add functional surj surj rel

reldb__add functional relational surj rel is_surj
relativize functional bij bij rel external
relationalize bij rel is_ bij

synthesize is_bij from__definition assuming nonempty
notation s _bij_fm (¢bij’'(_, ") is_-)

abbreviation
bij_r_class :: [i=o0,i,i] = @ (<bij—'(
bij_r_class = bij_rel

)») where

—_—

abbreviation
bij_r_set : [i,i,i] = i (<bij—'(_,_')») where
bij_r_set(M) = bij_rel(##M)

locale M Perm = M__Pi + M_inj + M_ surj
begin

lemma is_bij_closed : is_bij(M,f,y,d) = M(d)
unfolding is bij def using is Int_closed is_inj witness is_surj witness by
auto

lemma bij_rel closed|intro,simp):
assumes M(z) M(y)
shows M (bij_rel(M,z,y))
unfolding bij rel def
using assms Int__closed surj _rel_closed inj _rel_closed
by auto
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lemmas trans_bij rel closed[trans closed] = transM[OF __ bij_rel_closed)

lemma bij rel iff:
assumes M(z) M(y) M(d)
shows is_bij(M,z,y,d) «— d = bij_rel(M,z,y)
unfolding is bij def bij rel def
using assms surj_rel iff inj rel iff is_Int_abs
by auto

lemma def bij rel:
assumes M(A) M(B)
shows bij rel(M,A,B) = inj_rel(M,A,B) N surj_rel(M,A,B)
using assms bij _rel iff inj rel iff surj rel iff
is_Int _abs— For absolute terms, ” abs” replaces ”_iff”. Also, in this case
_closed” is in the simpset.
unfolding is bij def by simp

”

lemma bij _rel_char:
assumes M(A) M(B)
shows bij_rel(M,A,B) = {f € bij(A,B). M(f)}
using assms def _bij _rel inj_rel _char surj_rel char
unfolding bij def— Unfolding this might be a pattern already
by auto

end — M _Perm

locale M N Perm = M_N _Pi + M_N _inj + M_N_surj + M:M_Perm +
N:M _ Perm N

begin

lemma bij_rel transfer: M(A) = M(B) = bij_rel(M,A,B) C bij_rel(N,A,B)
using M.bij _rel_char N.bij _rel_char
by (auto dest!:M__imp_ N)

end — M _N_Perm

11.6 Discipline for (=)

relativize functional egpoll eqpoll rel external
relationalize egpoll rel is _eqpoll

synthesize is_eqpoll from__definition assuming nonempty
arity__theorem for is eqpoll fm
notation is_eqpoll_fm (v~ _ )

context M Perm begin
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is_ iff rel for egpoll
using biyjrel iff unfolding is eqpoll def eqpoll_rel def by simp

end — M_Perm
abbreviation

egpoll_r :: [i,i=0,i] => o (<_
A =M B = eqpoll_rel(M,A,B)

~— _» [51,1,51] 50) where

abbreviation
eqpoll_r_set :: [i,i,i] = o («_ ~— _» [51,1,51] 50) where
eqpoll_r_set(A,M) = eqpoll_rel(##M,A)

context M _Perm
begin

lemma def eqpoll_rel:
assumes
M(A) M(B)
shows
eqpoll_rel(M,A,B) «— (3f[M]. f € bij_rel(M,A,B))
using assms bij_rel iff
unfolding eqpoll rel def by simp

end — M _Perm

context M N Perm
begin

lemma eqpoll_rel _transfer: assumes A ~M B M(A) M(B)
shows A =~V B
proof -
note assms
moreover from this
obtain f where f € bij"(A4,B) N(f)
using M.def eqpoll_rel by (auto dest!:M__imp N)
moreover from calculation
have f € bijV(A,B)
using bij_rel_transfer by (auto)
ultimately
show ?thesis
using N.def egpoll_rel by (blast dest!:M__imp_ N)
qed

end — M N _ Perm
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11.7 Discipline for (<)

relativize functional lepoll lepoll rel external
relationalize lepoll rel is_lepoll

synthesize is_lepoll from__definition assuming nonempty
notation is_lepoll fm (v < )
arity__theorem for is lepoll fm

context M _inj begin

is_ iff rel for lepoll
using inj rel iff unfolding is lepoll def lepoll rel def by simp

end — M _inj

abbreviation
lepoll_r = [i,i=0,i] => o («_ <— _» [51,1,51] 50) where

A <M B = lepoll_rel(M,A,B)

abbreviation
lepoll_r_set :: [i,i,i] = o («_ <— _» [51,1,51] 50) where
lepoll_r_set(A,M) = lepoll_rel(#+#M,A)

context M Perm
begin

lemma def lepoll rel:
assumes
M(A) M(B)
shows
lepoll_rel(M,A,B) «— (If[M]. f € inj_rel(M,A,B))
using assms inj_rel iff
unfolding lepoll rel def by simp

end — M _Perm

context M N Perm
begin

lemma lepoll_rel _transfer: assumes A <M B M(A) M(B)
shows A4 <N B
proof -
note assms
moreover from this
obtain f where f € injM(A,B) N(f)
using M.def lepoll rel by (auto dest!:M__imp_N)
moreover from calculation
have f € injN(A,B)
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using inj_rel_transfer by (auto)
ultimately
show ?thesis
using N.def lepoll_rel by (blast dest!:M__imp_ N)
qed

end — M N _ Perm

11.8 Discipline for (<)

relativize functional lesspoll lesspoll_rel external
relationalize lesspoll_rel is_lesspoll

synthesize is_lesspoll from__definition assuming nonempty
notation is_lesspoll _fm (¢ < _ )
arity__theorem for is lesspoll_fm

context M Perm begin
is_ iff rel for lesspoll
using is_lepoll iff is_eqpoll_iff
unfolding is lesspoll def lesspoll _rel def by simp
end — M _Perm
abbreviation

lesspoll_r :: [i,i=0,i] => o0 («_
A <M B = lesspoll_rel(M,A,B)

<— _» [51,1,51] 50) where

abbreviation
lesspoll_r_set = [i,i,i] = o («_ <— _» [51,1,51] 50) where
lesspoll_r_set(A,M) = lesspoll_rel(## M, A)

Since lesspoll_rel is defined as a propositional combination of older terms,
there is no need for a separate “def” theorem for it.

)

Note that lesspoll_rel is neither L7 nor II{¥, so there is no “transfer’
theorem for it.

end
theory Discipline_ Cardinal
imports
Discipline__Function
begin

declare [[syntaz__ambiguity _warning = false]]
relativize functional cardinal cardinal rel external

relationalize cardinal rel is__cardinal
synthesize is_cardinal from__definition assuming nonempty
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notation is_cardinal _fm (<cardinal’(_") is _»)

abbreviation
cardinal_r :: [i,i=0] = i (<|_|—) where
\z|™ = cardinal_rel(M,z)

abbreviation
cardinal_r_set :: [i,i|=i («|_|—) where
\$|M = cardinal_rel(#+#M,x)

context M trivial begin

rel_closed for cardinal
using Least closed[of Ni. M(i) A i =M A]
unfolding cardinal_rel_def
by simp

end

manual__arity intermediate for is _Int fm
unfolding is Int fm_ def
using arity pred_ Un__distrib
by (simp)
arity__theorem for is Int fm
arity_theorem for is funspace_fm
arity__theorem for is function_space_fm
arity__theorem for surjP_rel fm
arity_theorem intermediate for is surj fm
lemma arity is _surj fm [arity] :
A € nat = B € nat = I € nat = arity(is_surj_fm(A, B, I)) = succ(A) U
suce(B) U suce(I)
using arity is surj fm’ pred_ Un__ distrib
by auto
arity__theorem for injP_rel fm
arity_theorem intermediate for is inj fm
lemma arity is_inj fm [arity]:
A € nat = B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U
suce(B) U suce(l)

using arity is_inj fm’ pred_Un_ distrib
by auto
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arity_ theorem for is bij fm
arity__theorem for is eqpoll fm
arity_theorem for is cardinal fm
context M Perm begin

is_iff rel for cardinal
using least_abs’[of Ni. M(i) A i =M A]
is__eqpoll__iff
unfolding is cardinal def cardinal_rel def
by simp
end

reldb__add functional Ord Ord

reldb__add relational Ord ordinal
reldb__add functional It [t

reldb__add relational It It rel

synthesize [t _rel from__definition
notation It _rel_fm (¢ < _ )

arity_ theorem intermediate for it rel fm

lemma arity_lt_rel_fm[arity]: a € nat = b € nat = arity(lt_rel_fm(a, b)) =
succ(a) U suce(b)

using arity It _rel _fm’'

by auto

relativize functional Card Card_rel external
relationalize Card rel is Card

synthesize is Card from__definition assuming nonempty
notation is_Card_fm (<-Card'(__"))

arity_ theorem for is Card_fm

notation Card_rel («Card—'(_"))

lemma (in M_Perm) is_Card iff: M(A) = is_Card(M, A) +— CardM(A)
using is_cardinal _iff
unfolding is Card def Card_rel def by simp

abbreviation
Card_r_set :: [ii|=o («Card—'(_"))) where
CardM (i) = Card_rel(##M,i)

relativize functional InfCard InfCard_rel external
relationalize InfCard _rel is_InfCard

synthesize is _InfCard from__definition assuming nonempty
notation is_InfCard_fm (s-InfCard’(_"))

arity__theorem for is_InfCard_fm
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notation InfCard_rel (<InfCard—'(__")»)

abbreviation
InfCard_r_set :: [i,i]=o0 (<InfCard—'(_"))) where
InfCard™ (i) = InfCard_rel(##M i)

relativize functional cadd cadd rel external

abbreviation
cadd_r :: [i,i=o0,i] = i (<_ &— _» [66,1,66] 65) where
A oM B = cadd_rel(M,A,B)

context M _basic begin

rel__closed for cadd
using cardinal_rel closed
unfolding cadd_rel def
by simp

end

relationalize cadd rel is cadd

manual__schematic for is cadd assuming nonempty
unfolding is cadd_ def
by (rule iff _sats sum__iff sats | simp)+

synthesize is cadd from__schematic

arity__theorem for sum_ fm
arity_ theorem for is cadd_fm
context M Perm begin
is_iff rel for cadd
using is_cardinal _iff
unfolding is cadd_def cadd_rel def
by simp
end
relativize functional cmult emult rel external
abbreviation

emult_r :: [i,i=0,i] = i («_ ®— _» [66,1,66] 65) where
A @M B = cmult_rel(M,A,B)

relationalize cmult _rel is _cmult
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declare cartprod_iff sats [iff _sats]

synthesize is _cmult from__definition assuming nonempty
arity__theorem for is cmult_fm

context M Perm begin

rel__closed for cmult
using cardinal_rel closed
unfolding cmult_rel def
by simp

is__iff rel for cmult
using is_cardinal _iff
unfolding is cmult def cmult _rel def
by simp

end

end

12 Relativization of the cumulative hierarchy

theory Univ_ Relative
imports
ZF-Constructible. Rank
ZF.Univ
Internalizations
Recursion Thms
Discipline_ Cardinal

begin
declare arity_ordinal_fm[arity]
context M trivial

begin
declare powerset__abs[simp]

lemma family_union_ closed: [strong_replacement(M, Az y. y = f(z)); M(A);

VzeA. M(f(x))]
= M(UzcA. f(x))
using RepFun_ closed ..

lemma family union_closed”: [strong_replacement(M, Az y. z€A N y = f(z));

M(A); VaeA. M(f(z))]
= M(UzeA. f(x))
using RepFun__closed2

116



by simp
end — M trivial

definition
Powapply :: [i,i]] = i where
Powapply(f,y) = Pow(f'y)

reldb__add functional Pow Pow rel
reldb__add relational Pow is Pow

declare Replace iff sats[iff _sats]
synthesize is Pow from__definition assuming nonempty
arity__theorem for is Pow fm

relativize functional Powapply Powapply rel

relationalize Powapply rel is Powapply

synthesize is Powapply from__definition assuming nonempty
arity__theorem for is Powapply fm

notation Powapply__rel (<Powapply—"(_,_")»)

context M basic
begin

rel__closed for Powapply
unfolding Powapply rel def
by simp

is_ iff rel for Powapply
using Pow_rel iff
unfolding is Powapply def Powapply_rel_def
by simp

end — M basic

definition
HVfrom :: [i,i,i] = ¢ where
HVfrom(A,z,f) = AU (U yez. Powapply(f,y))

relativize functional HVfrom HVfrom_ rel

relationalize HVfrom_ rel is HVfrom

synthesize is  HVfrom from__definition assuming nonempty
arity_ theorem intermediate for is HVfrom_ fm

lemma arity_is_HVfrom_ fm:
A € nat =
T € nat =
f € nat =
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d € nat =
arity(is_HVfrom_fm(A, z, f, d)) = succ(A) U succ(d) U (suce(z) U suce(f))
using arity _is HVfrom_fm’ arity_is Powapply fm
by (simp,subst arity_ Replace_fm[of -(-3-0= 0--) A-(-3-0 = 0--) A is_Powapply__fm(succ(succ(succ(succ(f)))
0, 1) - succ(suce(x)) 1))
(simp__all,simp add:arity pred_ Un__distrib )

notation HVfrom_rel (<HVfrom—'(_, _, '))

locale M__HVfrom = M__eclose +
assumes
Powapply _replacement:
M(f) = strong_replacement(M,\y z. z = Powapply™(f,y))
begin

is_ iff rel for HVfrom
proof -
assume assms:M(A) M(z) M(f) M(res)
then
have is_Replace(M,z,\y z. 2 = Powapply™(f,y),r) +— r = {z . yex, z =
Powapply™ (f,y)}
if M(r) for r
using that Powapply rel_closed
Replace_abs|of = 7 \y z. z = Powapply™(f,y)] transM|of _ x]
by simp
moreover
have is_Replace(M,z,is_Powapply(M.,f),r) +—
is_Replace(M,x,\y z. z = Powapply™(f,y),r) if M(r) for r
using assms that is_ Powapply iff is Replace cong
by simp
ultimately
have is_ Replace(M,x,is_Powapply(M,f),r) +— r={z. ycz, z = PowapplyM(f,y)}
if M(r) for r
using that assms
by simp
moreover
have M({z . y € z, z = Powapply™(f,y)})
using assms strong__replacement__closed| OF Powapply__replacement)
Powapply_rel_closed transM[of _ x]
by simp
moreover from assms
— intermediate step for body of Replace
have {z . y € z, z = PowapplyM(f,y)} = {y . w € =, M(y) A M(w) A y =
Powapply™ (f w)}
by (auto dest:transM)
ultimately
show ?thesis
using assms
unfolding is HVfrom_def HVfrom_rel def
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by (auto dest:transM)
qed

rel__closed for HVfrom
proof -
assume assms:M(A) M(z) M(f)
have M({z . y € z, z = Powapply™(f,y)})
using assms strong_replacement__closed| OF Powapply__replacement)
Powapply_rel_closed transM[of __ x]
by simp
then
have M(A U ({z . ycz, z = Powapply™(f,y)}))
using assms
by simp
moreover from assms
— intermediate step for body of Replace
have {z . y € z, z = PowapplyM(f.y)} = {y . w € =, M(y) A M(w) A y =
Powapply™ (fw)}
by (auto dest:transM)
ultimately
show ?thesis
using assms
unfolding HVfrom_rel def
by simp
qed

end — M__HVfrom

definition
Vfrom_rel :: [i=o0,i,i] = i («<Vfrom—'(_, '))) where
VromM(A,i) = transrec(i, HVfrom_rel(M,A))

definition
is_Vfrom :: [i=0,i,i,i] = o where
is_Vfrom(M,A,i,z) = is_transrec(M,is_HVfrom(M,A),i,z)

definition
Hrank :: [i,i]] = i where
Hrank(z,f) = (Jyex. suce(fy))

definition
rrank :: ¢ = 7 where
rrank(a) = Memrel(eclose({a})) ™+

relativize functional Hrank Hrank rel

relationalize Hrank rel is Hrank

synthesize is Hrank from__definition assuming nonempty
arity_ _theorem for is Hrank fm
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locale M Vfrom = M__HVfrom +

assumes

trepl _HVfrom : [ M(A);M (i) | = transrec_replacement(M is_ HVfrom(M,A),7)
and
Hrank_replacement : M(f) = strong_replacement(M Az y . y = suce(f‘z))
and

is_Hrank__replacement : M (z) = wfrec__replacement(M ,is_Hrank(M),rrank(z))
and
HVfrom__replacement : [ M(3) ; M(A) | =

transrec__replacement(M,is_HVfrom(M,A),7)

begin

lemma Vfrom_rel iff :
assumes M(A) M(i) M(z) Ord(q)
shows is_ Vfrom(M,A,i,z) «— z = VfromM(A,i)
proof -
have relation2(M, is_HVfrom(M, A), HVfrom_rel(M, A))
using assms is_ HVfrom__iff
unfolding relation2 def
by simp
then
show ?thesis
using assms HVfrom_rel closed trepl HVfrom
transrec__abs|of is_HVfrom(M,A) i HVfrom_rel(M,A) 2]
unfolding is Vfrom_ def Vfrom_rel def
by simp
qed

lemma relation2 HVfrom: M(A) = relation2(M is_ HVfrom(M,A),HVfrom_rel(M,A))
using s HVfrom__iff
unfolding relation2 def
by auto

lemma HVfrom_ closed :
M(A) = Vz[M]. ¥ g[M]. function(g) — M(HVfrom_rel(M,A,x,q))
using HVfrom_ rel_closed by simp

lemma Vfrom_ rel closed:
assumes M(A) M(i) Ord(7)
shows M (transrec(i, HVfrom_rel(M, A)))
using is_ HVfrom__iff HVfrom__closed HVfrom__replacement assms trepl_HVfrom
relation2__HVfrom
transrec__closed|of is_HVfrom(M,A) i HVfrom__rel(M,A)]
by simp

lemma transrec_ HVfrom:

assumes M(A)
shows Ord(i) = M(i) = {z€ Vfrom(A,i). M(z)} = transrec(i,HVfrom__rel(M,A))
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proof (induct rule:trans__induct)
have eq:(|J z€i. {z € Pow(transrec(x, HVfrom_rel(M, A))) . M(z)}) = U{y .
z € i,y = PowM(transrec(x, HVfrom_rel(M, A)))}
if Ord(¢) M(7) for ¢
using assms Pow_rel__char[OF Vfrom_rel_closed[OF <M (A)> transM[of __ i]]]
Ord_in_Ord’ that
by auto
case (step 1)
then
have 0: M(Pow™ (transrec(z, HVfrom_rel(M, A)))) if z€i for z
using assms that transM[of __ i] Ord_in_Ord
transrec__closed|of is_ HVfrom(M,A) __ HVfrom_rel(M,A)] trepl HVfrom
relation2_HVfrom
by auto
have Vfrom(A,i) = A U (|Jy€i. Pow((Az€i. Virom(A, x)) ‘y))
using def_transrec|OF Vfrom__def, of A i] by simp
then
have Vfrom(A,i) = A U (Jyei. Pow(Vfrom(A, y)))
by simp
then
have {z€ Vfrom(A,i). M(z)} = {z€A. M(x)} U (U yei. {z€Pow(Vfrom(A, y)).
M(z)})
by auto
with <M (A)»
have {z€ Vfrom(A,i). M(z)} = A U (Jyei. {zePow(Vfrom(A, y)). M(z)})
by (auto intro:transM)
also
have ... = A U (Jy¢€i. {z€Pow({z€ Vfrom(A,y). M(2)}). M(z)})
proof -
have {z€Pow(Vfrom(A, y)). M(z)} = {x€Pow({z€ Vfrom(A,y). M(2)}). M(z)}
if yei for y by (auto intro:transM)

then
show ?thesis by simp
qed
also from step
have ... = A U (Jyei. {z€Pow(transrec(y, HVfrom_rel(M, A))). M(z)})
using transM[of _ 1]
by auto
also
have ... = transrec(i, HVfrom_rel(M, A))

using 0 step assms transM|of __ i eq
def _transrec[of Ay. transrec(y, HVfrom_rel(M, A)) HVfrom_rel(M, A) 1]
unfolding Powapply rel def HVfrom__rel def
by auto
finally
show ?Zcase .
qed

lemma Vfrom__abs: | M(A); M(i); M(V); Ord(7) | = is_Vfrom(M,A,i,V) <—
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V = {z€ Vfrom(A,i). M(z)}
unfolding is  Vfrom_ def
using s HVfrom__iff
transrec__abs|of is_HVfrom(M,A) i HVfrom_rel(M,A)] trepl_HVfrom relation2_HVfrom
transrec_ HVfrom
by simp

lemma Vfrom_ closed: [ M(A); M(i); Ord(i) | = M({z€ Vfrom(A,i). M(z)})
unfolding is Vfrom_ def
using s HVfrom__iff HVfrom__closed HVfrom_ replacement
transrec__closed|of is_HVfrom(M,A) i HVfrom__rel(M,A)] trepl _HVfrom relation2_HVfrom
transrec_ HVfrom
by simp

end — M_ Vfrom

12.1 Formula synthesis

context M_ Vfrom
begin

rel_closed for Hrank
unfolding Hrank rel def
using Hrank replacement
by simp

is_iff rel for Hrank
proof -
assume M(f) M(z) M(res)
moreover from this
have {a .y € z, M(a) A M(y) AN a = succ(f ‘y)} ={a.y €z, a=suc(f y)}
using transM[of __ z]
by auto
ultimately
show ?thesis
unfolding is Hrank def Hrank_rel_def
using Replace__abs transM|of __ x| Hrank_replacement
by auto
qed

lemma relation2 Hrank :
relation2(M ,is_ Hrank(M),Hrank)
unfolding relation2_ def
proof(clarify)
fix = f res
assume M(z) M(f) M(res)
moreover from this
have {a .y €z, M(a) N M(y) N a = suce(f ‘y)} ={a.y €z, a=succ(f‘y)}
using transM|[of __ 1]
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by auto
ultimately
show is_Hrank(M, z, f, res) «— res = Hrank(z, f)
unfolding Hrank_def relation2 def
using is_Hrank__iff[unfolded Hrank__rel_def]
by auto
qed

lemma Hrank_closed :
YV z[M]. ¥ g[M]. function(g) — M(Hrank(z,g))
proof(clarify)
fixx g
assume M(z) M(g)
then
show M (Hrank(z,9))
using RepFun__closed|OF Hrank_replacement] transM[of _ x]
unfolding Hrank def
by auto
qed

end — M _basic

context M eclose
begin

lemma wf_rrank : M(z) = wf(rrank(z))
unfolding rrank_def using wf_trancl|OF wf_Memrel] .

lemma trans_rrank : M(z) = trans(rrank(z))
unfolding rrank_def using trans trancl .

lemma relation_rrank : M(z) = relation(rrank(z))
unfolding rrank_def using relation_ trancl .

lemma rrank_in_ M : M(z) = M(rrank(z))
unfolding rrank_def by simp

end — M _eclose

lemma Hrank_trancl: Hrank(y, restrict(f,Memrel(eclose({z}))-“{y}))
= Hrank(y, restrict(f,(Memrel(eclose({z})) +)-‘“{y}))
unfolding Hrank_def
using restrict_trans__eq by simp

lemma rank_trancl: rank(z) = wfrec(rrank(z), x, Hrank)
proof -
have rank(z) = wfrec(Memrel(eclose({z})), x, Hrank)
(is _ = wfrec(?r,_,_))
unfolding rank__def transrec__def Hrank__def by simp
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also

have ... = wftrec(?r 4+, x, Ay f. Hrank(y, restrict(f,?r-‘{y})))
unfolding wfrec_ def ..

also

have ... = wftrec(?r™+, x, Ay f. Hrank(y, restrict(f,(?r™+)-‘{y})))
using Hrank trancl by simp

also

have ... = wfrec(9r™+, x, Hrank)

unfolding wfrec_def using trancl_eq r[OF relation__trancl trans__trancl] by
stmp

finally

show ?thesis unfolding rrank def .
qed
definition

Vset’ :: [i] = ¢ where

Vset'(A) = Vfrom(0,A)

reldb__add relational Vfrom is_Vfrom
reldb__add functional Vfrom Vfrom_ rel
relativize functional Vset’ Vset rel
relationalize Vset rel is Vset
reldb__rem relational Vset

reldb__rem functional Vset rel
reldb__add relational Vset is Vset
reldb__add functional Vset Vset rel

schematic__goal sats is Vset fm_ auto:
assumes
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(##A,nth(i, env),nth(v, env)) +— sats(A,%ivs_fm(i,v),env)
unfolding is Vset def is Vfrom__def
by (insert assms; (rule sep_rules is_ HVfrom__iff sats is_transrec_iff sats |
simp)+)

synthesize is_Vset from_ schematic sats is Vset_fm__auto
arity_ theorem for is Vset fm

context M_ Vfrom

begin

lemma Vset_abs: [ M(¢); M(V); Ord(i) | = is_ Vset(M,i,V) «— V = {z€ Vset(i).
M(z)}

using Vfrom__abs unfolding is Vset def by simp

lemma Vset_closed: [ M(i); Ord(i) | = M({z€ Vset(i). M(x)})
using Vfrom__closed unfolding is Vset def by simp
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lemma rank_closed: M(a) = M (rank(a))
unfolding rank_trancl
using Hrank_closed is__Hrank_replacement relation2__Hrank
wf _rrank relation__rrank trans__rrank rrank__in_ M
trans_wfrec__closed|of rrank(a) a is_Hrank(M))
transM [of __ a]

by auto

lemma M into Vset:
assumes M(a)
shows 3i[M]. 3 V[M]. ordinal(M,i) A is_Vset(M,i,V) A acV
proof -
let Zi=succ(rank(a))
from assms
have ac{z€ Vfrom(0,%i). M(z)} (is a€?V)
using Vset  Ord__rank_iff by simp
moreover from assms
have M (%)
using rank_closed by simp
moreover
note <M (a)
moreover from calculation
have M(?V)
using Vfrom__closed by simp
moreover from calculation
have ordinal(M,?i) A is_Vfrom(M, 0, %i, ?V) A a € 2V
using Ord_rank Vfrom__abs by simp
ultimately
show ?thesis
using nonempty empty_abs
unfolding is Vset def
by blast
qed

end — M__HVfrom

end

13 Replacements using Lambdas

theory Lambda_ Replacement
imports
Discipline__Function
begin

In this theory we prove several instances of separation and replacement in
M__basic. Moreover by assuming a seven instances of separation and ten
instances of "lambda” replacements we prove a bunch of other instances.
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definition
lam__replacement :: [i=o0,i=>i] = o where
lam__replacement(M,b) = strong_replacement(M, Az y. y = (z, b(x)))

lemma separation__univ :
shows separation(M,M)
unfolding separation_ def by auto

context M basic
begin

lemma separation_iff'":
assumes separation(M Az . P(z)) separation(M Az . Q(x))
shows separation(M, Az . P(z) +— Q(x))
using assms separation__conj separation__imp iff _def
by auto

lemma separation__in__constant :
assumes M(a)
shows separation(M,\z . z€a)
proof -
have {z€A . zca} = A N a for A by auto
with <M(a)
show ?thesis using separation__iff Collect abs
by simp
qged

lemma separation__equal :
shows separation(M, \x . =a)
proof -
have {zcA . z=a} = (if a€ A then {a} else 0) for A
by auto
then
have M({z€A . z=a}) if M(A) for A
using transM[OF _ «M(A))] by simp
then
show ?thesis using separation__iff Collect_abs
by simp
qed

lemma (in M__basic) separation_in_ rev:
assumes (M)(a)
shows separation(M,\z . a€x)
proof -
have eq: {z€A. acz} = Memrel(AU{a}) ““ {a} for A
unfolding ZF Base.image__def
by (intro equalityl ,auto simp:mem_ not_refl)
moreover from assms
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have M(Memrel(AU{a}) ““{a}) if M(A) for A
using that by simp
ultimately
show ?thesis
using separation__iff Collect_abs
by simp
qed

lemma lam__replacement_iff lam_ closed:
assumes YV z[M]. M(b(z))
shows lam,__replacement(M, b) «— (¥ A[M]. M(Az€A. b(z)))
using assms lam__closed lam__funtypelof _ b, THEN Pi_memberD]
unfolding lam__replacement__def strong replacement__def
by (auto intro:laml dest:transM)
(rule lam__closed, auto simp add:strong_replacement__def dest:transM)

lemma lam_ replacement_imp__lam__closed:
assumes lam_replacement(M, b) M(A) VzeA. M(b(x))
shows M(Az€A. b(x))
using assms unfolding lam_ replacement_def
by (rule_tac lam__closed, auto simp add:strong_replacement__def dest:transM)

lemma lam_ replacement_cong:
assumes lam_ replacement(M,f) V z[M]. f(z) = g(z) Vz[M]. M(f(z))
shows lam__replacement(M ,g)
proof -
note assms
moreover from this
have V A[M]. M(Az€A. f(z))
using lam_ replacement__iff lam_ closed
by simp
moreover from calculation
have (A\z€A . f(z)) = (A\z€d . g(x)) if M(A) for A
using lam__cong[OF refl,of A f g] transM[OF __ that)
by simp
ultimately
show ?thesis
using lam_ replacement_iff lam_ closed
by simp
qed

lemma converse_subset : converse(r) C {(snd(z),fst(z)) . z€r}
unfolding converse__def
proof(intro subsetl, auto)

fix uv

assume (u,v)€r (is 2z€r)

moreover

have v=snd(?z) u=fst(?z) by simp__all
ultimately
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show Jzer. v=snd(z) A u = fst(z)
using rexl[where z=(u,v)] by force
qed

lemma converse__eq_aux :
assumes <0,0>€r
shows converse(r) = {(snd(z),fst(z)) . z€r}
using converse__subset
proof(intro equalityl subsetl,auto)
fix z
assume z€r
then show (fst(z),snd(z2)) € r
proof(cases 3 a b . z =(a,b))
case True
with «zer
show ?thesis by auto
next
case Fulse
then
have fst(z) = 0 snd(2)=0
unfolding fst_def snd_def by auto
with <z€r assms
show ?thesis by auto
qed
qed

lemma converse_eq _auz’:
assumes <0,0>¢r
shows converse(r) = {(snd(z),fst(z)) . zer} - {<0,0>}
using converse__subset assms
proof(intro equalityl subsetl,auto)
fix z
assume z€r snd(z)#0
then
obtain a b where z = (a,b) unfolding snd_ def by force
with «zer
show (fst(z),snd(z)) € r
by auto
next
fix z
assume zer fst(z)#£0
then
obtain a b where z = (a,b) unfolding fst def by force
with «zer
show (fst(z),snd(z)) € r
by auto
qed

lemma diff _un : bCa = (a-b) U b= a
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by auto

lemma converse__eq: converse(r) = ({{snd(z),fst(z)) . zer} - {<0,0>}) U (rn{<0,0>})
proof(cases <0,0>€r)
case True
then
have converse(r) = {(snd(z),fst(z)) . z€r}
using converse__eq aux by auto
moreover
from True
have rn{<0,0>} = {<0,0>} {<0,0>}{(snd(z),fst(z)) . z€r}
using converse__subset by auto
moreover from this True
have {(snd(z),fst(z)) . zer} = ({{(snd(z),fst(z)) . zer} - {<0,0>}) U ({<0,0>})
using diff _un[of {<0,0>},symmetric] converse_eq aux by auto
ultimately
show ?thesis
by simp
next
case Fulse
then
have rN{<0,0>} = 0 by auto
then
have ({(snd(z),fst(z)) . zer} - {<0,0>}) U (rn{<0,0>}) = ({{(snd(z),fst(z)) .
zer} - {<0,0>})
by simp
with False
show ?thesis
using converse_eq aux’ by auto
qed

lemma range__subset : range(r) C {snd(z). z€r}
unfolding range def domain__def converse__def
proof(intro subsetl, auto)

fix uwv

assume (u,v)€r (is zer)

moreover

have v=snd(?z) u=fst(?z) by simp__all
ultimately

show Jzer. v=snd(z)
using rexI[where z=v| by force
qged

lemma lam_ replacement__imp_strong replacement__auz:
assumes lam__replacement(M, b) ¥V z[M]. M(b(z))
shows strong_replacement(M, Az y. y = b(z))

proof -

{
fix A

129



note assms
moreover
assume M (A)
moreover from calculation
have M(A\x€A. b(z)) using lam__replacement__iff _lam__closed by auto
ultimately
have M((Az€A. b(x))“A) V z[M]. z € (Az€A. b(z))“A +— (Fz€A. z = b(x))
by (auto simp:lam__def)
}

then
show ?thesis unfolding strong_replacement_def
by clarsimp (rule_tac x=(Az€A. b(z))“A in rezl, auto)
qed

lemma lam_replacement__imp_RepFun__ Lam:
assumes lam_ replacement(M, f) M(A)
shows M({y . s€A , M(y) A y=(z.f(x))})
proof -
from assms
obtain Y where I:M(Y)Vb[M]. b€ Y +— (Fz[M]. z € A A b= (z,f(z)))
unfolding lam__replacement__def strong_replacement__def
by auto
moreover from calculation
have YV = {y . z€A , M(y) A y = (z.,f(z))} (is Y=?R)
proof(intro equalityl subsetl)
fix y
assume ycY
moreover from this 1
obtain z where z€A4 y=(z,f(z)) M(y)
using transM[OF _ <M(Y))] by auto
ultimately
show ye?R
by auto
next
fix z
assume z€ 7R
moreover from this
obtain a where acA z=(a,f(a)) M(a) M(f(a))
using transM[OF _ «M(A)»]
by auto
ultimately
show z€Y using I by simp
qed
ultimately
show ?thesis by auto
qed

lemma lam_ closed_imp_ closed:
assumes V A[M]. M(\z€A. f(z))

130



shows Vz[M]. M(f(z))
proof

fix =

assume M (z)

moreover from this and assms

have M(Aze{z}. f(z)) by simp

ultimately

show M (f(x))

using image_lam[of {z} {z} f]
image__closed|of {z} (Az€{z}. f(z))] by (auto dest:transM)

qed

lemma lam__replacement_if:
assumes lam__replacement(M,f) lam__replacement(M,g) separation(M,b)
VaM]. M(f(x)) Va[M]. M(g(x))
shows lam__replacement(M, Az. if b(z) then f(z) else g(x))
proof -
let ?G=M\z. if b(z) then f(z) else g(x)
let 2b0=XA . {z€A. b(z)} and 2b'=XA . {z€A. —b(z)}
have eg:(Az€A . ?G(z)) = (Az€?b(A) . f(z)) U (Aze?b'(A).g(x)) for A
unfolding lam_ def by auto
have ?b'(A) = A - ?b(A) for A by auto
moreover
have M(?b(A)) if M(A) for A using assms that by simp
moreover from calculation
have M(2b'(A)) if M(A) for A using that by simp
moreover from calculation assms
have M(A\ze?b(A). f(z)) M(Az€?b'(A) . g(x)) if M(A) for A
using lam_ replacement__iff lam_ closed that
by simp__all
moreover from this
have M((Aze?b(A) . f(z)) U (A\z€?b'(A).g(x))) if M(A) for A
using that by simp
ultimately
have M(A\z€A. if b(z) then f(z) else g(z)) if M(A) for A
using that eq by simp
with assms
show ?thesis using lam__replacement__iff lam__closed by simp
qed

lemma lam_replacement _constant: M(b) = lam__replacement(M ,\__. b)
unfolding lam_ replacement__def strong replacement_def
by safe (rule_tac x=_x{b} in rexl; blast)

13.1 Replacement instances obtained through Powerset

The next few lemmas provide bounds for certain constructions.

lemma not_functional _Replace_0:
assumes ~(Yy y'. P(y) A P(y) — y=y’)

131



shows {y .z € A, P(y)} =0
using assms by (blast elim!: ReplaceE)

lemma Replace_in_ Pow_ rel:
assumes Az b. z € A = P(z,b) = be UVzcA. Vyy' P(z,y) N P(z,y") —
y=y’
separation(M, \y. Iz[M]. z € A A P(z, y))
M(U) M(A)
shows {y . = € A, P(z, y)} € Pow™(U)
proof -
from assms
have {y .z € A4, P(z, y)} C U
ze{y.z€ A Pz, y)} = M(z) for z
by (auto dest:transM)
with assms
have {y .z € A, P(z, y)} = {yeU . Jz[M]. z€A A P(z,y)}
by (intro equalityl) (auto, blast)
with assms
have M({y . z € A, P(z, y)})
by simp
with assms
show ?thesis
using mem_ Pow_rel _abs by auto
qed

lemma Replace sing 0 _in_ Pow rel:
assumes Ab. P(b) = be U
separation(M, \y. P(y)) M(U)
shows {y . = € {0}, P(y)} € Pow™(U)
proof (cases Vy y'. P(y) A P(y") — y=y")
case True
with assms
show ?thesis by (rule_tac Replace in_Pow_rel) auto
next
case Fulse
with assms
show ?thesis
using nonempty not_functional_Replace_0lof P {0} Pow_rel_char by auto
qed

lemma The in_Pow rel Union:
assumes \b. P(b) = b € U separation(M, Ay. P(y)) M(U)
shows (THE i. P(i)) € Pow™ (| U)
proof -
note assms
moreover from this
have (THE i. P(i)) € Pow(| U)
unfolding the_def by auto
moreover from assms
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have M(THE i. P(i))
using Replace_sing_0_in_Pow_rel[of P U] unfolding the def
by (auto dest:transM)
ultimately
show ?thesis
using Pow_rel__char by auto
qed

lemma separation_least: separation(M, A\y. Ord(y) A P(y) A (Vj. j < y — -
P())
unfolding separation__ def
proof
fix z
assume M (z)
have M({xr € z. 2z € z A Ord(z) N P(z) A (Vj. j <2 — = P(H)})
(is M(7))
proof (cases Fz€z. Ord(z) A P(z) A (Vj. j <z — = P(j)))
case True
with «(M(z)»
have 3z[M]. %y = {z}
by (safe, rename_tac z, rule_tac x=x in rezl)
(auto dest:transM, intro equalityl, auto elim:Ord_linear lt)
then
show ?thesis
by auto
next
case Fulse
then
have {z € z. 2 € 2 AN Ord(z) AN P(x) AN (Vj.j <z — = P(j))} =0
by auto
then
show ?thesis by auto
qed
moreover from this
have Vz[M]. z € %y +— x € 2z A Ord(z) A P(x) A (Vj. j <z — = P(j)) by
stmp
ultimately
show Jy[M]. Vz[M]. z € y «— z € z A Ord(z) AN P(z) AN (Vj. j <2z — =
P(j))
by blast
qed

lemma Least _in__Pow_rel Union:
assumes A\b. P(b) = be U
M(U)
shows (u 4. P(i)) € PowM(J U)
using assms separation_least unfolding Least def
by (rule_tac The_in_Pow_rel _Union) simp
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lemma bounded__lam,_replacement:
fixes U
assumes V X[M]. VzeX. f(z) € U(X)
and separation_f:N A[M]. separation(M,\y. Jz[M]. z€A A y = (z, f(z)))
and U__closed [intro,simpl: AX. M(X) = M(U(X))
shows lam__replacement(M, f)
proof -
have M(A\z€A. f(z)) if M(A) for A
proof -
have (\z€A. f(z)) = {ye Pow™(PowM(A U U(A))). z[M]. z€A A y = (z,
F}
using «M(A)> unfolding lam_ def
proof (intro equalityl, auto)
fix z
assume z€A
moreover
note (M(A)»
moreover from calculation assms
have f(z) € U(A) by simp
moreover from calculation
have {z, f(z)} € PowM(A U U(A)) {z,z} € PowM(A U U(A))
using Pow_rel_char[of A U U(A)] by (auto dest:transM)
ultimately
show (z, f(z)) € PowM(PowM(A U U(A)))
using Pow_rel char|of Pow™(A U U(A))] unfolding Pair def
by (auto dest:transM)
qed
moreover from <M (A)>
have M({ye Pow™(PowM(A U U(A))). Iz[M]. z€A A y = (z, f(2))})
using separation_ f
by (rule_tac separation__closed) simp__all
ultimately
show ?thesis
by simp
qed
moreover from this
have Vz[M]. M(f(z))
using lam__closed__imp _closed by simp
ultimately
show ?thesis
using assms
by (rule_tac lam_replacement_iff lam__closed|[ THEN iffD2]) simp__all
qed

lemma lam_ replacement__domain’:
assumes V A[M]. separation(M, \y. 3z€A. y = (x, domain(z)))
shows lam__replacement(M,domain)

proof -
have VzcX. domain(z) € Pow™((JUU X) if M(X) for X
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proof
fix z
assume z€X
moreover
note <M (X)»
moreover from calculation
have M(z) by (auto dest:transM)
ultimately
show domain(z) € PowM(JUU X)
by (rule_tac mem__Pow_rel_abs[of domain(z) \JUU X, THEN iffD2],auto
simp: Pair_def ,force)
qed
with assms
show ?thesis
using bounded_lam_ replacement|of domain AX. Pow™(|JJU X)] by simp
qed

— Below we assume the replacement instance for fst. Alternatively it follows from
the instance of separation assumed in this lemma.
lemma lam__replacement_ fst”:
assumes YV A[M]. separation(M, \y. Jz€A. y = (z, fst(x)))
shows lam__replacement(M,fst)
proof -
have VzeX. fst(z) € {0} U UU X if M(X) for X
proof
fix =
assume z€X
moreover
note <M (X)
moreover from calculation
have M (z) by (auto dest:transM)
ultimately
show fst(z) € {0} U |JU X unfolding fst_def Pair_def
by (auto, rule_tac [1] the_0) force— tricky! And slow. It doesn’t work for
snd
qed
with assms
show ?thesis
using bounded_lam__replacement|of fst AX. {0} U |JUJ X] by simp
qed

lemma lam_ replacement_restrict:
assumes YV A[M]. separation(M, \y. Jz€A. y = (x, restrict(z,B))) M(B)
shows lam__replacement(M, Ar . restrict(r,B))
proof -
have V reR. restrict(r,B)e PowM(|J R) if M(R) for R
proof -

{

fix r
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assume 7€R
with <M(B)»
have restrict(r,B)e Pow(|J R) M (restrict(r,B))
using Union__upper subset_Pow_ Union subset_trans[OF restrict_subset]
transM[OF _ <M (R)»]
by simp_all
} then show ?Zthesis
using Pow_rel_char that by simp
qed
with assms
show ?thesis
using bounded_lam,_ replacement[of \r . restrict(r,B) AX. PowM(|J X)]
by simp
qed

end — M _basic

locale M _replacement = M__basic +

assumes
lam__replacement__domain: lam_replacement(M ,domain)
and
lam__replacement_fst: lam__replacement(M fst)
and
lam__replacement__snd: lam__replacement(M ,snd)
and
lam__replacement__Union: lam__replacement(M, Union)
and
middle__separation: separation(M, Ax. snd(fst(x))=fst(snd(z)))
and

middle__del_replacement: strong_replacement(M, Az y. y=(fst(fst(z)),snd(snd(z))))

and

product__replacement:

strong__replacement(M, Az y. y=(snd(fst(z)),(fst(fst(x)),snd(snd(z)))))

and

lam__replacement__Upair:lam__replacement(M, Ap. Upair(fst(p),snd(p)))

and

lam__replacement__Diff :lam__replacement(M, Ap. fst(p) - snd(p))

and

lam__replacement_Image:lam_ replacement(M, Ap. fst(p) “ snd(p))

and

separation_ fst_in_snd: separation(M, Ay. fst(snd(y)) € snd(snd(y)))

and

lam__replacement__converse : lam__replacement(M ,converse)

and

lam__replacement__comp: lam_ replacement(M, Az. fst(z) O snd(z))
begin

lemma lam__replacement__imp__strong_replacement:
assumes lam__replacement(M, f)
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shows strong _replacement(M, Az y. y = f(z))
proof -
{
fix A
assume M (A)
moreover from calculation assms
obtain Y where 1:M(Y) VbM]. b€ Y «— (Fz[M]. z € AN b= (z,f(x)))
unfolding lam__replacement__def strong replacement__def
by auto
moreover from this
have M({snd(b) . b€ Y})
using transM[OF __ <M(Y )] lam__replacement__snd lam__replacement__imp__strong_replacement__aux
RepFun__closed by simp
moreover
have {snd(b) . be Y} ={y.z€A, M(f(z)) N y=f(z)} (is ?L=7R)
proof(intro equalityl subsetl)
fix z
assume z€?L
moreover from this
obtain b where beY z=snd(b) M(b)
using transM[OF _ «M(Y))] by auto
moreover from this 1
obtain a where a€A b=(a,f(a)) by auto
moreover from calculation
have 2=f(a) by simp
ultimately show z€?R
by auto
next
fix z
assume z€ 7R
moreover from this
obtain a where a€A z=f(a) M(a) M(f(a))
using transM[OF _ «M(A))]
by auto
moreover from calculation this 1
have z=snd({a,f(a))) (a,f(a)) € Y by auto
ultimately
show z€?L by force
qed
ultimately
have 3 Z[M]. V z[M]. z€Z +— (Fa[M]. a€A A z=f(a))
by (rule_tac rexl[where z={snd(b) . b € Y}],auto)
}

then
show ?thesis unfolding strong replacement def by simp
qed

lemma Collect_middle: {p € (Az€A. f(x)) x (Axe{f(z) . z€A}. g(x)) . snd(fst(p))=fst(snd(p))}
= { {(z.f(2)),(f(2).9(f(2)))) . z€A }
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by (intro equalityl; auto simp:lam__def)

lemff? fzepFun,middZe,dez: { (fst(fst(p)),snd(snd(p))) . p € { ((,f(2)).(F(2),9(f(2))))
A

= { (z9(f(2))) . 24 }
by auto

lemma lam__replacement__imp_RepFun:
assumes lam__replacement(M, f) M(A)
shows M({y . z€A , M(y) A y=f(2)})
proof -
from assms
obtain Y where I:M(Y) Vb[M]. b€ Y +— (Fz[M]. z € A A b= (z,f(x)))
unfolding lam__replacement_def strong replacement__def
by auto
moreover from this
have M({snd(b) . b € Y})
using transM[OF __ <M(Y )] lam__replacement__snd lam__replacement__imp__strong_replacement__aux
RepFun__closed by simp
moreover
have {snd(b) . be Y} ={y.z€d, M(y) A y=f(2)} (is ?L=7R)
proof(intro equalityl subsetl)
fix z
assume z€ ?L
moreover from this
obtain b where beY z=snd(b) M(b)
using transM[OF _ «M(Y )] by auto
moreover from this 1
obtain a where acA b=(a,f(a)) by auto
moreover from calculation
have z=f(a) by simp
ultimately show zc?R
by auto
next
fix z
assume z€ 7R
moreover from this
obtain a where a€A z=f(a) M(a) M(f(a))
using transM[OF _ «M(A)»]
by auto
moreover from calculation this 1
have z=snd({a,f(a)}) (a.f(a)) € Y by auto
ultimately
show z€?L by force
qed
ultimately
show ?thesis by simp
qed
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lemma lam_ replacement_product:
assumes lam__replacement(M,f) lam_replacement(M,g)
shows lam__replacement(M, Az. {f(z),9(x)))
proof -
{
fix A
let ?Y={y.zcA, M(y) A y=f(2)}
let ?Y'={y.zcA M(y) N y=(z.f(z))}
let 2Z={y . z€A , M(y) A
let ?Z'={y . z€A M(y) A
have 1€ C = ye C = fst(z) = fs
if M(C) for Cyz
using transM[OF __ that] by auto
moreover
note assms
moreover
assume M (A)
moreover from <M (A)> assms(1)
have M (converse(?Y")) M(?Y)
using lam__replacement__imp__ RepFun__ Lam lam_ replacement imp_ RepFun
by auto
moreover from calculation
have M(?Z) M(¢Z’)
using lam__replacement _imp_ RepFun__ Lam lam__replacement__imp__RepFun
by auto
moreover from calculation
have M (converse(?Y ") x 2Z")
by simp
moreover from this
have M({p € converse(?Y")x ?Z' . snd(fst(p))=fst(snd(p))}) (is M(?P))
using middle_separation by simp
moreover from calculation
have M({ (snd(fst(p)), (fst(fst(p)).snd(snd(p)))) - p 7P }) (is M(?R))
using RepFun_ closed|OF product_replacement <M(?P)> | by simp
ultimately
have b € R +— (Fz[M]. z € A AN b = (z,(f(2),9(x)))) if M(b) for b
using that
apply (intro iffI)apply (auto)|]
proof -
assume Jz[M]. z € AN b= (z, f(z), g(z))
moreover from this
obtain z where M(z) z€A b= (z, (f(z), g(z)))
by auto
moreover from calculation that
have M((z.f(x))) M((z.9(x))) by auto
moreover from calculation
have (f(z),z) € converse(?Y”’) (x,g9(z)) € ?Z' by auto
moreover from calculation
have ((f(z),z),(z,9(x)))€converse(?Y ") x 2Z' by auto

(
y) — M(fst(y)) A M(snd(z)) A M(snd(y))
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moreover from calculation
have ({f(),),(2,6(2)) € ?P
(is ?pe?P)
by auto
moreover from calculation
have b = (snd(fst(?p)),{fst(fst(?p)),snd(snd(?p)))) by auto
moreover from calculation
have (snd(fst(?p)),(fst(fst(?p)),snd(snd(?p))))€?R
by (rule_tac RepFunl[of ?p ?P), simp)
ultimately show b€ ?R by simp
qed
with (M(?R)»
have 3Y[M]. Vb[M]. b€ Y «— (Fz[M]. z € AN b= (z,(f(x),9(2))))
by (rule_tac rexzl[where z=?R],simp__all)
}

with assms
show ?thesis using lam_ replacement__def strong replacement__def by simp
qed

lemma lam__replacement__hcomp:
assumes lam__replacement(M,f) lam__replacement(M,g) ¥ z[M]. M(f(z))
shows lam__replacement(M, Az. g(f(z)))
proof -
{
fix A
let ?2Y={y . z€A, y=f(z)}
let ?2Y'={y . zcA , y=(z,f(x))}
have VzeC. M({fst(fst(x)),snd(snd(z)))) if M(C) for C
using transM[OF __ that] by auto
moreover
note assms
moreover
assume M (A)
moreover from assms
have eq:?Y = {y . z€A M(y) A y=f(2)} ?Y'={y.z€A M(y) N y=(z.f(2))}
using transM[OF _ «M(A)] by auto
moreover from <M(A)) assms(1)
have M(?Y’) M(?Y)
using lam_ replacement imp_RepFun_ Lam lam__replacement__imp RepFun
eq by auto
moreover from calculation
have M({z . ye?Y , M(2) A z=(y,9(y))}) (is M(?2))
using lam__replacement_imp_ RepFun_ Lam by auto
moreover from calculation
have M(?Y'x ?7)
by simp
moreover from this
have M({p € ?Y'x?Z . snd(fst(p))=fst(snd(p))}) (is M(?P))
using middle__separation by simp
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moreover from calculation
have M({ {fst(fst(p)).snd(snd(p))) . pe?P }) (is M(?R))
using RepFun__closed|OF middle__del replacement <M(?P))] by simp
ultimately
have b € 7R +— (3z[M]. x € A A b = (x,9(f(x)))) if M(b) for b
using that assms(3)
apply (intro iffI) apply(auto)[1]
proof -
assume Jz[M]. 2 € A AN b = (x, g(f(2)))
moreover from this
obtain z where M(z) z€A b= (z, g(f(z)))
by auto
moreover from calculation that assms(3)
have M(f(x)) M(g(f(2))) by auto
moreover from calculation
have (z.f(z)) € ?Y’ by auto
moreover from calculation
have (f(z),9(f(x)))€?Z by auto
moreover from calculation
have ((z.f(z)),(f(z),9(f(2)))) € ?P
(is ?pe?P)
by auto
moreover from calculation
have b = (fst(fst(?p)),snd(snd(?p))) by auto
moreover from calculation
have (fst(fst(?p)),snd(snd(?p)))€?R
by (rule_tac RepFunl[of ?p ?P), simp)
ultimately show b€ R by simp
qed
with «<M(?R)»
have 3Y[M]. Vb[M]. b€ Y «— (Fz[M]. z € AN b= (z,9(f(x))))
by (rule_tac rexl[where z=?R],simp__all)
}
with assms
show ?thesis using lam_ replacement__def strong replacement__def by simp
qed

lemma lam_ replacement__Collect :
assumes M(A) Vz[M]. separation(M,F(z))
separation(M Ap . Vz€A. z€snd(p) «— F(fst(p),x))
shows lam_ replacement(M Az. {yeA . F(z,y)})
proof -
{
fix Z
let ?Y=Xz{zcA . F(z,2)}
assume M(Z)
moreover from this
have M(?Y(z)) if zeZ for z
using assms that transM|of _ Z] by simp
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moreover from this
have ?Y(z)€Pow™(A) if 2€Z for z
using Pow_rel__char that assms by auto
moreover from calculation <M(A)»
have M(ZxPowM(A)) by simp
moreover from this
have M({p € ZxPowM(A) .VzcA. zcsnd(p) < F(fst(p),z)}) (is M(?P))
using assms by simp
ultimately
have b € 7P +— (3z[M]. z€Z A b=(2,?Y(2))) if M(b) for b
using assms(1) Pow_rel_char[OF <M (A)>] that
by (intro iffI,auto,intro equalityl ,auto)
with <M (?P)»
have 3Y[M]. VbM]. b€ Y «+— (F2[M]. z€ Z AN b= (22Y(2)))
by (rule_tac rexl[where z=?P|,simp__all)
}
then
show ?thesis
unfolding lam__replacement_def strong replacement_def
by simp
qed

lemma lam_ replacement__hcomp2:

assumes lam__replacement(M,f) lam_replacement(M,g)
Va[M]. M(f(z)) Vz[M]. M(g(z))
lam__replacement(M, Ap. h(fst(p),snd(p)))
Va[M]. Vy[M]. M(h(z,y))

shows lam__replacement(M, Az. h(f(z),9(z)))

using assms lam__replacement__product|of f g|
lam__replacement__hcomp|of Ax. (f(z), g(z)) Mz,y). h(z,y)]

unfolding split _def by simp

lemma lam_replacement__identity: lam__replacement(M Ax. x)
proof -
{
fix A
assume M(A)
moreover from this
have id(A) = {(snd(fst(z)),fst(snd(2))) . z€ {z€ (AxA)x(AxA). snd(fst(z))
— fot(snd(2))}}
unfolding id_def lam__def
by (intro equalityl subsetl simp__all,auto)
moreover from calculation
have M({z€ (AxA)x(AxA). snd(fst(z)) = fst(snd(z))}) (is M(?A4"))
using middle__separation by simp
moreover from calculation
have M ({{snd(fst(z)),fst(snd(2))) . z& 2A'})
using transM[of __ A]
lam__replacement__product lam__replacement__hcomp lam__replacement_ fst
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lam__replacement__snd
lam__replacement__imp__strong_replacement| THEN RepFun__closed)
by simp__all
ultimately
have M(id(A)) by simp
}
then
show ?thesis using lam_ replacement_iff lam_ closed
unfolding id_def by simp
qged

lemma lam_ replacement_vimage :
shows lam__replacement(M, Az. fst(x)-“‘snd(x))
unfolding vimage def using
lam__replacement__hcomp2[OF
lam__replacement__hcomp[OF lam__replacement__fst lam__replacement__converse
lam__replacement__snd
___lam_replacement__Image]
by auto

lemma strong replacement__separation__aux :
assumes strong_replacement(M .\ x y . y=f(x)) separation(M,P)
shows strong_replacement(M, Az y . P(z) A y=f(x))
proof -
{
fix A
let 7Q=A\X.VbM]. b€ X +— (Fz[M]. z € AN P(z) AN b= f(x))
assume M(A)
moreover from this
have M({z€A . P(z)}) (is M(?B)) using assms by simp
moreover from calculation assms
obtain Y where M(Y) Vb[M]. b € YV +— (z[M]. z € ?B A b = f(x))
unfolding strong replacement def by auto
then
have 3Y[M]. Vb[M]. b€ Y +— (Fz[M]. z € AN P(z) AN b= f())
using rexl[of ?Q __ M] by simp
}

then
show ?thesis
unfolding strong replacement__def by simp
qed

lemma separation__in:
assumes VY z[M]. M(f(z)) lam_replacement(M.,f)
Vaz[M]. M(g(z)) lam__replacement(M,g)
shows separation(M Az . f(z)eg(z))
proof -
let 2Z=\A. {{z,(f(z),9(x))). z€A}
have M(?2Z(A)) if M(A) for A
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using assms lam__replacement_iff lam_ closed that
lam__replacement__product|of f g]
unfolding lam__def
by auto
then
have M({u€?Z(A) . fst(snd(u)) €snd(snd(u))}) (is M(?W(A))) if M(A) for A
using that separation_ fst_in_snd assms
by auto
then
have M({fst(u) . u € ?W(A)}) if M(A) for A
using that lam__replacement__imp__strong__replacement|OF lam__replacement__fst, THEN
RepFun__closed)] fst_closed|OF transM]
by auto
moreover
have {z€A. f(z)eg(z)} = {fst(u) . ue?W(A)} for A
by auto
ultimately
show ?thesis
using separation__iff
by auto
qed

lemma lam_replacement _swap: lam__replacement(M, \z. (snd(z),fst(z)))
using lam__replacement_ fst lam__replacement__snd
lam__replacement__product|of snd fst] by simp

lemma lam_replacement_range : lam__replacement(M range)

unfolding range def

using lam__ replacement__hcomp[OF lam__replacement__converse lam__replacement__domain]
by auto

lemma separation_in_range : M(a) = separation(M, \z. a€range(x))
using lam_ replacement range lam__replacement__constant separation__in
by auto

lemma separation_in__domain : M(a) = separation(M, Az. a€domain(x))
using lam_ replacement__domain lam__replacement__constant separation__in
by auto

lemma lam_ replacement _separation :
assumes lam__replacement(M,f) separation(M,P)
shows strong_replacement(M, Az y . P(z) N y=(z,f(x)))
using strong_replacement__separation__auzr assms
unfolding lam__replacement__def
by simp

lemmas strong_replacement__separation =
strong__replacement__separation__auz[OF lam__replacement__imp__strong__replacement)
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lemma id_ closed: M(A) = M (id(A))
using lam__replacement__identity lam__replacement iff lam_ closed
unfolding id_ def by simp

lemma relation__separation: separation(M, Az. 3z y. z = (z, y))
unfolding separation__ def
proof (clarify)
fix A
assume M(A)
moreover from this
have {z€A. Tz y. z = (z, y)} = {2€A. Fz€domain(A). Fycrange(A). pair(M,
T, Y, 2)}
(is Zrel = _)
by (intro equalityl, auto dest:transM)
(intro bexl, auto dest:transM simp:Pair_def)
moreover from calculation
have M(?rel)
using cartprod_separation| THEN separation__closed, of domain(A) range(A)
A
by simp
ultimately
show Fy[M]. Vz[M]. z € y+—z€ AN Buwy. z = (w y))
by (rule_tac xz={z€A. 3z y. z = (x, y)} in rexl) auto
qed

lemma separation_ pair:
assumes separation(M, Ay . P(fst(y), snd(y)))
shows separation(M, Ay. 3 u v . y=(u,v) A\ P(u,v))
unfolding separation__def
proof(clarify)
fix A
assume M(A)
moreover from this
have M({z€A. 3z y. z = (x, y)}) (is M(?P))
using relation__separation by simp
moreover from this assms
have M({z€?P . P(fst(z),snd(2))})
by (rule_tac separation_ closed,simp__all)
moreover
have {ycA .3 wv . y=(u,v) A P(u,v) } = {2€?P . P(fst(z),snd(z))}
by (rule equalityl subsetl auto)
moreover from calculation
have M({ycA .3 uwv.y=(u,v) A P(u,v) })
by simp
ultimately
show Jy[M]. Vz[M].z € y+— 2z € AN Bwy. z = (w, y) A P(wy))
by (rule_tac x={z€A. Jz y. z = (x, y) A P(x,y)} in rexl) auto
qed
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lemma lam_ replacement_ Pair:
shows lam__replacement(M, Az. (fst(x), snd(z)))
unfolding lam__replacement_def strong replacement_ def
proof (clarsimp)
fix A
assume M(A)
then
show I Y[M]. Vb[M]. b€ Y +— (Fz€A. b = (z, fst(z), snd(z)))
unfolding lam__replacement_def strong replacement_ def
proof (cases relation(A))
case True
with <M (A)>
show ?thesis
using id_ closed unfolding relation__def
by (rule_tac x=id(A) in rexl) auto
next
case Fulse
moreover
note <M(A)»
moreover from this
have M({z€A. 3z y. z = (z, y)}) (is M(?rel))
using relation__separation by auto

moreover
have z = (fst(z), snd(z)) if fst(z) # 0 V snd(z) # 0 for z

using that

by (cases Ja b. z=(a,b)) (auto simp add: the_ 0 fst_def snd_def)
ultimately

show ?thesis
using id_ closed unfolding relation__def
by (rule_tac z=id(%rel) U (A-2rel)x{0}x{0} in rexl)
(force simp:fst_def snd_ def)+
qed
qed

lemma lam_replacement_Un: lam__replacement(M, Ap. fst(p) U snd(p))
using lam__replacement__ Upair lam__replacement__ Union
lam__replacement__hcomp[where g=Union and f=MAp. Upair(fst(p),snd(p))]
unfolding Un_ def by simp

lemma lam_replacement__cons: lam__replacement(M, Ap. cons(fst(p),snd(p)))
using lam__replacement__ Upair
lam__replacement__hcomp2lof _ _ (U)]
lam__replacement__hcomp2[of fst fst Upair]
lam__replacement__Un lam__replacement_ fst lam__replacement__snd
unfolding cons _def
by auto

lemma lam__replacement__sing: lam__replacement(M, Az. {z})
using lam_ replacement_constant lam__replacement_cons
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lam__replacement_hcomp2[of Az. z A_. 0 cons]
by (force intro: lam__replacement__identity)

lemmas tag_replacement = lam__replacement__constant[unfolded lam__replacement__def]

lemma lam_replacement id2: lam__replacement(M, Ax. {x, x))
using lam__replacement_identity lam__replacement__product[of Az. x Ax. x]
by simp

lemmas id_replacement = lam__replacement__id2[unfolded lam__replacement__def]

lemma lam_replacement _apply2:lam__replacement(M, Ap. fst(p) ¢ snd(p))
using lam__replacement__sing lam__replacement_ fst lam__replacement__snd
lam__replacement__Image lam__replacement_Union
unfolding apply def
by (rule_tac lam__replacement__hcomplof __ Union],
rule_tac lam__replacement_hcomp2[of _ _ (*9)])
(force intro:lam__replacement__hcomp)+

definition map_snd where
map_snd(X) = {snd(z) . z6 X}

lemma map_sndE: yemap_snd(X) = IpeX. y=snd(p)
unfolding map_snd__def by auto

lemma map_sndl : IpeX. y=snd(p) = yEmap_snd(X)
unfolding map_ snd__def by auto

lemma map_ snd_ closed: M(z) = M(map_snd(z))
unfolding map__snd__def
using lam__replacement__imp__strong_replacement[OF lam__replacement__snd)]
RepPun__closed snd__closed[OF transM[of __ z]]
by simp

lemma lam_ replacement__imp__lam__replacement__RepFun:
assumes lam_replacement(M, f) YV z[M]. M(f(z))
separation(M, Az. ((Vyesnd(z). fst(y) € fst(z)) N (Vyefst(z). Juesnd(z).
y=[st(u))))
and
lam__replacement_RepFun__snd:lam__replacement(M ,map__snd)
shows lam__replacement(M, Az. {f(y) . yEx})
proof -
have f closed: M ({fst(z),map__snd(snd(2)))) if M(z) for 2
using pair_in_ M__iff fst_closed snd__closed map__snd_ closed that
by simp
have p_ closed:M ((z,{f(y) . yez})) if M(z) for z
using pair_in_ M __iff RepFun_ closed lam__replacement__imp__strong _replacement
transM[OF __ that] that assms by auto
{
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fix A
assume M (A)
then
have M ({{y,f(y)) . yez}) if z€ A for z
using lam__replacement__iff _lam__closed assms that transM[of __ A]
unfolding lam_ def by simp
from assms <M(A)>
have VzelJA. M(f(z))
using transM[of _ |J A] by auto
with assms <M (A)»
have M({(3.f(y)) - y € UA}) (is M(#/UnA))
using lam__ replacement_iff _lam__closed| THEN iffD1,0F assms(2) assms(1)]
unfolding lam__def
by simp
with «(M(A)»
have M(Pow_rel(M,?fUnA)) by simp
with <M (A)>
have M({z€Ax Pow_rel(M,?fUnA) . (Y yesnd(z). fst(y) € fst(z)) A (Y yefst(z).
Juesnd(z). y=fst(u)))}) (is M(?T))
using assms(3) by simp
then
have 1:M({(fst(z),map_snd(snd(z))) . z€?T}) (is M(?Y))
using lam__replacement__product|OF lam__replacement_ fst
lam__replacement__hcomp|OF lam__replacement__snd lam__replacement_ RepFun__snd)]
RepFun__closed lam__replacement__imp__strong _replacement
f_closed[OF transM[OF _ <M(?T)]]
by simp
have 2:7Y = {(z,{f(y) . yezx}) . z€A} (is _ = ?R)
proof(intro equalityl subsetl)
fix p
assume pE ?R
with <M (A)»
obtain = where z€A p=(z,{f(y) . y € z}) M(x)
using transM[OF _ «M(A))]
by auto
moreover from calculation
have M({(y.f(y)) . yez}) (is M(?Ux))
using lam_ replacement_iff lam_ closed assms
unfolding lam_def by auto
moreover from calculation
have ?Uz C ?fUnA
by auto
moreover from calculation
have ?Uz € Pow_rel(M,?fUnA)
using Pow_rel_char[OF <M (?2fUnA))| by simp
moreover from calculation
have Vuez. Jwe?Ux. u=fst(w)
by force
moreover from calculation
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have (z,?Uz) € ?T by auto
moreover from calculation
have {f(y).ycz} = map_snd(?Uz)
unfolding map_snd_ def
by (intro equalityl ,auto)
ultimately
show pe?Y
by (auto,rule_tac bexl[where z=x],simp__all,rule_tac bezl[where z="2Uz],simp__all)
next
fix u
assume u€?Y
moreover from this
obtain z where z€ ¢T u=(fst(z),map__snd(snd(z)))
by blast
moreover from calculation
obtain z U where
l:ize A UePow rel(M,?2fUnA) (VueU. fst(u) € z) A (Vwez. Jvel.
w=fst(v)) z=(z,U)
by force
moreover from this
have fst(u)elJ A snd(u) = f(fst(u)) if ueU for u
using that Pow_rel char[OF <M(?2fUnA)]
by auto
moreover from calculation
have map_snd(U) = {f(y) . yez}
unfolding map snd_ def
by (intro equalityl subsetl, auto)
moreover from calculation
have u=(z,map_snd(U))
by simp
ultimately
show u€?R
by (auto)
qed
from 1 2
have M({(z.{f(y) . yca}) . z€A})
by simp
}

then

have V A[M]. M(A\z€A. {f(y) . y€x})
unfolding lam_ def by auto

then

show ?thesis
using lam__replacement _iff lam_ closed|[ THEN iffD2] p_ closed
by simp

qed

lemma lam_replacement _apply:M(S) = lam__replacement(M, \z. S ‘ x)
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using lam__replacement__ Union lam__replacement__constant lam__replacement _identity
lam__replacement__Image lam__replacement__cons
lam__replacement__hcomp2[of _ __ Image] lam__replacement__hcomp2[of Az. z
A_. 0 cons)
unfolding apply def
by (rule_tac lam__replacement__hcomp[of _ Union]) (force intro:lam__replacement__hcomp)+

lemma apply replacement:M(S) = strong_replacement(M, Az y. y = S ‘ x)
using lam_ replacement__apply lam__replacement__imp_ strong replacement by
stmp

lemma lam_replacement_id__const: M(b) = lam__replacement(M, \z. (z, b))
using lam__replacement_identity lam_ replacement__constant
lam__replacement__product[of Az. z Ax. b] by simp

lemmas pospend__replacement = lam__replacement__id__const[unfolded lam__replacement__def]

lemma lam_ replacement_const_id: M(b) = lam__replacement(M, \z. (b, z))
using lam__replacement__identity lam_ replacement__constant
lam__replacement__product[of Az. b Az. x] by simp

lemmas prepend__replacement = lam__replacement__const__id[unfolded lam__replacement__def]

lemma lam_replacement _apply_const_id: M(f) = M(z) =
lam__replacement(M, Az. f “ (z, z))
using lam__replacement__const_id[of 2| lam__replacement__apply[of f]
lam__replacement__hcomp|of Ax. (z, x) \z. f‘z] by simp

lemmas apply_replacement? = lam__replacement__apply__const_id[unfolded lam__replacement__def]

lemma lam__replacement__Inl: lam__replacement(M, Inl)
using lam__replacement_identity lam_ replacement__constant
lam__replacement__product[of Az. 0 Az. ]
unfolding Inl def by simp

lemma lam_replacement Inr: lam__replacement(M, Inr)
using lam_ replacement_identity lam_ replacement__constant
lam__replacement__product[of Az. 1 Az. ]
unfolding Inr_def by simp

lemmas Inl_replacement! = lam__replacement_ Inl[unfolded lam__replacement__def]
lemma lam_replacement Diff": M(X) = lam__replacement(M, Ax. x - X)
using lam__replacement__ Diff
by (force intro: lam__replacement__hcomp2 lam__replacement__constant

lam__replacement__identity)+

lemmas Pair_diff _replacement = lam__replacement__Diff 'lunfolded lam__replacement__def]
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lemma diff _Pair_replacement: M(p) = strong_replacement(M, Az y . y=(z,z-{p}))
using Pair_diff _replacement by simp

lemma swap__replacement:strong_replacement(M, Az y. y = (z, (A (z,y). (y, 2))(z)))
using lam_ replacement__swap unfolding lam_ replacement_def split_def by
stmp

lemma lam_replacement_Un__const: M (b) = lam__replacement(M, Az. x U b)
using lam__replacement__Un lam__replacement__hcomp2[of _ _ (V)]
lam__replacement__constant[of b] lam__replacement__identity by simp

lemmas tag_union_replacement = lam__replacement_ Un__const[unfolded lam__replacement__def]

lemma lam__replacement__csquare: lam__replacement( M, Ap. {fst(p) U snd(p), fst(p),

snd(p)))
using lam_ replacement__Un lam__replacement_fst lam__replacement__snd

by (fast intro: lam__replacement _product lam__replacement__hcomp?2)

lemma csquare_lam_replacement:strong _replacement(M, Az y. y = (z, (A (z,y).

(z Uy, z, 9)(2)))
using lam__replacement_csquare unfolding split_ def lam__replacement_def .

lemma lam_ replacement__assoc:lam__replacement(M x. (fst(fst(z)), snd(fst(z)),
snd(x)))

using lam__replacement_ fst lam__replacement__snd

by (force intro: lam__replacement__product lam__replacement__hcomp)

lemma assoc_replacement:strong_replacement(M, Az y. y = (z, (A\{{z,y),2). (x,

Y, 2))(2)))

using lam__replacement__assoc unfolding split_def lam__replacement__def .

lemma lam__replacement_prod_ fun: M(f) = M(g) = lam__replacement(M .
(f  fst(2), g snd(2)))
using lam__replacement_ fst lam_ replacement_snd
by (force intro: lam__replacement__product lam__replacement__hcomp lam__replacement__apply)

lemma prod_ fun_replacement: M (f) —= M(g) =
strong_replacement(M, Az y. y = (z, (Mw,y). (f ‘w, g ‘ y))(x)))
using lam__replacement_prod_ fun unfolding split def lam__replacement_def .

lemma lam__ replacement__vimage__sing: lam__replacement(M, Ap. fst(p) -““{snd(p)})
using lam__replacement__hcomp|OF lam__replacement__snd lam__replacement__sing]
lam__replacement__hcomp2[OF lam__replacement_fst ____ __ lam__replacement__vimage]
by simp

lemma lam_ replacement_vimage__sing_fun: M(f) = lam__replacement(M, \z.

f-Az})
using lam__replacement_hcomp2[OF lam__replacement__constant|of f]
lam__replacement_identity _ _ lam__replacement_vimage__sing]
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by simp
lemma lam_replacement image_sing_fun: M(f) = lam__replacement(M, Az. f
“A{a})
using lam__replacement__hcomp2|OF lam__replacement__constant|of f]
lam__replacement__hcomp|OF lam__replacement__identity lam__replacement__sing|
___lam_replacement__Image]
by simp

lemma converse__apply_projs: Y z[M]. U (fst(z) -*“ {snd(z)}) = converse(fst(z))
*(snd(z))

using converse__apply eq by auto

lemma lam__replacement__converse__app: lam__replacement(M, Ap. converse(fst(p))
“snd(p))
using lam__replacement__cong[OF __ converse__apply_projs]
lam__replacement__hcomp|OF lam__replacement__vimage__sing lam__replacement__Union]
by simp

lemmas cardinal_lib__assmsj = lam__replacement__vimage__sing_ fun[unfolded lam__replacement__def]

lemma lam__replacement_sing const_id:
M(z) = lam__replacement(M, \y. {{z, y)})
using lam__replacement__hcomp|OF lam__replacement__const_id[of )
lam__replacement__sing pair_in_ M__iff
by simp

lemma tag_singleton_closed: M(z) = M(z) = M{{{(z, v)} . y € z})
using RepFun_ closedlwhere A=z and f=X\ u. {(z,u)}]
lam__replacement__imp__strong_replacement lam__replacement__sing const_id
transM[of __ x]
by simp

lemma separation__eq:
assumes VY z[M]. M(f(z)) lam_replacement(M.,f)
Vz[M]. M(g(x)) lam_replacement(M,q)
shows separation(M,\x . f(z) = g(z))
proof -
let 2Z=XA. {{z,(f(x),{g9(x),z))). z€A}
let 7Y=AA. {({z.f()).(g(z),2)). veA}
note sndsnd = lam__replacement__hcomp|[OF lam,__replacement__snd lam__replacement__snd)
note fstsnd = lam__replacement__hcomp|OF lam__replacement__snd lam__replacement__ fst)
note sndfst = lam__replacement__hcomp|OF lam__replacement__fst lam__replacement__snd)
have M(?2Z(A)) if M(A) for A
using assms lam__replacement__iff lam_ closed that
lam__replacement_product[OF assms(2)
lam__replacement__product| OF assms(4) lam_replacement__identity]]
unfolding lam__ def
by auto
moreover

152



have ?Y(A) = {({fst(x), fst(snd(z))), fst(snd(snd(x))), snd(snd(snd(x)))) . z €
?Z(A)} for A
by auto
moreover from calculation
have M(?Y(A)) if M(A) for A
using
lam__replacement__imp__strong _replacement[OF
lam__replacement__product] OF
lam__replacement__product|OF lam__replacement_ fst fstsnd)
lam__replacement__product[OF
lam__replacement__hcomp[OF sndsnd lam__replacement__fst]
lam__replacement__hcomp|OF lam__replacement__snd sndsnd]

|, THEN RepFun__closed,simplified,of ?Z(A)]
fst_closed|OF transM| snd__closed|OF transM] that
by auto
then
have M({ue?Y(A) . snd(fst(u)) = fst(snd(u))}) (is M(?W(A))) if M(A) for A
using that middle_separation assms
by auto
then
have M({fst(fst(u)) . u € ?W(A)}) if M(A) for A
using that lam__replacement__imp__strong_replacement| OF
lam__replacement__hcomp|OF lam__replacement_fst lam__replacement_ fst],
THEN RepFun__closed)
fst__closed|OF transM)|
by auto
moreover
have {z€A. f(z) = g(z)} = {fst(fst(u)) . uc ?W(A)} for A
by auto
ultimately
show ?thesis
using separation_iff by auto
qed

lemma separation__subset:
assumes Vz[M]. M(f(z)) lam_replacement(M.,f)
YV z[M]. M(g(x)) lam__replacement(M,q)
shows separation(M Az . f(z) C g(x))
proof -
have f(z) C g(z) «— f(z)Ug(z) = g(z) for =
using subset_Un__iff by simp
moreover from assms
have separation(M, Az . f(z)Ug(z) = g(x))
using separation__eq lam__replacement__Un lam__replacement__hcomp2
by simp
ultimately
show ?thesis
using separation__cong[ THEN iffD1] by auto
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qed

lemma separation_ ball:
assumes separation(M, Ay. f(fst(y),snd(y))) M(X)
shows separation(M, \y. VueX. f(y,u))
unfolding separation__ def
proof(clarify)
fix A
assume M(A)
moreover
note (M (X))
moreover from calculation
have M(AxX)
by simp
then
have M({p € AxX . f(fst(p),snd(p))}) (is M(?P))
using assms(1)
by auto
moreover from calculation
have M({acA . ?2P*{a} = X}) (is M(?4"))
using separation__eq lam__replacement__image__sing_fun[of 2P| lam__replacement__constant
by simp
moreover
have f(a,z) if ac?4’ and z€X for a z
proof -
from that
have acA ?P‘{a}=X
by auto
then
have z€ ?P*{a}
using that by simp
then
show ?thesis using image_ singleton__iff by simp
qed
moreover from this
have Va[M]. a € ?A' +— a € AN (VzeX. f(a, z))
using image_singleton__iff
by auto
with <M (?A")
show Jy[M]. Va[M]. a € y «— a € AN (VzeX. f(a, z))
by (rule_tac z=2A"in rexl,simp__all)
qged

lemma lam_replacement _twist: lam__replacement(M A {((z,y),2). (z,y,2))
using lam__replacement_ fst lam__replacement__snd
lam__replacement__Pair|[ THEN [5] lam__replacement__hcomp2,
of Ax. snd(fst(z)) Az. snd(x), THEN [2] lam__replacement__Pair]
THEN [5] lam_replacement_hcomp2, of Az. fst(fst(z))]]
lam__replacement__hcomp unfolding split_def by simp
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lemma twist_closed|intro,simp|: M(z) = M((A{{(z,y),2). {z,y,2))(z))
unfolding split _def by simp

lemma lam__replacement_Lambda:
assumes lam__replacement(M, \y. b(fst(y), snd(y)))
v w[M]. ¥ y[M]. M(b(w, y)) M(W)
shows lam_ replacement(M, A\x. Awe W. b(z, w))
proof (intro lam__replacement_iff lam__closed| THEN iffD2]; clarify)
have auz_sep: V x[M]. separation(M \y. (fst(z), y) € A)
if M(X) M(A) for X A
using separation__in lam_ replacement__hcomp2|OF lam__replacement__hcomp[OF
lam__replacement__constant lam__replacement_ fst]

lam__replacement__identity _ __ lam_ replacement__Pair]
lam__replacement__constant[of A]
that
by simp

have auz_closed: Ya[M]. M({y € X . (fst(z), y) € A}) if M(X) M(A) for X A
using aux_sep that by simp
have auz_lemma: lam__replacement(M A p . {y € X . (fst(p), y) € A})
if M(X) M(A) for X A
proof -
note Ir = lam_ replacement__Collect|OF «M(X)»]
note fst3 = lam__replacement__hcomp|OF lam__replacement_ fst
lam__replacement__hcomp|OF lam__replacement_ fst lam__replacement__ fst])
then show ?thesis
using lam__replacement__Collect|OF <M (X)» auz_sep separation_ball|OF
separation__iff ]
separation_in[OF __ lam_ replacement_snd __ lam__replacement__hcomp[OF
lam__replacement__fst lam__replacement__snd)]
separation__in|OF __ lam__replacement__hcomp2[OF fst3 lam__replacement__snd
__ lam_replacement__Pair] _
lam__replacement__constant|[of A]] that
by auto
qed
from assms
show lbe: M (z) = M(AweW. b(z, w)) for
using lam_ replacement__constant lam__replacement_identity
lam__replacement__hcomp2[where h=0]
by (intro lam__replacement_iff lam_ closed[THEN iffD1, rule_format))
stmp__all
fix A
assume M(A)
moreover from this assms
have M({b(fst(z),snd(x)). z € AxW}) (is M(?RFb))— RepFun b
using lam__replacement__imp__strong_replacement transM[of _ Ax W]
by (rule_tac RepFun_ closed) auto
moreover
have {{(z,y),z) € (AXxW)x?RFb. z = b(z,y)} = (Mz,y)eAXxW. b(z,y)) N
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(Ax W)x ?RFb
(is {{({z,y),2) € (AxW)x?B. _ } = %lam)
unfolding lam__def by auto
moreover from calculation and assms
have M(?lam)
using lam_ replacement_iff lam_ closed unfolding split def by simp
moreover
have {{{z,4),2) € (X X Y) x Z . P(z,y,2)} C(X x Y)x Zfor XY ZP
by auto
then
have {(z,y,2) € XxYxZ. P(z,y,2) }= (A ({z,y),2)e(XXY)xZ. (2,y,2)) *
{{z,y),2) € (XxY)xZ. P(z,y,z) } (is ¢C' = Lambda(?A,?f) * 2C)
for X YZP
using image_lam[of 7C ?A ?f]
by (intro equalityl) (auto)
with calculation
have {(z,y,2) € AXWx?RFb. z = b(z,y) } =
(M({z,y),2)E(AX W)X 2RFb. (z,y,2)) “ ?lam (is ?H = ?G )
by simp
with (M(A)> <M(W)y <M (?lam)s <M(?RFb)>
have M(?H)
using lam_replacement iff lam_ closed|[THEN iffD1, rule_format, OF __
lam__replacement__twist]
by simp
moreover from this and «(M(A)»
have (A\z€A. A\weW. b(z, w)) =
{(z,Z2) € A x PowM(range(?H)). Z = {y € Wx?RFb . (z, y) € ?H}}
unfolding lam_ def
by (intro equalityl; subst Pow_rel_char|[of range(?H)])
(auto dest:transM simp: lbc[unfolded lam__def], force+)
moreover from calculation and «M(A)) and <M (W)
have M(Ax Pow™(range(?H))) M(W x ?RFb)
by auto
moreover
note (M (W)
moreover from calculation
have M({(z,Z) € A x PowM(range(?H)). Z = {y € Wx ?RFb . (z, y) € ?H}})
using separation__eqOF __ lam__replacement__snd
auz__closed[OF <M (W x ?RFb)> <M(?H)»]
auz_lemma|OF <M (WX 2RFb)y «M(?H)]]
(M(Ax PowM(_))y assms
unfolding split_def
by auto
ultimately
show M(Az€eA. Awe W. b(z, w)) by simp
qed

lemma lam__replacement__apply Pair:
assumes M(y)
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shows lam__replacement(M, Az. y * (fst(z), snd(z)))

using assms lam__replacement__constant lam__replacement_ Pair
lam__replacement__apply2| THEN [5] lam__replacement__hcomp?2)

by auto

lemma lam__replacement _apply fst_ snd:
shows lam__replacement(M, Aw. fst(w) * fst(snd(w)) ‘ snd(snd(w)))
using lam__replacement_ fst lam__replacement__snd lam__replacement__hcomp
lam__replacement__apply2[ THEN [5] lam__replacement__hcomp?2)
by auto

lemma separation_snd_in_fst: separation(M, Az. snd(z) € fst(z))
using separation_in lam__replacement_ fst lam_ replacement__snd
by auto

lemma lam__replacement_if mem:
lam__replacement(M, Az. if snd(z) € fst(z) then 1 else 0)
using separation__snd_in_ fst
lam__replacement__constant lam__replacement__if
by auto

lemma lam__ replacement_Lambda__apply fst_snd:
assumes M(X)
shows lam_ replacement(M, A\z. AweX. z ¢ fst(w) ‘ snd(w))
using assms lam__replacement__apply fst_snd lam__replacement_Lambda
by simp

lemma lam_ replacement_Lambda__apply Pair:
assumes M(X) M(y)
shows lam_ replacement(M, Az. AweX. y ‘ (z, w))
using assms lam__replacement__apply Pair lam__replacement__Lambda
by simp

lemma lam_ replacement_Lambda__if mem:
assumes M(X)
shows lam__replacement(M, Ax. Aza€X. if za € z then 1 else 0)
using assms lam__replacement_if mem lam__replacement_Lambda
by simp

lemma lam_ replacement__comp':
M(f) = M(g) = lam_replacement(M, Xz . f O z O g)
using lam__replacement__comp| THEN [5] lam__replacement__hcomp2,
OF lam__replacement__constant lam__replacement__comp,
THEN [5] lam__replacement__hcomp2] lam__replacement__constant
lam__replacement__identity by simp

lemma separation_ bex:

assumes separation(M, Ay. f(fst(y),snd(y))) M(X)
shows separation(M, Ay. JueX. f(y,u))
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unfolding separation__def
proof(clarify)

fix A

assume M(A)

moreover

note (M (X))

moreover from calculation

have M(AxX)
by simp

then

have M({p € AxX . f(fst(p),snd(p))}) (is M(?P))
using assms(1)
by auto

moreover from calculation

have M({acA . ?P{a} # 0}) (is M(?4"))

using separation__eq lam__replacement__image__sing_fun[of 2P| lam__replacement__constant

separation__neg

by simp

moreover from this

have Va[M]. a € ?A' +— a € A A (FzeX. f(a, z))
using image__singleton__iff
by auto

with <M (?A")

show Jy[M]. Va[M]. a € y +— a € A A (FzeX. f(a, z))
by (rule_tac z=2A" in rexl,simp__all)

qged

lemma case closed :
assumes YV z[M]. M(f(z)) Vz[M]. M(g(x))
shows V z[M]. M(case(f,g,z))
unfolding case def split_def cond__def
using assms by simp

lemma separation_fst _equal : M(a) = separation(M Az . fst(x)=a)
using separation__eq lam__replacement_ fst lam__replacement__constant
by auto

lemma lam__replacement_case :

assumes lam__replacement(M,f) lam_replacement(M,g)
VoM. M(f(2)) V' a[M]. M(g(x))

shows lam__replacement(M, Az . case(f,g,z))

unfolding case def split_def cond__def

using lam_ replacement_if separation_ fst equal
lam__replacement__hcomp|of snd g]
lam__replacement__hcomp|of snd f]
lam__replacement__snd assms

by simp

lemma Pi_replacementl: M(z) = M(y) = strong_replacement(M, \ya z. ya
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€y Az={(z ya)})
using lam__replacement__imp__strong_replacement
strong__replacement__separation| OF lam__replacement__sing__const_id[of x],where
P=M\z . z €y
separation__in__constant
by simp

lemma surj_imp_inj replacementl:
M(f) = M(z) = strong_replacement(M, Ay z. y € f-“{a} Nz = {{z, y)})
using Pi_replacement! vimage_closed singleton_closed
by simp

lemmas domain_replacement = lam__replacement__domain|unfolded lam__replacement _def]

lemma domain_replacement__simp: strong_replacement(M, Az y. y=domain(z))
using lam__replacement__domain lam__replacement__imp__strong replacement by
stmp

lemma un__Pair_replacement: M(p) = strong__replacement(M, Az y . y = 2U{p})
using lam__replacement__Un__const| THEN lam__replacement__imp__strong_replacement]
by simp

lemma diff replacement: M(X) = strong_replacement(M, Az y. y = z - X)
using lam__replacement_ Diff | THEN lam__replacement__imp__strong__replacement)
by simp

lemma lam__replacement_succ:
lam__replacement(M Az . succ(z))
unfolding succ def
using lam__replacement_hcomp2[of Az. x Ax. x cons)
lam__replacement__cons lam__replacement__identity
by simp

lemma lam_ replacement__hcomp__Least:
assumes lam_ replacement(M, g) lam_replacement(M Az p i. x€F(i,x))
shows lam__replacement(M Az. p i. g(x)€F(i,9(x)))
using assms
by (rule_tac lam__replacement _hcomplof _ Ax. u i. €F(i,z)])
(auto intro:Least_ closed’)

lemma domain_mem__separation: M(A) = separation(M, Az . domain(z)€A)
using separation__in lam__replacement__constant lam__replacement__domain
by auto

lemma domain_eq_separation: M(p) = separation(M, Az . domain(z) = p)

using separation__eq lam__replacement__domain lam_ replacement constant
by auto
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lemma lam_ replacement_Int:
shows lam,_ replacement(M, Az. fst(z) N snd(z))
proof -
have ANB = (AUB) - ((4- B) U (B-A)) (is _=%f(A,B))for A B
by auto
then
show ?thesis
using lam__replacement__cong
lam__replacement_Diff[THEN|5] lam__replacement__hcomp?2)
lam__replacement__Un[THEN|5] lam__replacement__hcomp2]
lam__replacement_ fst lam__replacement__snd
by simp
qed

lemma lam_ replacement CartProd:
assumes lam__replacement(M,f) lam_replacement(M,g)
va{M). M(f(x)) Va[M]. M(g(x))
shows lam__replacement(M, Az. f(z) x g(z))
proof -
note rep__closed = lam__replacement__imp__strong_replacement| THEN RepFun__closed)

{
fix A

assume M (A)
moreover
note transM|[OF __ <M (A))]
moreover from calculation assms
have M({(z,(f(z),9(z))) . z€A}) (is M(?A")
using lam__replacement__product| THEN lam__replacement _imp_lam__closed[unfolded
lam__def]]
by simp
moreover from calculation
have M(J{f(z) . z€A}) (is M(?F))
using rep__closed|OF assms(1)] assms(3)
by simp
moreover from calculation
have M(J{g(z) . z€A}) (is M(?@G))
using rep__closed|OF assms(2)] assms(4)
by simp
moreover from calculation
have M(?A4’ x (?F x ?G)) (is M(?T))
by simp
moreover from this
have M({t € ?T . fst(snd(t)) € fst(snd(fst(t))) A snd(snd(t)) € snd(snd(fst(t)))})
(is M(?Q))
using
lam__replacement__hcomp|OF lam__replacement__hcomp|OF lam__replacement__fst
lam__replacement__snd] __]
lam__replacement__hcomp lam__replacement_identity lam__replacement_fst
lam__replacement__snd
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separation__in separation__conj
by simp
moreover from this
have M ({{fst(fst(t)),snd(t)) . t€?Q}) (is M(?R))
using rep__closed lam__replacement__Pair[ THEN [5] lam__replacement__hcomp2]
lam__replacement__hcomp|OF lam__replacement_ fst lam__replacement__ fst]
lam__replacement__snd
transM [of _ ?Q)]
by simp
moreover from calculation
have M({{z,?R‘{z}) . z€A})
using lam__replacement__imp_lam__closed[unfolded lam__def] lam__replacement__sing
lam__replacement_Image| THEN [5] lam__replacement__hcomp?2] lam__replacement__constant|[of
?R]
by simp
moreover
have ?R‘{z} = f(z)xg(z) if z€A for x
by (rule equalityl subsetl,force,rule subsetl,rule_tac a=z in imagel)
(auto simp:that,(rule_tac rev_bexI|of x|,simp__all add:that)+)
ultimately
have M({({z,f(z) x g(z)) . z€A}) by auto

with assms
show ?thesis using lam__replacement__iff lam__closed| THEN iffD2,unfolded lam__def)
by simp
qged

lemma restrict_eq separation”. M(B) = V A[M]. separation(M, \y. Jz€A. y =
(z, restrict(z, B)))
proof(clarify)
fix A
have restrict(r,B) = r N (B x range(r)) for r
unfolding restrict_def by(rule equalityl subsetl,auto)
moreover
assume M (A) M(B)
moreover from this
have separation(M, \y. 3z€A. y = (z, z N (B X range(z))))
using lam__replacement_Int[THEN([5] lam__replacement__hcomp2]
lam__replacement__ Pair|[ THEN[5] lam__replacement _hcomp2]
using lam_ replacement_ fst lam__replacement__snd lam__replacement _constant
lam__replacement__hcomp lam__replacement__range lam__replacement__identity
lam__replacement__CartProd separation__bex separation__eq
by simp__all
ultimately
show separation(M, \y. z€A. y = (z, restrict(z, B)))
by simp
qed

lemmas lam__replacement__restrict’ = lam__replacement__restrict| OF restrict_eq _separation’]
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lemma restrict_strong_replacement: M(A) = strong_replacement(M, Az y. y=restrict(z,A))
using lam__replacement__restrict restrict_eq separation’
lam__replacement__imp__strong_replacement
by simp

lemma restrict_eq separation: M(r) = M(p) = separation(M, Az . restrict(x,r)
=p)

using separation__eq lam__replacement__restrict’ lam__replacement__constant

by auto

lemma separation__equal_fst2 : M(a) = separation(M Az . fst(fst(z))=a)
using separation__eq lam__replacement__hcomp lam__replacement_fst lam__replacement__constant
by auto

lemma separation__equal _apply: M(f) = M(a) = separation(M \z. f‘z=a)
using separation__eq lam__replacement__apply[of f] lam__replacement__constant
by auto

lemma lam__apply_replacement: M(A) = M(f) = lam__replacement(M, Az .
AneA. f < {x, n))

using lam__ replacement__Lambda lam__replacement__hcomp[OF __ lam__replacement__apply|of
f1] lam__replacement_ Pair

by simp

end — M _replacement

locale M replacement_extra = M__replacement +
assumes

lam__replacement__minimum:lam__replacement(M, \p. minimum(fst(p),snd(p)))

and

lam__replacement_RepFun__cons:lam__replacement(M, Ap. RepFun(fst(p), A\z.
{{snd(p),2)}))

— This one is too particular: It is for Sigfun. I would like greater modularity
here.

begin
lemma lam__replacement_ Sigfun:
assumes lam__replacement(M,f) V y[M]. M(f(y))
shows lam__replacement(M, Az. Sigfun(z,f))
using lam__replacement__Union lam__replacement__identity
lam__replacement__sing| THEN lam__replacement_imp__strong_replacement]
lam__replacement__hcomplof __ Union] assms tag__singleton__closed
lam__replacement_RepFun__cons|[THEN [5] lam__replacement _hcomp2]
unfolding Sigfun_ def
by (rule_tac lam__replacement__hcomp|of __ Union],simp__all)
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13.2 Particular instances

lemma surj_imp__inj replacement?:
M(f) = strong_replacement(M, Az z. z = Sigfun(z, \y. - {y}))
using lam__replacement _imp__strong_replacement lam__replacement Sigfun
lam__replacement__vimage__sing_fun
by simp

lemma lam_ replacement__minimum__vimage:
M(f) = M(r) = lam_replacement(M, Az. minimum(r, - {z}))
using lam__replacement__minimum lam__replacement__vimage__sing_fun lam__replacement__constant
by (rule_tac lam__replacement _hcomp2[of _ _ minimum))
(force intro: lam__replacement__identity)+

lemmas surj _imp_inj replacement] = lam__replacement_minimum_ vimage[unfolded
lam__replacement__def]

lemma lam_replacement_Pi: M(y) = lam_replacement(M, \z. |Jzacy. {{z,
za)})
using lam__replacement__Union lam__replacement__identity lam__replacement__constant
lam__replacement__RepFun__cons| THEN [5] lam__replacement__hcomp2| tag__singleton__closed
by (rule_tac lam__replacement__hcomp|of __ Union],simp__all)

lemma Pi_replacement?: M(y) = strong_replacement(M, Az z. z = (|J za€y.

{(z, za)}))

using lam__replacement_Pi[THEN lam__replacement__imp__strong_replacement,
of y]
proof -
assume M (y)
then
have M(z) = M (| zacy. {{(z, za)}) for z
using tag singleton__closed
by (rule_tac Union__closed RepFun_ closed)
with <M(y)»
show ?thesis
using lam__replacement_ Pi[THEN lam__replacement__imp__strong_ replacement,
of y]
by blast
qed

lemma if then_Inj replacement:
shows M(A) = strong_replacement(M, Az y. y = {(x, if x € A then Inl(z) else
Inr(z)))
using lam__replacement__if lam__replacement__Inl lam__replacement__Inr separation__in__constant
unfolding lam__replacement_def
by simp

lemma lam_if then_ replacement:

M(b) =
M(a) = M(f) = strong_replacement(M, Ay ya. ya = {y, if y = a then b
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else | * y)
using lam__replacement_if lam__replacement__apply lam__replacement__constant
separation__equal
unfolding lam_ replacement_ def
by simp

lemma if then_ replacement:

M(A) = M(f) = M(g) = strong_replacement(M, Az y. y = {(z, if z € A
then f “ x else g “ x))

using lam__replacement_if lam__replacement__apply|of f] lam__replacement__apply[of
9]

separation__in__constant
unfolding lam__replacement__def
by simp

lemma ifr replacement:
M(f) —
M(b) = strong_replacement(M, Az y. y = (z, if x € range(f) then converse(f)
‘z else b))
using lam_ replacement__if lam__replacement__apply lam__replacement__constant
separation__in__constant
unfolding lam_ replacement_ def
by simp

lemma if then_range replacement2:
M(A) = M(C) = strong_replacement(M, Az y. y = (z, if v = Inl(A) then C
else x))
using lam__replacement__if lam__replacement__constant lam__replacement__identity
separation__equal
unfolding lam__replacement__def
by simp

lemma if then_range replacement:
M(f) =
strong__replacement
(M,
Azy. y={z if 2= u then f * 0 else if z € range(f) then f ‘ succ(converse(f)
“2) else z))
using lam__replacement_if separation__equal separation_in__constant
lam__replacement__constant lam__replacement _identity
lam,__replacement__succ lam__replacement__apply
lam__replacement__hcomp|of Az. converse(f)‘x succ]
lam__replacement__hcomp|of Ax. succ(converse(f)‘z) Az . fx]
unfolding lam__replacement_ def
by simp

lemma Inl_replacement2:
M(A) =
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strong__replacement(M, Az y. y = (x, if fst(x) = A then Inl(snd(z)) else Inr(zx)))
using lam__replacement_if separation_ fst equal

lam__replacement__hcomp|of snd Inl]

lam__replacement__Inl lam__replacement_Inr lam__replacement_snd
unfolding lam_ replacement_ def
by simp

lemma case replacementI:
strong__replacement(M, Az y. y = (z, case(Inr, Inl, 2)))
using lam__replacement_case lam__replacement__Inl lam__replacement_Inr
unfolding lam_ replacement_ def
by simp

lemma case replacement2:
strong__replacement(M, Az y. y = (z, case(case(Inl, Ay. Inr(Inl(y))), Ay. Inr(Inr(y)),
2)))

using lam__replacement__case lam__replacement__hcomp
case__closed|of Inl Axz. Inr(Inl(z))]
lam__replacement__Inl lam__replacement__Inr

unfolding lam_ replacement_def

by simp

lemma case replacement/:
M(f) = M(g9) = strong_replacement(M, Az y. y = (z, case(Aw. Inl(f ‘ w),
Ay. Inr(g “y), 2)))
using lam_ replacement_case lam__replacement__hcomp
lam__replacement__Inl lam__replacement_Inr lam__replacement__apply
unfolding lam__replacement__def
by simp

lemma case_replacement5:
strong__replacement(M, Az y. y = (z, (Mx,2). case(\y. Inl({y, 2)), Ay. Inr({y,
z)), ))(2)))
unfolding split_def case def cond__def
using lam__replacement__if separation__equal fst2
lam__replacement__snd lam__replacement__Inl lam__replacement__ Inr
lam__replacement__hcomp[OF
lam__replacement__product[OF
lam__replacement__hcomp|OF lam__replacement_ fst lam_ replacement__snd]]]
unfolding lam__replacement__def
by simp

end — M_replacement__extra

— To be used in the relativized treatment of Cohen posets
definition

— "domain collect F”

dC _F :: 1 = 1= ¢ where

dC_F(A,d) = {p € A. domain(p) = d }
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definition

— ”domain restrict SepReplace Y”

drSR_ Y i = 1= 1= 1= i where

drSR_Y(B,D,A,x) = {y . reA , restrict(r,B) = z A y = domain(r) A domain(r)
€ D}

lemma drSR_Y equality: drSR_Y(B,D,A,x) = { dreD . (3r€A . restrict(r,B)
=z A dr=domain(r)) }
unfolding drSR_Y_ def by auto

context M _replacement _extra
begin

lemma separation__restrict_eq _dom__eq:¥ x[M].separation(M, Adr. 3reA . restrict(r,B)
=z A dr=domain(r))
if M(A) and M(B) for A B
using that
separation__eqOF _
lam__replacement_ fst __
lam__replacement__hcomp[OF lam__replacement__snd lam__replacement__domain
1]
separation__eq[OF __
lam__replacement__hcomp|OF lam__replacement__snd lam__replacement__restrict’]
lamﬁreplacementfconstant]
by (clarify,rule__tac separation__bex[OF __ «M(A)],rule_tac separation__conj,simp__all)

lemma separation_is_insnd_restrict_eq dom : separation(M, Ap. Vz€D. z €
snd(p) +— (IreA. restrict(r, B) = fst(p) A x = domain(r)))
if M(B) M(D) M(A) for A B D
using that lam__replacement_ fst lam__replacement _hcomp lam__replacement snd
separation__in
separation__eqOF _
lam__replacement__hcomp[OF lam__replacement_fst lam__replacement__snd] __
lam__replacement__hcomp[OF lam__replacement__snd lam__replacement__domain)]
separation,__eq separation__restrict_eq dom__eq
lam__replacement__hcomp|OF lam__replacement _snd lam__replacement__restrict’]
lam__replacement__hcomp|OF lam__replacement__fst
lam__replacement__hcomp|OF lam__replacement_ fst lam__replacement__ fst]]
by (rule_tac separation__ball,rule_tac separation_iff’,simp__all,
rule__tac separation_bex[OF _ «M(A)s],rule_tac separation__conj,simp__all)

lemma lam__replacement_drSR_Y:
assumes
M(B) M(D) M(A)
shows lam__replacement(M, drSR_Y(B,D,A))
using lam__replacement__cong lam__replacement__Collect| OF <M (D)» separation_ restrict_eq _dom__eq|of
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A B
assms drSR__Y _equality separation_is_insnd_restrict_eq dom separation_restrict _eq dom__eq
by simp

lemma drSR_ Y closed:

assumes

M(B) M(D) M(A) M(f)

shows M (drSR_Y(B,D,A.f))

using assms drSR_Y_equality lam__replacement__Collect|OF <M(D)» separation__restrict_eq dom__eq|of
A BJ

assms drSR__ Y __equality separation__is_insnd_restrict__eq dom separation_restrict _eq dom__eq
by simp

lemma lam_if then_apply replacement: M(f) = M(v) = M(u) =
lam__replacement(M, Az. if f x = v then f ‘ u else f ‘ x)
using lam__replacement_if separation__equal__apply lam__replacement _constant
lam__replacement__apply
by simp

lemma lam_if then_apply replacement2: M(f) = M(m) = M(y) =
lam__replacement(M, Az . if f  z = m then y else f * 2)
using lam_ replacement_if separation__equal apply lam__replacement constant
lam__replacement__apply
by simp

lemma lam__if then_replacement2: M(4) = M(f) =
lam__replacement(M, Az . if v € A then f ‘ x else x)
using lam_ replacement_if separation__in__constant lam__replacement identity
lam__replacement__apply
by simp

lemma lam_if then_replacement_apply: M(G) = lam__replacement(M, Az. if
M(z) then G * z else 0)
using lam_ replacement_if separation__in__constant lam__replacement identity
lam__replacement__apply
lamﬁreplacementiconstant[of 0] separation__ univ
by simp

lemma lam_ replacement dC'_F:
assumes M(A)
shows lam__replacement(M, dC'_F(A))
proof -
have separation(M, \p. Vz€A. x € snd(p) +— domain(z) = fst(p)) if M(A)
for A
using separation_ball separation_ iff’
lam,__replacement__hcomp lam__replacement_ fst lam__replacement__snd lam__replacement__domain
separation__in separation__eq that
by simp__all
then
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show ?thesis
unfolding dC_F _def
using assms lam_ replacement_ Collect|of A X d = . domain(z) = d]
separation__eqOF __ lam__replacement__domain __ lam__replacement__constant]
by simp
qed

lemma dCF _closed:
assumes M(A) M(f)
shows M(dC_F(A,f))
unfolding dC F _def
using assms lam__replacement__Collect]of A A d x . domain(z) = d]
separation__eq[OF __ lam_ replacement__domain __ lam__replacement__constant]
by simp

lemma lam_ replacement_min: M(f) = M(r) = lam__replacement(M, Az .
minimum(r, - {z}))
using lam__ replacement__hcomp2| OF lam__replacement__constant[of r] lam__replacement__vimage__sing__fun)]
lam__replacement__minimum
by simp

lemma lam_ replacement__Collect_ball _Pair:

assumes separation(M, A\p. Vz€G. = € snd(p) +— (Vs€fst(p). (s, ) € Q))
M(G) M(Q)

shows lam__replacement(M, Az . {a € G . Vs€z. (s, a) € Q})

proof -
have 1:Vz[M]. separation(M, Aa . Vs€z. (s, a) € Q) if M(Q) for Q
using separation__in lam__replacement_hcomp2[OF _ __ _ lam_ replacement_ Pair]

lam__replacement__constant separation__ball
lam,__replacement__hcomp lam__replacement_ fst lam__replacement__snd that
by simp
then
show ?thesis
using assms lam__replacement__Collect
by simp__all
qed

lemma surj_imp_inj replacements:

(Az. M(z) = separation(M, \y. Vs€z. (s, y) € Q)) = M(G) = M(Q) =

strong_replacement(M, Ay z. y € {a € G . Vs€z. (s, a) € Q} N 2= {(z, y)})

using lam__replacement_imp__strong_replacement

using lam__replacement__sing__const_id| THEN lam__replacement__imp__strong__replacement,
of ]

unfolding strong replacement _def

by (simp, safe, drule_tac x=A N {a € G . Vs€x. (s, a) € Q} in rspec,

simp, erule_tac rexE, rule_tac =Y in rexl) auto

lemmas replacements = Pair_diff _replacement id_replacement tag_replacement
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pospend__replacement prepend__replacement

Inl_replacement! diff Pair _replacement

swap__replacement tag union__replacement csquare__lam__replacement
assoc__replacement prod_ fun__replacement

cardinal_lib_assms4 domain__replacement

apply__replacement

un__Pair_replacement restrict_strong _replacement diff _replacement

if then_Inj replacement lam__if then__replacement if then replacement
ifr_replacement if then_range replacement2 if then_range replacement
Inl_replacement2

case__replacement! case__replacement?2 case_replacements case__replacement5

end — M_replacement__extra

end

14 Relative, Choice-less Cardinal Numbers

theory Cardinal Relative
imports
Discipline_ Cardinal
Lambda__Replacement
Univ__Relative
begin

hide__const (open) L

definition
Finite_rel :: [i=0,i]=>0 where
Finite_rel(M,A) = 3 om[M]. In[M]. omega(M,om) A n€om A egpoll_rel(M,A,n)

definition
banach__functor :: [i,i,i,i,i] = i where
banach_functor(X,Y f,g, W) = X - g*(Y - f*W)

definition
is_banach__functor(M,X,Y .f,g,W,b) =
IfW[M]. 3YfW[M]. 3gYfW[M]. image(M.f, W .fW) A setdiff (M,Y ,fW,YfW)
N
image(M,g, YfW gYfW) A setdiff (M, X,gYfW b)

lemma (in M_ basic) banach_functor _abs :
assumes M(X) M(Y) M(f) M(g)
shows relation1(M ,is_banach_functor(M,X,Y,f,g),banach_ functor(X,Y.f,g))
unfolding relationl def is_banach_ functor__def banach_functor_def
using assms
by simp
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lemma (in M_ basic) banach__functor _closed:
assumes M(X) M(Y) M(f) M(g)
shows V W[M]. M(banach_ functor(X,Y f,g,W))
unfolding banach_ functor_def using assms image_ closed
by simp

locale M cardinals = M__ordertype + M__trancl + M__Perm + M__replacement__extra
+
assumes
radd__separation: M(R) = M(S) =
separation(M, \z.
(B y. 2 = (Ini(x), Tnr(y))) v
3z’ z. z = (Inl(z’), Inl(z)) A (z', z) € R) V
Fy'y. 2z = (Inr(y’), Inr(y)) A (y', y) € 5))
and
rmult_separation: M(b) = M(d) = separation(M,
N 32y w2 = (o) y), 3, h) A (@) € bV 5 = 3 A (Y y) € d))
and
banach_repl iter: M(X) = M(Y) = M(f) = M(y) =
strong__replacement(M, Az y. z€nat N y = banach_functor(X, Y, f,
9) "z (0))

begin

lemma rvimage_separation: M(f) = M(r) =
separation(M, Az. 3z y. z={x, y) AN {f ‘z, f ‘y) € r)
using separation__pair separation__in
lam__replacement__Pair| THEN[5] lam__replacement__hcomp2)
lam__replacement__constant lam__replacement _apply2[ THEN|5] lam__replacement__hcomp2, OF
lam__replacement__constant|of f]]
lam,__replacement_ fst lam__replacement__snd
lam__replacement__identity lam__replacement__hcomp
by (simp__all)

lemma radd_ closed[intro,simp|: M(a) = M(b) = M(c¢) = M(d) = M (radd(a,b,c,d))
using radd__separation by (auto simp add: radd__def)

lemma rmult__closed[intro,simp]: M (a) = M (b) = M (c) = M(d) = M (rmult(a,b,c,d))
using rmult _separation by (auto simp add: rmult_def)

end — M cardinals

lemma (in M_ cardinals) is__cardinal_iff _Least:
assumes M(A) M(k)
shows is_cardinal(M,A,rx) +— K = (u 3. M(i) A i =M A)
using is_cardinal _iff assms
unfolding cardinal_rel_def by simp
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14.1 The Schroeder-Bernstein Theorem

See Davey and Priestly, page 106

context M cardinals
begin

lemma bnd_mono__banach_functor: bnd_mono(X, banach_functor(X,Y f,q))
unfolding bnd_mono_def banach_functor _def
by blast

lemma inj_Inter:
assumes g € nj(Y,X) AAOVacA. a C Y
shows ¢g‘(A) = (N acA. g*“a)
proof (intro equalityl subsetl)
fix z
from assms
obtain ¢ where a€A by blast
moreover
assume z € ((a€A. g “a)
ultimately
have z_in_im: z € gy if ye A for y
using that by auto
have exists: Az € y. v = g2 if ye A for y
proof -
note that
moreover from this and z_in_im
have z € g‘y by simp
moreover from calculation
have z € g‘‘y by simp
moreover
note assms
ultimately
show ?thesis
using image_fun[OF inj_is_fun] by auto
qed
with <a€A>
obtain z where z € a £ = ¢z by auto
moreover
have z € y if ye A for y
proof -
from that and ezists
obtain w where w € y z = g‘w by auto
moreover from this <x = g2> assms that <a€ Ay (z€a»
have z = w unfolding inj def by blast
ultimately
show ?thesis by simp
qed
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moreover

note assms

moreover from calculation

have z € () A by auto

moreover from calculation

have z € Y by blast

ultimately

show z € g “ (N 4)

using inj is_fun[THEN funcl, of g] by fast

qed auto

lemma contin__banach_functor:
assumes ¢ € nj(Y,X)
shows contin(banach_functor(X,Y f,q))
unfolding contin__def
proof (intro alll impI)
fix A
assume directed(A)
then
have A # 0
unfolding directed_def ..
have banach__functor(X, Y, f, g, U4) = X - ¢°(Y - f*(UA))
unfolding banach_ functor def ..

also

have ... = X - ¢*(Y - (Ue€A. f“a))
by auto

also from (A#0»

have ... = X - g‘(NacA. Y-f“a)
by auto

also from (A#0> and assms

have ... = X - (NacA. ¢*(Y-f“a))

using inj_Inter[of ¢ Y X {Y-f“a. ac A} | by fastforce
also from (A#0»

have ... = (Ja€A. X - ¢°(Y-f““a)) by simp

also

have ... = (Ja€A. banach_functor(X, Y, f, g, a))
unfolding banach_ functor_def ..

finally

show banach_ functor(X,Y.f,g,|JA) = (U a€A. banach_functor(X,Y,f,g,a)) .
qed

lemma Ifp banach_functor:
assumes geinj(Y,X)
shows Ifp(X, banach_ functor(X,Y,f,g)) =
(U nenat. banach_functor(X,Y,f,g) "n (0))
using assms Ifp__eq_Union bnd_mono__banach__functor contin__banach__functor
by simp

lemma Ifp_banach__functor_closed:
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assumes M(g) M(X) M(Y) M(f) geinj(Y,X)
shows M(lfp(X, banach_functor(X,Y,f,9)))
proof -
from assms
have M (banach_functor(X,Y,f,g) "n (0)) if n€nat for n
by (rule_tac nat_induct|[OF that],simp__all add:banach__functor _closed)
with assms
show ?thesis
using family__union__closed’|OF banach_repl_iter M__nat] lfp__banach__functor
by simp
qged

lemma banach__decomposition__rel:
(| M(f); M(g); M(X); M(Y); f € X->Y; g € inj(Y,X) || ==>
IXA[M]. 3XB[M)]. 3 YA[M]. 3 YB[M].
(XANXB=10)& (XAUXB = X) &
(YANYB=0)& (YAUYB=Y)&
f“XA=YA & ¢“YB=XB
apply (intro rexl conjI)
apply (rule_tac [6] Banach_last_equation)
apply (rule_tac [5] refl)
apply (assumption |
rule inj_is_fun Diff disjoint Diff partition fun_is rel
image__subset lfp__subset)+
using Ifp_banach_functor_closed[of ¢ X Y f]
unfolding banach_ functor_def by simp_all

lemma schroeder bernstein_closed:

[| M(f); M(g); M(X); M(Y); f € inj(X,Y); g€ inj(Y,X) [] ==>3h[M]. h €
bij(X,Y)

apply (insert banach__decomposition_rel [of f g X Y1)

apply (simp add: inj_is_fun)

apply (auto)

apply (rule_tac z=restrict(f,XA) U converse(restrict(g,YB)) in rexl)

apply (auto intro!: restrict_bij bij disjoint_Un intro: bij converse_ bij)

done

lemma mem_ Pow_rel: M(r) = a € Pow_rel(M,r) = a € Pow(r) N M(a)
using Pow_rel_char by simp

lemma mem._ bij _abs[simp): [M(f);M(A);M(B)] = f € bij™(A,B) +— febij(A,B)
using bij _rel char by simp

lemma mem__inj_abs[simp): [M(f);M(A);M(B)] = f € inj™(A,B) +— fcinj(A,B)
using inj rel char by simp

lemma mem._surj abs: [M(f);M(A);M(B)] = f € surj™(A,B) «— fesurj(A,B)
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using surj_rel char by simp

lemma bij _imp__eqpoll_rel:
assumes f € bij(A,B) M(f) M(A) M(B)
shows A ~M B
using assms by (auto simp add:def _eqpoll_rel)

lemma egpoll_rel_refl: M(A) = A ~M A
using bij _imp__egpoll_rel[OF id_bij, OF id_closed] .

lemma eqpoll_rel_sym: X ~M Y — M(X) = M(Y) = Y <M X
unfolding def egpoll rel using converse_closed
by (auto intro: bij converse__bij)

lemma egpoll_rel_trans [trans]:
X =My, vyaMz, M(X); M(Y); M(Z) ]| ==>X =Mz
unfolding def eqpoll_rel by (auto intro: comp__bij)

lemma subset_imp_lepoll_rel: X CV —= M(X) = M(Y) = X SJM Y
unfolding def lepoll rel using id_subset inj id_ closed
by simp blast

lemmas lepoll_rel_refl = subset_refl [THEN subset_imp__lepoll_rel, simpl
lemmas le_imp_lepoll_rel = le_imp__subset [THEN subset_imp__lepoll_rel]

lemma eqpoll_rel_imp_lepoll_rel: X &M Y ==> M(X) = M(Y) = X <M
Y

unfolding def eqpoll_rel bij def def lepoll rel using bij is inj

by (auto)

lemma lepoll rel trans [trans]:
assumes
X<Myy <Mz MX)M(Y) M(Z)
shows
X <Mz
using assms def lepoll_rel
by (auto intro: comp__inj)

lemma eq_lepoll _rel trans [trans]:
assumes
XMy v <MzMX)MY)MZ)
shows
X <My
using assms
by (blast intro: egpoll _rel_imp_ lepoll_rel lepoll_rel_trans)
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lemma lepoll _rel _eq trans [trans]:
assumes X <MY v =M 7 M(X) M(Y) M(Z)
shows X <M 7z
using assms
egpoll_rel_imp__lepoll_rellof Y Z] lepoll_rel_trans[of X Y Z]
by simp

lemma egpoll_rell: [ X <M V; v <M X, M(X) ; M(Y) ] = X &My
unfolding def lepoll rel def eqpoll rel using schroeder bernstein__closed
by auto

lemma egpoll_relE:
(X~ Y| XMy vy SMX || ==>P; M(X); M(Y) || ==>P
by (blast intro: eqpoll_rel _imp_ lepoll rel eqpoll rel _sym)

lemma egpoll_rel iff: M(X) = M(YV) = XaM vy« X <My g v <MXx
by (blast intro: eqpoll_rell elim: egpoll_relF)

lemma lepoll_rel 0 _is 0: A §M 0= M(A) = A=0
using def lepoll_rel
by (cases A=0) (auto simp add: inj_def)

lemmas empty_lepoll _rell = empty_subset] [THEN subset_imp_lepoll_rel, OF
nonempty|

lemma lepoll_rel 0 _iff: M(A) = A <M 0 +— A=0
by (blast intro: lepoll_rel 0 _is 0 lepoll rel_refl)

lemma Un__lepoll _rel  Un:
| A<M B ¢ M D; BN D= 0; M(A); M(B); M(C); M(D) || ==> Au C
<MBUD
using def lepoll_rel using inj disjoint_Unlof _ A B__ C D] if then_replacement
apply (auto)
apply (rule, assumption)
apply (auto introl:lam__closed elim:transM )+
done

lemma egpoll rel 0 is 0: A =M ) — M(A) = A=0
using eqpoll_rel _imp_lepoll_rel lepoll rel 0 _is 0 nonempty
by blast

lemma egpoll_rel_0_iff: M(A) = A ~M )+ A=0
by (blast intro: eqpoll_rel_0_is 0 eqpoll_rel refl)

lemma egpoll_rel_disjoint_ Un:
A= B, ¢~ D, AnC=0;, BnD=0; M(A); M(B); M(C) ; M(D) ||
==>AuUC~"BUD
by (auto intro: bij disjoint_Un simp add:def eqpoll_rel)
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14.2 lesspoll_ rel: contributions by Krzysztof Grabczewski

lemma lesspoll_rel _not_refl: M(i) = ~ (i <M i)
by (simp add: lesspoll_rel_def eqpoll_rel refl)

lemma lesspoll_rel irrefl: i <M== M(i) = P
by (simp add: lesspoll_rel def eqpoll rel_refl)

lemma lesspoll_rel_imp_lepoll_rel: [A <M B; M(A); M(B)]= A <M B
by (unfold lesspoll_rel_def, blast)

lemma rvimage_closed [intro,simp]:
assumes
M(A) M(f) M(1)
shows
M (rvimage(A,f,r))

unfolding rvimage def using assms rvimage__separation by auto

lemma lepoll_rel_well_ord: [| A <M B; well_ord(B,r); M(A); M(B); M(r) ||
==> Js[M]. well_ord(A,s)
unfolding def lepoll_rel by (auto intro:well _ord_rvimage)

lemma lepoll_rel_iff leqpoll rel: [M(A); M(B)] = A <M B+«— A<M B| A
~M B

apply (unfold lesspoll rel def)

apply (blast intro: egpoll_rell elim: egpoll_relE)

done

end — M _cardinals

context M cardinals
begin

lemma inj_rel_is_fun_M: f € injM(A,B) = M(f) = M(A) = M(B) = f
cA-MpB
using inj _is_fun function__space_rel char by simp

— In porting the following theorem, I tried to follow the Discipline strictly, though
finally only an approach maximizing the use of absoluteness results ([M(?A4);
M(7y)] = 24 =M 2y = {f € 24 — 2y . M(f)}
[M(24); M(?B)] = injM(?A,?B) = {f € inj(?A, ?B) . M(f)}) was the one
paying dividends.
lemma inj rel not_surj_rel succ:

notes mem__inj _abs[simp del]

assumes fi: f € inj™(A, succ(m)) and fns: f ¢ suriM(A, succ(m))

and types: M(f) M(A) M(m)

shows 3f[M]. f € injM(A,m)
proof -

from fi [THEN inj rel is_fun_M] fns types

obtain y where y: y € succ(m) Az. €A = [ ‘x # y M(y)
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by (auto simp add: def surj _rel)
show ?thesis
proof
from types and <M (y)»
show M(Az€A. if f “ 2 = m then y else [ * 2)
using transM[OF __ <M (A)»] lam__if then__apply replacement2 lam__replacement_iff lam__closed
by (auto)
with types y fi
have (Az€A. if f2 = m then y else fz) € A—=M
using function__space_rel _char inj_rel_char inj_is_fun[of f A succ(m)]
by (auto introl: if _type [THEN lam__type] dest: apply_funtype)
with types y fi
show (A\z€A. if fz = m then y else f2) € injM(A, m)
by (simp add: def inj rel) blast
qed
qed

lemma lesspoll_rel_trans [trans]:
| X <My, vy <Mz, M(X); M(Y) ; M(Z) || ==> X <M 7
apply (unfold lesspoll _rel_def)
apply (blast elim: egpoll_relE intro: eqpoll rell lepoll_rel trans)
done

lemma lesspoll_rel_transl [trans]:
| x SMy; v <Mz M(X); M(Y) s M(2) || ==> X <M Z
apply (unfold lesspoll rel_def)
apply (blast elim: egpoll_relE intro: eqpoll rell lepoll_rel trans)
done

lemma lesspoll_rel_trans2 [trans]:
I X <My; v Mz M(X); M(Y) ; M(Z)]) ==> X <M 7
apply (unfold lesspoll_rel_def)
apply (blast elim: egpoll_relE intro: eqpoll rell lepoll_rel trans)
done

lemma eq_lesspoll_rel_trans [trans]:
| XMy, vy <Mz M(X); M(Y); M(Z) || ==> X <M 7
by (blast intro: egpoll _rel_imp_ lepoll_rel lesspoll rel transi)

lemma lesspoll_rel_eq trans [trans]:
| X <My, vy aMz, M(X); M(Y); M(Z) || ==> X <M z
by (blast intro: egpoll rel_imp_ lepoll_rel lesspoll rel_trans2)

lemma is cardinal__cong:

assumes X ~M Y M(X) M(Y)

shows Jk[M]. is_cardinal(M,X,k) A is_cardinal(M,Y k)
proof -
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from assms
have (3. M(i) A i =M X) = (ui. M(i) A i =M Y)
by (intro Least_cong) (auto intro: comp__bij bij _converse__bij simp add:def _egpoll_rel)
moreover from assms
have M(p i. M(i) A i =M X)
using Least_closed’ by fastforce
moreover
note assms
ultimately
show ?thesis
using is_cardinal iff Least
by auto
qed

— ported from Cardinal
lemma cardinal_rel_cong: X ~M Y —= M(X) = M(Y) = [X|M = |Y|M
apply (simp add: def eqpoll_rel cardinal rel_def)
apply (rule Least_cong)
apply (auto intro: comp__bij bij _converse__bij)
done

lemma well _ord_is cardinal__eqpoll_rel:
assumes well_ord(A,r) shows is_cardinal(M,A,x) = M(A) = M(k) =
M(r) =k ~M A
proof (subst is_cardinal_iff Least| THEN iffD1, of A k])
assume M(A) M(k) M(r) is_cardinal(M,A,x)
moreover from assms and calculation
obtain f i where M(f) Ord(i) M(7) f € bij(A,7)
using ordertype__exists[of A r] ord_iso_is_bij by auto
moreover
have M(u i. M(i) A i =M A)
using Least_closed’ by fastforce
ultimately
show (u 3. M(i) A i =M A) =M A
using assms[THEN well__ord_imp__relativized]
LeastI[of Ni. M(i) A i ~M A 4] Ord_ordertype| OF assms]
bij_converse_bij[THEN bij _imp__eqpoll_rel, of f] by simp
qed

lemmas Ord_is_cardinal__eqpoll _rel = well_ord__Memrel[ THEN well _ord_is_cardinal__eqpoll_rel]

15 Porting from ZF.Cardinal

The following results were ported more or less directly from ZF.Cardinal

lemma well _ord_cardinal_rel__eqpoll_rel:
assumes 7: well_ord(A,r) and M(A) M(r) shows |A|M ~M A
using assms well _ord_is cardinal__eqpoll_rel is_cardinal__iff
by blast
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lemmas Ord__cardinal_rel__egpoll_rel = well _ord_Memrel| THEN well _ord__cardinal__rel _eqpoll_rel]

lemma Ord_cardinal_rel_idem: Ord(A) = M(A) = |[A|MM = |A|M
by (rule_tac Ord_cardinal_rel_eqpoll_rel [THEN cardinal_rel_cong)) auto

lemma well _ord_cardinal_rel__eqE:
assumes woX: well _ord(X,r) and woY: well _ord(Y,s) and eq: | X|M = |Y|M
and types: M(X) M(r) M(Y) M(s)
shows X ~M vy
proof -
from types
have X ~M | X|M by (blast intro: well_ord_cardinal_rel_eqpoll_rel [OF woX]
eqpoll_rel__sym)
also
have ... = |Y|M by (rule eq)
also from types
have ... ™ YV by (rule__tac well ord__cardinal _rel_eqpoll rel [OF woY])
finally show ?thesis by (simp add:types)
qed

lemma well ord_cardinal__rel _eqpoll_rel iff:

[| well_ord(X,r); well _ord(Y,s); M(X); M(r); M(Y); M(s) || ==> |X|M =
[YIM s XMy

by (blast intro: cardinal_rel_cong well ord_cardinal _rel eqF)

lemma Ord_cardinal_rel_le: Ord(i) = M(i) ==> |i|M < i
unfolding cardinal_rel def
using eqpoll_rel_refl Least_le by simp

lemma Card_rel_cardinal_rel_eq: CardM(K) ==> M(K) = |K|M = K
apply (unfold Card_rel_def)

apply (erule sym)
done

lemma Card_rell: || Ord(i); Y. j<i = M(j) ==> ~(j =M i); M(i) || ==>
CardM(7)
apply (unfold Card_rel_def cardinal_rel def)
apply (subst Least_equality)
apply (blast intro: egpoll rel_refl)+
done

lemma Card_rel_is_Ord: Card™(i) ==> M(i) = Ord(i)
apply (unfold Card_rel_def cardinal_rel def)
apply (erule ssubst)
apply (rule Ord__Least)
done

lemma Card_rel_cardinal_rel_le: Card"(K) ==> M(K) = K < |K|M
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apply (simp (no__asm__simp) add: Card_rel is Ord Card_rel cardinal_rel_eq)
done

lemma Ord_cardinal _rel [simp,intro!]: M(A) = Ord(|A|M)
apply (unfold cardinal_rel__def)
apply (rule Ord__Least)
done

lemma Card_rel iff initial: assumes types:M(K)
shows Card"(K) «— Ord(K) & (Vj[M]. j<K — ~ (j &M K))
proof -
{ fix j
assume K: Card"(K) M(j) A j =™ K
assume j < K
also have ... = (u i. M(i) A i =M K) using K
by (simp add: Card_rel def cardinal rel_def types)
finally have j < (u i. M(i) A i =M K) .
then have Fulse using K
by (best intro: less_LeastE[of A\j. M(j) A j =M K])
}
with types
show ?thesis
by (blast intro: Card_rell Card_rel is _Ord)
qed

lemma It Card_rel_imp_lesspoll_rel: [| Card™(a); i<a; M(a); M(i) || ==> i
M
<7 a
apply (unfold lesspoll rel_def)
apply (frule Card_rel_iff initial [THEN iffD1], assumption)
apply (blast intro!: lel [THEN le_imp_lepoll_rel])
done

lemma Card_rel_0: Card™(0)
apply (rule Ord_0 [THEN Card_rell])
apply (auto elim!: ItE)
done

lemma Card_rel_Un: || Card"(K); Card™(L); M(K); M(L) || ==> CardM(K
U L)
apply (rule Ord_linear_le [of K L)
apply (simp__all add: subset_Un__iff [THEN iffD1] Card_rel_is_Ordle_imp_ subset
subset__Un__iff2 [THEN iffD1])
done

lemma Card_rel_cardinal_rel [iff]: assumes types:M(A) shows Card™(|A|M)
using assms

proof (unfold cardinal _rel_def)
show Card™(p i. M(i) A i =M A)
proof (cases Ji[M]. Ord (i) A i =™ A)
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case Fulse thus ?thesis — degenerate case
using Least_0[of Ni. M(i) A i =M A] Card_rel 0
by fastforce
next
case True — real case: A is isomorphic to some ordinal
then obtain i where i: Ord(i) i ~™ A M(i) by blast
show ?thesis
proof (rule Card_rell [OF Ord_Least], rule notl)
fix j
assume j: j < (p i. M(i) A i =™ A) and M(j)
assume j ~M (u i. M(i) A i =M A)
also have ... ~™ A using i LeastI[of \i. M (i) A i =M A] by (auto)
finally have j ~M 4
using Least_closed’[of Xi. M(i) A i =M A] by (simp add: <M () types)
thus False
using <M (j)» by (blast intro:less_LeastE [OF __ j])
qed (auto intro:Least_closed)
qed
qed

lemma cardinal_rel _eq lemma:
assumes i:|i|M < jand j: j < i and types: M(i) M(j)
shows |j|M = |iM
proof (rule egpoll _rell [THEN cardinal_rel_cong))
show j <M i by (rule le_imp_lepoll_rel [OF j]) (simp_all add:types)
next
have Oi: Ord(i) using j by (rule le_Ord2)
with types
have i ~M |j|M
by (blast intro: Ord__cardinal_rel _egpoll_rel eqpoll _rel sym)
also from types
have ... <M ;
by (blast intro: le__imp_ lepoll rel i)
finally show i <M j by (simp_ all add:types)
qed (simp__all add:types)

lemma cardinal rel _mono:
assumes 7j: i < j and types:M (i) M(j) shows |i|" < |j|M
using Ord_cardinal_rel [OF «<M(i)»] Ord_cardinal_rel [OF <M(j)»]
proof (cases rule: Ord_linear_le)
case le then show ?thesis .
next
case ge
have i: Ord(7) using 7
by (simp add: It_Ord)
have ci: |i|M < j
by (blast intro: Ord__cardinal_rel_le ij le_trans i types)
have i = [|i/| "
by (auto simp add: Ord__cardinal_rel_idem i types)
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also have ... = |j|M
by (rule cardinal_rel_eq lemma [OF ge ci]) (simp__all add:types)
finally have |i|™ = [j|M .
thus ?thesis by (simp add:types)
qed

lemma cardinal_rel It _imp_It: [| |{™ < [j|M; Ord(i); Ord(j); M(3i); M(5) ||
==>17<]

apply (rule Ord_linear?2 [of i j], assumption+)

apply (erule lt_trans2 [THEN It_irrefl])

apply (erule cardinal _rel_mono, assumption+)

done

lemma Card_rel It _imp_It: || |iiM < K; Ord(i); CardM(K); M(i); M(K)|]
==> i< K
by (simp (no_asm__simp) add: cardinal_rel_lt_imp_ It Card_rel_is_Ord Card_rel_cardinal_rel_eq)

lemma Card_rel It _iff: || Ord(i); CardM(K); M(i); M(K) || ==> (]il™ < K)
— (1 < K)
by (blast intro: Card_rel It _imp_lt Ord_cardinal_rel_le [THEN lt_transl])

lemma Card_rel_le_iff: || Ord(i); Card™(K); M(i); M(K) || ==> (K < |i™)
— (K <4)
by (simp add: Card_rel It iff Card_rel_is _Ord not_lt_iff le [THEN iff _sym])

lemma well _ord_lepoll _rel _imp cardinal_rel_le:

assumes wB: well _ord(B,r) and AB: A <M B

and
types: M(B) M(r) M(A)

shows |A|M < |BM

using Ord__cardinal_rel [OF «<M(A)>] Ord_cardinal_rel [OF <M(B))]
proof (cases rule: Ord_linear _le)

case le thus ?thesis .
next

case ge

from lepoll_rel_well ord [OF AB wB]

obtain s where s: well _ord(A, s) M(s) by (blast intro:types)

have B ~M |B|M by (blast intro: wB egpoll_rel _sym well _ord__cardinal_rel _eqpoll rel
types)

also have ... <M [A|M by (rule le_imp_lepoll_rel [OF ge]) (simp__all add:types)

also have ... ™ A by (rule well ord_cardinal rel_eqpoll_rel [OF s(1) _ s(2)])
(simp__all add:types)

finally have B <M A by (simp_all add:types)

hence A ~M B by (blast intro: eqpoll_rell AB types)

hence [A|M = |B|M by (rule cardinal_rel cong) (simp_all add:types)

thus ?thesis by (simp__all add:types)
qed

lemma lepoll_rel cardinal_rel_le: || A <M i; Ord(i); M(A); M(i) || ==> |AM
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<i

using Memrel closed

apply (rule_tac le_trans)

apply (erule well _ord__Memrel [THEN well_ord_lepoll_rel _imp__cardinal_rel_le],
assumption+)

apply (erule Ord__cardinal _rel_le, assumption)

done

lemma lepoll_rel Ord_imp_eqpoll_rel: || A <M i; Ord(i); M(A); M(3) || ==>

|AM =M A

by (blast intro: lepoll__rel_cardinal_rel_le well _ord__Memrel well_ord__cardinal__rel _egpoll_rel
dest!: lepoll_rel _well ord)

lemma lesspoll_rel_imp_eqpoll_rel: || A <M i; Ord(i); M(A); M(i) || ==> |A|M
~M A
using lepoll _rel__Ord_imp__eqpoll_rel[OF lesspoll_rel_imp__lepoll_rel] .

lemma lesspoll__cardinal_lt_rel:

shows [| A <M 4; Ord(i); M(i); M(A) || ==> |AM < i
proof -

assume assms:A <M i «Ord(i) <M(i)» «M(A)>

then

have A:Ord(|A|M) |AIM =M A4 M(|AM)
using Ord__cardinal_rel lesspoll_rel _imp __eqpoll_rel
by simp__all
with assms
have |A|M <M ;
using eq lesspoll _rel trans by auto
consider |A|Mei | |A|M=i | ic|A|M
using Ord_linear|OF <Ord(i)» «Ord(|A|M))] by auto
then
have [A|M < i
proof(cases)
case [
then show %thesis using it <Ord(7)) by simp
next
case 2
with (AM <M 4, (M (i)
show ?thesis using lesspoll rel irrefl by simp
next
case 4
with «Ord(|A|M),
have i<|A\M using Iit] by simp
with «<M(A)» A <M()
have i <M [A|M
using It Card_rel _imp_lesspoll_rel Card_rel cardinal _rel by simp
with (M (|A|M)y M (i)
show ?thesis
using lesspoll_rel irrefl lesspoll_rel trans|OF <|A|M <My G <M )]
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by simp
qed
then show ?thesis by simp
qed

lemma cardinal_rel_subset_Ord: [|A<=i; Ord(i); M(A); M(3)|] ==> |A|M C i
apply (drule subset_imp_lepoll _rel [THEN lepoll_rel cardinal_rel_le])
apply (auto simp add: lt_def)
apply (blast intro: Ord_trans)
done

— The next lemma is the first with several porting issues
lemma cons_lepoll_rel consD:
E\L[cons(u,A) <M cons(v,B); u¢A; v¢B; M(u); M(A); M(v); M(B) || ==> 4
<"B
apply (simp add: def lepoll_rel, unfold inj def, safe)
apply (rule_tac x = Az€A. if f'x=v then fu else fz in rexl)
apply (rule CollectI)

apply (rule if _type [THEN lam__type])

apply (blast dest: apply_funtype)
apply (blast elim!: mem__irrefl dest: apply_ funtype)

apply (auto simp add:transM[of __ A])
using lam__replacement_iff lam_ closed lam__if then__apply replacement
by simp

lemma cons_eqpoll_rel_consD: || cons(u,A) =™ cons(v,B); u¢A; v¢B; M(u);
M(A); M(v); M(B) || ==> A ~M B

apply (simp add: egpoll_rel iff)

apply (blast intro: cons_lepoll _rel__consD)

done

lemma succ_lepoll_rel succD: succ(m) §M suce(n) = M(m) = M(n) ==>
m<Mn
apply (unfold succ__def)
apply (erule cons_lepoll_rel _consD)
apply (rule mem_not_refl)+
apply assumption+
done

lemma nat_lepoll_rel _imp le:

m e nat ==>n € nat = m <M n = M(m) = M(n) = m < n
proof (induct m arbitrary: n rule: nat_induct)

case 0 thus Zcase by (blast introl: nat_0_le)
next

case (succ m)

show ?Zcase using «n € nat>

proof (cases rule: natE)
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case 0 thus ?thesis using succ
by (simp add: def lepoll_rel inj _def)
next
case (succ n') thus ?thesis using succ.hyps < succ(m) <M ny
by (blast dest!: succ_lepoll_rel_succD)

qed
qed
lemma nat_eqpoll_rel_iff: [| m € nat; n € nat; M(m); M(n) || ==> m ~M n
> m=n

apply (rule iffT)

apply (blast intro: nat_lepoll rel_imp_le le__anti_sym elim!: egpoll_relE)
apply (simp add: egpoll_rel refl)

done

lemma nat_into Card_rel:
assumes n: n € nat and types: M(n) shows Card™(n)
using types
apply (subst Card_rel def)
proof (unfold cardinal _rel_def, rule sym)
have Ord(n) using n by auto
moreover
{ fix ¢
assume i < n M(i) i =M n
hence Fulse using n
by (auto simp add: lt_nat_in_nat [THEN nat__egpoll_rel_iff] types)
ultimately show (u i. M(i) A i &M n) = n by (auto intro!: Least_equality

types eqpoll_rel refl)
qed

lemmas cardinal_rel 0 = nat_0I [THEN nat_into__Card_rel, THEN Card_rel_cardinal_rel_eq,

simplified, iff]
lemmas cardinal_rel 1= nat_1I [THEN nat_into__Card_rel, THEN Card_rel_cardinal rel_eq,

simplified, iff)

lemma succ_lepoll rel natE: [| succ(n) <M n; n € nat || ==> P
by (rule nat_lepoll_rel_imp_le [THEN lt_irrefl], auto)

lemma nat_lepoll _rel_imp__ex_eqpoll rel n:
| n € nat; nat <M X5 M(n); M(X)]] ==>3Y[M]. YC X &nxMY
apply (simp add: def lepoll _rel def _eqpoll_rel)
apply (fast del: subsetl subsetCE
intro!: subset_SIs
dest!: Ord_nat [THEN [2] OrdmemD, THEN [2] restrict_inj]
elim!: restrict_ bij
ing_is_fun [THEN fun_is_rel, THEN image__subset))
done
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lemma lepoll_rel_succ: M (i) = i <M succ(d)
by (blast intro: subset_imp_lepoll_rel)

lemma lepoll_rel _imp_lesspoll_rel succ:
assumes A: A <M m and m: m € nat
and types: M(A) M(m)
shows A <M succ(m)
proof -
{ assume A ~M succ(m)
hence succ(m) ~M A by (rule eqpoll_rel sym) (auto simp add:types)
also have ... <M m by (rule A)
finally have succ(m) <M m by (auto simp add:types)
hence Fulse by (rule succ_lepoll_rel _natE) (rule m) }
moreover have A §M succ(m) by (blast intro: lepoll_rel_trans A lepoll_rel succ
types)
ultimately show ?thesis by (auto simp add: types lesspoll_rel_def)
qed

lemma lesspoll_rel succ__imp_ lepoll rel:
(| A <M succ(m); m € nat; M(A); M(m) || ==> A <M m
proof -
{
assume m € nat M(A) M(m) A <M succ(m)
V feingM(A, succ(m)). f ¢ suriM(A, succ(m))
moreover from this
obtain f where M(f) feinjM(A,succ(m))
using def lepoll_rel by auto
moreover from calculation
have f ¢ suriM(A, succ(m)) by simp
ultimately
have 3f[M]. f € injM(A, m)
using inj_rel_not_surj_rel_succ by auto
}

from this
show [ A <M succ(m); m € nat; M(A); M(m) ] = A <M m
unfolding lepoll rel def eqpoll rel def bij rel def lesspoll _rel def
by (simp del:mem__inj _abs)
qed

lemma lesspoll_rel_succ_iff: m € nat => M(A) ==> A <M succ(m) «+— A
<M
by (blast introl: lepoll_rel_imp_ lesspoll _rel _succ lesspoll _rel _succ__imp_lepoll_rel)

lemma lepoll_rel_succ_disj: [| A <M succ(m); m € nat; M(A) ; M(m)|] ==>
A<M m | A =M suce(m)

apply (rule disjCI)

apply (rule lesspoll _rel _succ_imp_lepoll_rel)

prefer 2 apply assumption

apply (simp (no_asm__simp) add: lesspoll_rel def, assumption+)
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done

lemma lesspoll_rel_cardinal_rel lt: [| A <M i; Ord(i); M(A); M(4) || ==> |A|M
<1

apply (unfold lesspoll_rel_def, clarify)

apply (frule lepoll_rel cardinal_rel le, assumption+) — because of types

apply (blast intro: well _ord_Memrel well _ord__cardinal_rel _eqpoll_rel [THEN
eqpoll_rel__sym]

dest: lepoll_rel_well _ord elim!: leE)
done

lemma It _not_lepoll rel:
assumes n: n<i n € nat
and types:M(n) M(i) shows ~ i <M p
proof -
{ assume i: i <M p
have succ(n) <M i using n
by (elim ItE, blast intro: Ord_succ_subset] [THEN subset_imp_ lepoll rel]
types)
also have ... <M n by (rule i)
finally have succ(n) <M n by (simp add:types)
hence Fulse by (rule succ_lepoll rel _natE) (rule n) }
thus ?thesis by auto
qed

A slightly weaker version of nat__eqpoll rel iff

lemma Ord_nat__eqpoll rel iff:
assumes i: Ord(7) and n: n € nat
and types: M(i) M(n)
shows i &M n «+— i=n
using ¢ nat_into_Ord [OF n]
proof (cases rule: Ord_linear__lt)
case [t
hence i € nat by (rule lt_nat_in_nat) (rule n)
thus ?thesis by (simp add: nat__egpoll rel iff n types)
next
case eq
thus ?thesis by (simp add: eqpoll_rel_refl types)
next
case gt
hence ~ i <M pn using n by (rule lt_not_lepoll rel) (simp_all add: types)
hence ~ i ~M 5 using n by (blast intro: egqpoll_rel _imp_lepoll_rel types)
moreover have ¢ # n using (n<i> by auto
ultimately show ?thesis by blast
qed

~

lemma Card_rel_nat: Card™(nat)
proof -
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{ fix i
assume i: i < nat i ~M nat M(7)
hence ~ nat <M ¢
by (simp add: lt_def It_not_lepoll_rel)
hence Fulse using i
by (simp add: eqpoll_rel iff)
}

hence (7. M (i) A i =M nat) = nat by (blast intro: Least_equality eqpoll_rel _refl)
thus “thesis
by (auto simp add: Card_rel_def cardinal _rel_def)
qged

lemma nat_le_cardinal_rel: nat < i => M(i) ==> nat < |i|M
apply (rule Card_rel _nat [THEN Card_rel_cardinal_rel_eq, THEN subst],

simp__all)
apply (erule cardinal_rel_mono, simp__all)
done
lemma n_lesspoll _rel _nat: n € nat ==> n <M nat

by (blast intro: Card_rel_nat ItI lt_Card_rel_imp__lesspoll_rel)

lemma cons_lepoll_rel_cong:

| A<M B; b ¢ B M(A); M(B); M(b); M(a) || ==> cons(a,A) SM cons(b,B)
apply (subst (asm) def lepoll _rel, simp_all, subst def lepoll rel, simp_ all,
safe)

apply (rule_tac x = Ay€cons (a,A4) . if y=a then b else fy in rexl)
apply (rule_tac d = %z. if z € B then converse (f) ‘z else a in lam__injective)
apply (safe elim!: consE’)
apply simp_all
apply (blast intro: inj_is_fun [THEN apply_type])—+
apply (auto intro:lam__closed lam__if _then_replacement simp add:transM[of _
A))

done

lemma cons__eqpoll_rel_cong:

[ A~MB; a¢ A; b¢ B, M(A); M(B); M(a) ; M(b) || ==> cons(a,A) ~M
cons(b,B)

by (simp add: eqpoll_rel_iff cons_lepoll rel_cong)

lemma cons_lepoll _rel _cons _iff:

[ ad¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) <M cons(b,B)
«— ASYB

by (blast intro: cons_lepoll_rel _cong cons_lepoll_rel consD)

lemma cons_eqpoll _rel cons_iff:

[[a¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) ~M™ cons(b,B)
+«— AxMB

by (blast intro: cons__eqpoll_rel_cong cons__eqpoll_rel__consD)
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lemma singleton,__eqpoll_rel_1: M(a) = {a} =M 1
apply (unfold succ__def)
apply (blast intro!: eqpoll_rel_refl [THEN cons__egpoll_rel _cong)
done

lemma cardinal_rel_singleton: M(a) = |{a}|™ = 1
apply (rule singleton__eqpoll_rel 1 [THEN cardinal_rel _cong, THEN trans])
apply (simp (no_asm) add: nat_into_Card_rel [THEN Card_rel _cardinal_rel_eq])
apply auto
done

lemma not_0_is lepoll_rel 1: A # 0 ==> M(A) = 1 ,SM A

apply (erule not_emptyFE)

apply (rule_tac a = cons (z, A-{z}) in subst)

apply (rule_tac [2] a = cons(0,0) and P= %y. y <M cons (z, A-{z}) in subst)

apply auto

proof -

fix z

assume M (A)

then

show 2z € A = {0} <M cons(z, A - {z})

by (auto intro: cons_lepoll_rel _cong transM[OF __ <M(A)>] subset_imp__lepoll_rel)
qed

lemma succ_eqpoll_rel_cong: A =M B — M(A) = M(B) ==> succ(A) ~M
succ(B)

apply (unfold succ__def)

apply (simp add: cons__eqpoll_rel _cong mem__not_refl)

done

The next result was not straightforward to port, and even a different statement
was needed.

lemma sum_ bij rel:
1 f € bif™(A,0); g € bif™(B,D); M(f); M(A); M(C); M(g); M(B); M(D)]
==> (A\2€A+B. case(%x. Inl(fz), %oy. Inr(gy), 2)) € bijM(A+B, C+D)
proof -
assume asm:f € bij™(A,C) g € bij™(B,D) M(f) M(A) M(C) M(g) M(B) M(D)
then
have M(A\z€A+B. case(%ox. Inl(f'c), %y. Inr(gy), z))
using transM[OF _ «M(A)] transM[OF __ «M(B)»)
by (auto intro:case_replacement/[ THEN lam__closed))
with asm
show ?thesis
apply simp
apply (rule_tac d = case (%ox. Inl (converse(f)‘x), %y. Inr(converse(g)‘y))
in lam_ bijective)
apply (typecheck add: bij_is_inj inj _is_fun)
apply (auto simp add: left_inverse_bij right inverse _bij)
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done
qed

lemma sum_ bij_rel”:
assumes f € bijM(A,C) g€ b
M(A4) M(C) M(g) M(B) M(
shows
(Az€A+B. case(Az. Inl(fz), Ay. Inr(g‘y), z)) € bij(A+B, C+D)
M(AzeA+B. case(Az. Inl(fc), Ay. Inr(g‘y), z))
proof -
from assms
show M(Az€A+B. case(Az. Inl(fz), Ay. Inr(g‘y), z))
using transM[OF _ «M(A))] transM[OF _ <M (B)»]
by (auto intro:case_replacement/[ THEN lam__closed))
with assms
show (Az€A+B. case(Az. Inl(f‘x), Ay. Inr(g‘y), 2)) € bij(A+B, C+D)
apply simp
apply (rule_tac d = case (%ox. Inl (converse(f) ‘x), Y%y. Inr(converse(g)‘y))
in lam__ bijective)
apply (typecheck add: bij_is_inj inj is_fun)
apply (auto simp add: left_inverse__bij right_inverse__bij)
done
qed

i (B,D) M(f)
D)

lemma sum__egpoll_rel_cong:
assumes A ~™ ¢ B ~M D M(A) M(C) M(B) M(D)
shows A+B ~M C+D
using assms
proof (simp add: def eqpoll _rel, safe, rename_tac g)
fix fg
assume M(f) f € bij(A, C) M(g) g € bij(B, D)
with assms
obtain h where hebij(A+B, C+D) M(h)
using sum_bij_rel’lof f A C g B D] by simp
then
show 3 f[M]. f € bij(A + B, C + D)
by auto
qed

lemma prod_bij_rel”:
assumes f € bijM(A,0) g € bij™(B,D) M(f)
M(4) M(C) M(g) M(B) M(D)
shows
(A<z,y>€AxB. <f‘z, g'y>) € bij(AxB, CxD)
M(\<z,y>€AxB. <f‘z, g'y>)
proof -
from assms
show M((A<z,y>€AxB. <f‘c, ¢‘y>))
using transM[OF _ «M(A))] transM[OF _ <M (B))]
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transM[OF __ cartprod__closed, of _ A B]
by (auto intro:prod_ fun_replacement| THEN lam__closed, of f g AxB])
with assms
show (A<z,y>€AxB. <f‘z, g‘y>) € bij(AxB, CxD)
apply simp
apply (rule_tac d = %<z,y>. <converse (f) ‘z, converse (g) ‘y>
in lam_ bijective)
apply (typecheck add: bij is_inj inj is_fun)
apply (auto simp add: left_inverse_bij right _inverse__bij)
done
qged

lemma prod__eqpoll_rel cong:
assumes A ~™ ¢ B~ D M(A) M(C) M(B) M(D)
shows AxB ~M CxD
using assms
proof (simp add: def eqpoll_rel, safe, rename_tac g)
fix fg
assume M(f) f € bij(A, C) M(g) g € bij(B, D)
with assms
obtain h where hebij(AxB, CxD) M(h)
using prod_bij rel'lof f A C g B D] by simp

then
show Jf[M]. f € bij(A x B, C x D)
by auto
qged
lemma inj rel disjoint__eqpoll_rel:
(.f € (4B A0 B = 0:M(P): MARMB) || ==> A U (B - range(/)
~" B

apply (simp add: def _egpoll_rel)
apply (rule rexl)
apply (rule_tac ¢ = %x. if x € A then f‘z else x
and d = %y. if y € range (f) then converse (f) ‘y else y
in lam_ bijective)
apply (blast introl: if _type inj is_fun [THEN apply_type])
apply (simp (no_asm__simp) add: inj_converse_fun [THEN apply_funtype))
apply (safe elim!: UnE’)
apply (simp__all add: inj _is_fun [THEN apply rangel))
apply (blast intro: inj_converse_fun [THEN apply_type])
proof -
assume [ € inj(A, B) AN B =0 M(f) M(A) M(B)
then
show M(Az€A U (B - range(f)). if v € A then f ‘ z else x)
using transM[OF __ <M (A)»] transM[OF _ <M(B)»]
lam__replacement__iff lam_ closed lam__if then_ replacement2
by auto
qed
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lemma Diff sing_lepoll rel:
lac A A<M suce(n) M(a); M(A); M(n) || ==> 4 - {a} <M n
apply (unfold succ__def)
apply (rule cons_lepoll_rel consD)
apply (rule_tac [3] mem_not_refl)
apply (erule cons_Diff [THEN ssubst], simp__all)
done

lemma lepoll rel Diff sing:
assumes A: succ(n) <M A
and types: M(n) M(A) M(a)
shows n <M 4 - {a}
proof -
have cons(n,n) <M A using A
by (unfold succ__def)
also from types
have ... <M cons(a, A-{a})
by (blast intro: subset_imp_ lepoll_rel)
finally have cons(n,n) <M cons(a, A-{a}) by (simp_all add:types)
with types
show ?thesis
by (blast intro: cons_lepoll _rel _consD mem,__irrefl)
qed

lemma Diff _sing_eqpoll_rel: [| a € A; A =M succ(n); M(a); M(A); M(n) || ==>
A-{a} =M n
by (blast intro!: egpoll_rell
elim!: egpoll_relE
intro: Diff _sing_lepoll rel lepoll_rel Diff sing)

lemma lepoll_rel 1 _is sing: || A <M 1; 0 € A ;M(a); M(A) || ==> A = {a}
apply (frule Diff _sing_lepoll_rel, assumption+, simp)
apply (drule lepoll_rel 0 _is 0, simp)
apply (blast elim: equalityF)
done

lemma Un_lepoll _rel_sum: M(A) = M(B) = AU B <M A+B
apply (simp add: def lepoll_rel)
apply (rule_tac z = Ax€A U B. if €A then Inl (z) else Inr (z) in rexl)
apply (rule_tac d = %z. snd (z) in lam__injective)
apply force
apply (simp add: Inl_def Inr_def)
proof -
assume M (A) M(B)
then
show M(Ax€A U B. if x € A then Inl(z) else Inr(z))
using transM[OF _ <M (A)»] transM[OF _ «M(B)»] if _then_Inj replacement
by (rule_tac lam__closed) auto
qed
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lemma well _ord Un_M:
assumes well _ord(X,R) well_ord(Y,S)
and types: M(X) M(R) M(Y) M(S)
shows 3 T[M]. well_ord(X U Y, T)
using assms
by (erule_tac well _ord_radd [THEN [3] Un__lepoll_rel sum [THEN lepoll _rel _well ord]])
(auto simp add: types)

lemma disj Un__eqpoll_rel _sum: M(A) = M(B) —= AN B=0— AUB
~M A+ B
apply (simp add: def eqpoll_rel)
apply (rule_tac z = Aa€A U B. if a € A then Inl (a) else Inr (a) in rezl)
apply (rule_tac d = %z. case (%ox. x, %x. z, z) in lam_ bijective)
apply auto
proof -
assume M(A) M(B)
then
show M(Ax€A U B. if x € A then Inl(z) else Inr(z))
using transM[OF _ <M (A))] transM[OF _ «M(B)»] if _then_Inj replacement
by (rule_tac lam__closed) auto
qged

lemma eqpoll rel imp_Finite_rel iff: A &M B ==> M(A) = M(B) =
Finite_rel(M,A) «<— Finite_rel(M,B)

apply (unfold Finite_rel_def)

apply (blast intro: eqpoll_rel_trans eqpoll_rel sym,)

done

— It seems reasonable to have the absoluteness of Finite here, and deduce the rest
of the results from this.

Perhaps modularize that proof to have absoluteness of injections and bijections of
finite sets (cf. [24 <M succ(?m); ?m € nat; M(?A); M(?m)] = 24 <M 2m,

lemma Finite_abs[simp]: assumes M(A) shows Finite_rel(M,A) +— Finite(A)

unfolding Finite rel def Finite def
proof (simp, intro iffI)

assume Inenat. A =M n

then

obtain n where 4 ~M pn nenat by blast

with assms

show Jdnenat. A ~ n

unfolding egpoll def using nat_into M by (auto simp add:def eqpoll_rel)

next

fix n

assume Jdne€nat. A = n

then

obtain n where A ~ n n€nat by blast

moreover from this
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obtain f where f € bij(A,n) unfolding egpoll def by auto

moreover

note assms

moreover from calculation

have converse(f) € n—A using bij is_fun by simp

moreover from calculation

have M(converse(f)) using transM|[of _ n—A] by simp

moreover from calculation

have M(f) using bij_is_fun
fun_is_rellof f A A\_. n, THEN converse__converse]
converse__closed|of converse(f)] by simp

ultimately

show Jnenat. A =M n

by (force dest:nat_into_ M simp add:def _egpoll_rel)
qed

lemma lepoll_rel _nat_imp_ Finite rel:
assumes A: A <M n and n: n € nat
and types: M(A) M(n)
shows Finite_rel(M,A)
proof -
have A <M n = Finite_rel(M,A) using n
proof (induct n)
case (
hence A = 0 by (rule lepoll_rel_0_is 0, simp__all add:types)
thus ?case by simp
next
case (succ n)
hence A <M n v A ~M succ(n) by (blast dest: lepoll _rel_succ _disj intro:types)
thus ?case using succ by (auto simp add: Finite rel_def types)
qed
thus ?thesis using A .
qed

lemma lesspoll_rel nat_is Finite rel:
A <M nat = M(A) = Finite_rel(M,A)
apply (unfold Finite rel def)
apply (auto dest: ItD lesspoll_rel cardinal _rel It
lesspoll_rel_imp__eqpoll_rel [THEN egpoll_rel__sym])
done

lemma lepoll_rel Finite rel:
assumes Y: Y <M X and X: Finite_rel(M,X)
and types:M(Y) M(X)
shows Finite_rel(M,Y)
proof -
obtain n where n: n € nat X ~™ n M(n) using X
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by (auto simp add: Finite_rel def)
have v <M X by (rule Y)
also have ... ~™ n by (rule n)
finally have Y <M n by (simp_ all add:types <M(n))
thus ?thesis using n
by (simp add: lepoll _rel_nat_imp_ Finite_rel types «<M(n)> del:Finite__abs)
qed

lemma succ_lepoll_rel imp_not_empty: succ(z) <M y ==> M(z) = M(y)
=y #£0

by (fast dest!: lepoll_rel 0 _is 0)
lemma egpoll_rel_succ_imp_not_empty: © ~M succ(n) ==> M(z) = M(n)
=z #0

by (fast elim!: eqpoll_rel_sym [THEN egpoll_rel_0_is 0, THEN succ_neq_0])

lemma Finite__subset_closed:
assumes Finite(B) BCA M(A)
shows M(B)
proof -
from «Finite(B)> «BCA)
show ?thesis
proof(induct,simp)
case (cons z D)
with assms
have M (D) z€A
unfolding cons def by auto
then
show ?case using transM[OF _ «<M(A)] by simp
qed
qed

lemma Finite._ Pow abs:
assumes Finite(A) M(A)
shows Pow(A) = Pow_rel(M,A)
using Finite_subset_closed|OF subset_Finite] assms Pow_rel_char
by auto

lemma Finite Pow rel:
assumes Finite(A) M(A)
shows Finite(Pow_rel(M,A))
using Finite_ Pow Finite_Pow__abs[symmetric] assms by simp

lemma Pow_rel 0 [simp]: Pow_rel(M,0) = {0}
using Finite_Pow__abs[of 0] by simp

lemma eqpoll_rel _imp Finite: A ~M B — Finite(A) = M(A) = M(B) =

Finite(B)
proof -
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assume A ~™ B Finite(A) M(A) M(B)

then obtain fn g where f€bij(A,B) nEnat gebij(A,n)
unfolding Finite def eqpoll def eqpoll rel def
using bij_rel char
by auto

then

have g O converse(f) € bij(B,n)
using bij converse__bij comp__bij by simp

with <nc »

show Finite(B)
unfolding Finite def eqpoll def by auto

qed

lemma egpoll_rel_imp_ Finite_iff: A ~™ B = M(A) = M(B) = Finite(A)
+— Finite(B)
using eqpoll_rel _imp_Finite egpoll_rel_sym by force

end — M _cardinals

end

16 Relative, Choice-less Cardinal Arithmetic
theory CardinalArith__Relative

imports
Cardinal _Relative

begin

relativize functional rvimage rvimage rel external
relationalize rvimage rel is_rvimage

definition

csquare__lam :: =1 where

esquare_lam(K) = Mz, y)eKxK. (z U y, , y)
— Can’t do the next thing because split is a missing HOC
relativize__tm <fst(z) U snd(z), fst(z), snd(z)> is_csquare_lam_ body
definition

is_csquare_lam :: [i=>0,i,i]=0 where

is_csquare_lam(M,K,l) = 3 K2[M]. cartprod(M,K ,K,K2) N\

is_lambda(M,K2,is__csquare_lam__body(M),l)

definition jump_ cardinal_body :: [i=>0,i] = i where
Jump__cardinal_body(M,X) =
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{z.r e PowM(X x X), M(2) A M(7) A well_ord(X, ) A z = ordertype(X,
)}

lemma (in M__cardinals) csquare_lam__closed[intro,simp|: M(K) = M (csquare_lam(K))
using csquare__lam__replacement unfolding csquare lam,__ def
by (rule lam__closed) (auto dest:transM)

locale M pre cardinal__arith = M__cardinals +
assumes
wfrec_pred_replacement:M(A) = M(r) =
wfrec__replacement(M, Xz f z. z = f ** Order.pred(A, z, r), r)
begin

lemma ord iso_separation: M(4) = M(r) = M(s) =

separation(M, \f. Vz€A. VyeA. (x,y) € r+— (f‘z, f‘y) € 3)

using
lam__replacement__ Pair[ THEN[5] lam__replacement__hcomp2)
lam__replacement__hcomp lam__replacement_fst lam__replacement_snd
separation__in lam__replacement_fst lam_replacement__apply2| THEN|[5]

lam__replacement__hcomp2]

lam__replacement__identity lam_ replacement__constant
by (rule_tac separation_ ball,rule_tac separation__ball,simp__all,rule_tac separation__iff ' simp__all)

end

locale M cardinal__arith = M_pre_cardinal _arith +
assumes

ordertype__replacement :

M(X) = strong_replacement(M ) x z . M(z) A M(z) A z€Pow_rel(M,X x X)
A well_ord(X, z) A z=ordertype(X,x))

and

strong__replacement__jc_body :

strong_replacement(M )\ © z . M(z) AN M(z) A z = jump__cardinal__body(M ,x))

lemmas (in M_cardinal__arith) surj_imp_inj replacement =
suri_imp__inj_replacementl surj_imp_inj replacement2 surj_imp_inj replacement
lam__replacement__vimage__sing_fun[ THEN lam__replacement__imp__strong__replacement]

relativize_ tm 3z’ y' zy. 2= (2, y), zm, ) A (', z) er V' =z Ay, y) €

)

is__rmultP

relativize functional rmult rmult _rel external
relationalize rmult rel is _rmult

lemma (in M_ trivial) rmultP_abs [absolut]: [ M (r); M(s); M(z) | = is_rmultP(M,s,r,z)
—
Gz’ y'zy. 2=z, y),z, )y ANz, x) erva' =zA{y,y) €s))
unfolding is_rmultP_def by (auto dest:transM)
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definition
is_csquare_rel :: [i=o0,i,i]=0 where
is_csquare_rel(M,K,cs) = 3 K2[M]. la[M]. I memK[M].
FrmKK[M]. 3rmKK2[M].
cartprod(M,K K ,K2) A is_csquare_lam(M,K la) A
membership(M,K,memK) A is_rmult(M,K ,memK,K ,memK ,rmKK) A
is_rmult(M,K memK K2, rmKK rmKK2) A is_rvimage(M,K2,la,rmKK2,cs)

context M _basic
begin

lemma rvimage _abs[absolut]:
assumes M(A) M(f) M(r) M(z)
shows is_rvimage(M,A,f,r,2z) «<— z = rvimage(A,f,r)
using assms transM[OF _ «M(A)]
unfolding is rvimage def rvimage_def
by auto

lemma rmult_abs [absolut]: [ M(A); M(r); M(B); M(s); M(z) | =
is_rmult(M,A,r,B,s,z) «— z=rmult(A,r,B,s)
using rmultP_abs transM[of _ (A x B) x A x B]
unfolding is rmultP__def is_rmult _def rmult_def
by (auto del: iffI)

lemma csquare_lam__body__abs[absolut]: M(z) = M(z) =
is_csquare_lam__body(M,z,z) «— z = <fst(z) U snd(z), fst(x), snd(x)>
unfolding is csquare_lam_body_def by (simp add:absolut)

lemma csquare_lam__abs[absolut]: M(K) = M(l) =
is_csquare_lam(M,K,l) +— 1 = (A\ze Kx K. (fst(z) U snd(x), fst(z), snd(z)))
unfolding is csquare lam__def
using lambda__abs2]of Kx K is_csquare_lam__body(M)
Az. (fst(z) U snd(z), fst(x), snd(x))]
unfolding Relationl def by (simp add:absolut)

lemma csquare_lam__eq lam:csquare_lam(K) = (Aze€KxK. <fst(z) U snd(z),
fst(z), snd(z)>)
proof -
have (M(z,y)eK x K. (z Uy, z, y)) 2 =
(A2eKx K. <fst(z) U snd(z), fst(z), snd(z)>)‘z if 26 KxK for z
using that by auto
then
show ?thesis
unfolding csquare lam __def
by simp
qed

end — M _basic
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context M pre cardinal__arith
begin

lemma csquare_rel_closed[intro,simp]: M(K) = M (csquare_rel(K))
using csquare_lam__replacement unfolding csquare rel def
by (intro rvimage__closed lam__closed) (auto dest:transM)

lemma csquare_rel_abs[absolut]: | M(K); M(cs)] =
is_csquare_rel(M,K cs) +— cs = csquare_rel(K)
unfolding is csquare_rel def csquare_rel_def
using csquare_lam__closed[unfolded csquare_lam__eq lam]
by (simp add:absolut csquare_lam__eq lam[unfolded csquare_lam__def])

end — M _pre_cardinal__arith

relativize functional csucc csucc  rel external
relationalize csucc_rel is _csucc

synthesize is_csucc from_ definition assuming nonempty
arity_ theorem for is csucc_fm

abbreviation
csucc_r i [ii=o] = i (</(_*')—) where
csuce_r(z,M) = csucc_rel(M,z)

abbreviation
csucc_r_set :: [i,i] = i (</(_T')—) where
csucc_r_set(z,M) = csucc_rel(##M,z)

context M _Perm
begin

rel_ closed for csucc
using Least closed[of X\ L. M(L) A Card™(L) N K < I
unfolding csucc_rel def
by simp

is_iff rel for csucc
using least _abs’[of X\ L. M(L) A Card™(L) A K < L res]
is_ Card_iff
unfolding is csucc def csucc_rel def
by (simp add:absolut)
end — M _Perm

notation csucc_rel (<csuce—"(__")»)
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context M cardinals
begin

lemma Card_rel Union [simp,intro, TC):
assumes A: \z. 1€ A = Card™(z) and
types: M (A)
shows Card™(|J(A))
proof (rule Card_rell)
show Ord(|J A) using A
by (simp add: Card_rel is _Ord types transM)
next
fix j
assume j: j < (JA
moreover from this
have M(j) unfolding it def by (auto simp add:types dest:transM)
from j
have 3¢c€A. j € ¢ A CardM(c) using A types
unfolding it def
by (simp)
then
obtain ¢ where ¢: c€A j < ¢ Card™(c) M(c)
using Card_rel is_Ord types unfolding It def
by (auto dest:transM)
with <M (j)
have jis: j <M ¢
by (simp add: It_Card_rel_imp__lesspoll_rel types)
{ assume eqp: j =M [J A
have ¢ <M |J A using ¢
by (blast intro: subset_imp_ lepoll_rel types)
also from types <M (5)»
have ... ~™ j by (rule_tac eqpoll_rel_sym [OF eqp)) (simp_all add:types)
also have ... <M ¢ by (rule jls)
finally have ¢ <™ ¢ by (simp_all add:«<M(c)> <M(j)> types)
with «M(c)»
have Fulse
by (auto dest:lesspoll_rel_irrefl)
} thus - j =M [ J A by blast
qed (simp__all add:types)

lemma in_ Card_imp_lesspoll: || CardM(K); b € K; M(K); M(b) || ==> b <M
K

apply (unfold lesspoll rel_def)

apply (simp add: Card_rel iff initial)

apply (fast intro!: le_imp_lepoll rel ItI lel)

done
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16.1 Cardinal addition

Note (Paulson): Could omit proving the algebraic laws for cardinal addition
and multiplication. On finite cardinals these operations coincide with addition
and multiplication of natural numbers; on infinite cardinals they coincide
with union (maximum). Either way we get most laws for free.

16.1.1 Cardinal addition is commutative

lemma sum__commute_eqpoll_rel: M(A) = M(B) = A+B ~™ B+ A
proof (simp add: def eqgpoll_rel, rule rexl)
show (Az€A+B. case(Inr,Inl,z)) € bij(A+B, B+A)
by (auto intro: lam__bijective [where d = case(Inr,Inl)])
assume M (A) M(B)
then
show M(Az€A + B. case(Inr, Inl, z))
using case__replacementl
by (rule_tac lam__closed) (auto dest:transM)
qged

lemma cadd_rel_commute: M(i) = M(j) = i M j = j aM
apply (unfold cadd_rel def)

apply (auto intro: sum__commute__eqpoll_rel [THEN cardinal_rel_cong)])
done

16.1.2 Cardinal addition is associative

lemma sum,__assoc_eqpoll_rel: M(A) = M(B) = M(C) = (A+B)+C =M
A+(B+C)
apply (simp add: def eqpoll rel)
apply (rule rexl)
apply (rule sum__assoc__bij)
using case__replacement2
by (rule_tac lam__closed) (auto dest:transM)

Unconditional version requires AC

lemma well ord cadd rel assoc:
assumes i: well _ord(i,ri) and j: well ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i &M j) oM k= i oM (j oM k)
proof (simp add: assms cadd_rel_def, rule cardinal _rel_cong)
from types
have |i + j|M + k=M (i + j) + k
by (auto introl: sum__eqpoll_rel_cong well_ord__cardinal _rel _eqpoll_rel eqpoll_rel_refl
well_ord_radd i j)
also have ... ~M i + (j + k)
by (rule sum__assoc__eqpoll_rel) (simp__all add:types)
also
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have ... ~M ;4 |j + kM
proof (auto intro!: sum__egqpoll_rel_cong intro:eqpoll_rel refl simp add:types)
from types
have |j + kM ~M j + k
using well__ord__cardinal_rel_eqpoll_rel|OF well_ord_radd, OF j k)
by (simp)
with types
show j + k ~M |j + kM
using eqpoll_rel _sym by simp
qged
finally show |i 4+ j|™ + k =M i + |j + kM by (simp_all add:types)
qed (simp__all add:types)

16.1.3 O is the identity for addition

lemma case id_eq: z€sum(A,B) = case(Az . z, A\z. z ,z) = snd(x)
unfolding case_def cond_def by (auto simp:Inl_def Inr_def)

lemma lam_case_id: (A\z€0 + A. case(Az. z, Ay. y, 2)) = (Az€0 + A . snd(z))
using case_id_eq by simp

lemma sum_ 0 _eqpoll_rel: M(A) = 0+A ~M 7
apply (simp add:def _eqpoll_rel)
apply (rule rexl)
apply (rule bij_0_sum,subst lam__case_id)
using lam__replacement__snd[unfolded lam__replacement__def]
by (rule lam__closed)
(auto simp add:case__def cond__def Inr_def dest:transM)

lemma cadd_rel_0 [simp]: CardM(K) = M(K) = 0 oM K = K

apply (simp add: cadd_rel_def)

apply (simp add: sum__0_egqpoll_rel [THEN cardinal_rel_cong] Card__rel__cardinal_rel_eq)
done

16.1.4 Addition by another cardinal

lemma sum__lepoll_rel_self: M(A) = M(B) = A SM A+B
proof (simp add: def lepoll_rel, rule rexl)
show (Az€A. Inl (z)) € inj(A, A + B)
by (simp add: inj_def)
assume M(A4) M(B)
then
show M(Az€A. Ini(x))
using Inl_replacement! transM[OF _ <M(A)]
by (rule_tac lam_ closed) (auto simp add: Inl_def)
qed

lemma cadd_rel le_self:
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assumes K: Card”(K) and L: Ord(L) and
types:M(K) M(L)
shows K < (K @M L)
proof (simp add:types cadd_rel _def)
have K < |K|M
by (rule Card_rel_cardinal _rel_le [OF K]) (simp add:types)
moreover have |K|M < |K + LM using K L
by (blast intro: well ord_lepoll_rel imp cardinal_rel le sum_lepoll rel self
well_ord_radd well _ord_Memrel Card_rel_is _Ord types)
ultimately show K < |K + L|M
by (blast intro: le__trans)
qed

16.1.5 Monotonicity of addition

lemma sum__lepoll_rel _mono:
| A<M e; B<SM D; M(A); M(B); M(C); M(D) || ==> A+ B<MC+ D
apply (simp add: def lepoll rel)
apply (elim rezFE)
apply (rule_tac x = A\z€A+B. case (Yow. Inl(fw), %y. Inr(fa‘y), z) in rexl)
apply (rule_tac d = case (%ow. Inl(converse(f) ‘w), %y. Inr(converse(fa) ‘ y))
in lam__injective)
apply (typecheck add: inj_is_fun, auto)
apply (rule_tac lam__closed, auto dest:transM intro:case_replacements)
done

lemma cadd_rel le _mono:
| K'< K; L' < LMK MK)M(L)M(L) || ==> (K' &M 1Y) < (K &M
L)
apply (unfold cadd _rel def)
apply (safe dest!: le_subset_iff [THEN iffD1))
apply (rule well_ord_lepoll rel_imp_ cardinal_rel_le)
apply (blast intro: well_ord_radd well _ord _Memprel)
apply (auto intro: sum_lepoll rel_mono subset_imp_ lepoll_rel)
done

16.1.6 Addition of finite cardinals is ”ordinary” addition

lemma sum_succ_eqpoll_rel: M(A) => M(B) = succ(A)+B ~M succ(A+B)
apply (simp add:def _eqpoll_rel)
apply (rule rezl)
apply (rule_tac ¢ = %z. if z=Inl (A) then A+B else z
and d = %z. if 2=A+B then Inl (A) else z in lam__ bijective)
apply simp_all
apply (blast dest: sym [THEN eq imp_not_mem]| elim: mem__irrefl)+

apply(rule_tac lam__closed, auto dest:transM intro:if then_range_replacement?)
done
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lemma cadd_succ_lemma:

assumes Ord(m) Ord(n) and

types: M(m) M(n)

shows succ(m) @M n = |succ(m &M n)|

using types
proof (simp add: cadd_rel def)

have [intro]: m + n ~M |m + n|M using assms

by (blast intro: eqpoll _rel _sym well_ord__cardinal _rel__egpoll_rel well ord radd
well _ord_ Memrel)

M

have |succ(m) + n|M = |succ(m + n)|M
by (rule sum__succ__eqpoll_rel [THEN cardinal_rel__cong)) (simp__all add:types)
also have ... = |succ(|m + n|M)|M
by (blast intro: succ__egpoll_rel_cong cardinal_rel_cong types)
finally show |succ(m) + n|M = |succ(|m + n|M)|M .
qed

lemma nat_cadd_rel _eq add:
assumes m: m € nat and [simp]: n € nat showsm &M n = m #+ n
using m
proof (induct m)
case ( thus ?case
using transM[OF _ M_nat]
by (auto simp add: nat_into_Card_rel)
next
case (succ m) thus ?case
using transM[OF _ M__nat]
by (simp add: cadd__succ_lemma nat_into_Card_rel Card_rel_cardinal rel_eq)
qed

16.2 Cardinal multiplication

16.2.1 Cardinal multiplication is commutative

lemma prod_commute__eqpoll_rel: M(A) => M(B) = AxB ~M BxA
apply (simp add: def eqpoll_rel)
apply (rule rexl)
apply (rule_tac ¢ = %<z,y>.<y,z> and d = %<z,y>.<y,z> in lam_ bijective,
auto)
apply(rule_tac lam__closed, auto intro:swap_replacement dest:transM)
done

lemma cmult_rel _commute: M(i) = M(j) = i @M j = j @M i
apply (unfold cmult_rel_def)

apply (rule prod__commute__eqpoll_rel [THEN cardinal_rel__congl, simp__all)
done
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16.2.2 Cardinal multiplication is associative

lemma prod_assoc_eqpoll_rel: M(A) = M(B) = M(C) = (AxB)xC ~M
Ax(BxC)
apply (simp add: def _egpoll_rel)
apply (rule rexI)
apply (rule prod_assoc_ bij)
apply(rule_tac lam__closed, auto intro:assoc__replacement dest:transM)
done

Unconditional version requires AC

lemma well ord cmult _rel assoc:
assumes i: well_ord(i,ri) and j: well ord(j,rj) and k: well_ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i @M j) @M k= i @M (j @M k)
proof (simp add: assms emult_rel_def, rule cardinal_rel _cong)
have |i * j|M « k=M (i % j) * k
by (auto intro!: prod__eqpoll_rel_cong
well__ord__cardinal__rel__eqpoll_rel eqpoll_rel refl
well _ord_rmult i j simp add:types)

also have ... ~M i« (j * k)
by (rule prod_assoc__eqpoll_rel, simp__all add:types)
also have ... ~M i x |j « kM

by (blast intro: prod__eqpoll_rel cong well _ord__cardinal__rel _egpoll_rel
egpoll_rel _refl well _ord _rmult j k eqpoll _rel__sym types)
finally show |i * j|M s k ~M i x |j « kM by (simp add:types)
qed (simp__all add:types)

16.2.3 Cardinal multiplication distributes over addition

lemma sum_ prod_ distrib__eqpoll_rel: M(A) = M(B) = M(C) = (A+B)*C
~M (AxC)+(BxC)
apply (simp add: def _egpoll_rel)
apply (rule rexI)
apply (rule sum__prod_ distrib_bij)
apply(rule_tac lam__closed, auto intro:case_replacementd dest:transM)
done

lemma well ord cadd cmult_ distrib:
assumes i: well _ord(i,ri) and j: well ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i @M j) oM k= (i @™ k) oM (j @M k)
proof (simp add: assms cadd_rel_def ecmult_rel_def, rule cardinal rel_cong)
have |i + j|M « k=M (i 4+ j) « k
by (blast intro: prod__egpoll_rel cong well ord__cardinal_rel _egpoll_rel
eqpoll_rel_refl well_ord_radd i j types)
alsohave ... ~M i sk + jxk
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by (rule sum__prod_ distrib__eqpoll_rel) (simp__all add:types)
also have ... ~M |i s kM + |j « kM
by (blast intro: sum__egpoll_rel cong well _ord_cardinal_rel _egpoll_rel
well_ord_rmult i j k eqpoll_rel _sym types)
finally show |i + j|M « k =M |i x kM + |j « k|™ by (simp add:types)
qed (simp__all add:types)

16.2.4 Multiplication by 0 yields O

lemma prod_0_eqpoll _rel: M(A) = 0xA ~M g
apply (simp add: def eqpoll_rel)

apply (rule rexl)

apply (rule lam__bijective, auto)

done

lemma cmult_rel_0 [simp]: M({) = 0 oM =y
by (simp add: cmult_rel_def prod_0_eqpoll_rel [THEN cardinal_rel__cong))

16.2.5 1 is the identity for multiplication

lemma prod_singleton__eqpoll_rel: M(z) => M(A) = {z}xA =M A
apply (simp add: def eqpoll_rel)
apply (rule rexl)

apply (rule singleton_prod_bij [THEN bij _converse__bij])

apply (rule converse__closed)

apply(rule_tac lam__closed, auto intro:prepend_replacement dest:transM )
done

lemma cmult_rel_1 [simp]: Card"(K) = M(K) = 1 oM K = K

apply (simp add: cmult_rel_def succ__def)

apply (simp add: prod__singleton__egpoll_rel[ THEN cardinal__rel__cong] Card__rel__cardinal_rel_eq)
done

16.3 Some inequalities for multiplication

lemma prod_square_lepoll _rel: M(A) = A §M AxA
apply (simp add:def lepoll rel inj_def)
apply (rule_tac v = A\z€A. <z,x> in rexl, simp)
apply(rule_tac lam__closed, auto intro:id_replacement dest:transM)
done

lemma cmult_rel_square_le: CardM(K) = M(K) = K < K @M K
apply (unfold cmult_rel_def)
apply (rule le_trans)
apply (rule_tac [2] well_ord_lepoll _rel _imp__cardinal_rel_le)
apply (rule_tac [3] prod_square lepoll_rel)
apply (simp add: le_refl Card_rel_is _Ord Card_rel_cardinal rel_eq)
apply (blast intro: well_ord _rmult well _ord_Memrel Card_rel is Ord)
apply simp__all
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done

16.3.1 Multiplication by a non-zero cardinal

lemma prod_lepoll rel_self: b € B => M(b) = M(B) = M(A) = A <M
AxB
apply (simp add: def lepoll _rel inj _def)
apply (rule_tac v = Az€A. <z,b> in rexl, simp)

apply(rule_tac lam__closed, auto intro:pospend_replacement dest:transM)
done

lemma cmult_rel le self:
[| CardM(K); Ord(L); 0<L; M(K);M(L) || ==> K < (K @M L)
apply (unfold cmult_rel_def)
apply (rule le_trans [OF Card_rel__cardinal_rel_le well _ord_lepoll_rel _imp__cardinal _rel_le])
apply assumption apply simp
apply (blast intro: well_ord _rmult well _ord__Memrel Card_rel is _Ord)
apply (auto intro: prod_lepoll rel_self ltD)
done

16.3.2 Monotonicity of multiplication

lemma prod_lepoll rel _mono:

| AsM e B<SMD; M(A); M(B); M(C); M(D)|] ==> A+ B SM C«D
apply (simp add:def lepoll_rel)
apply (elim rexF)
apply (rule_tac © = lam <w,y>:AxB. <f‘w, fa‘y> in rexl)
apply (rule_tac d = %<w,y>. <converse (f) ‘w, converse (fa) ‘y>

in lam__injective)
apply (typecheck add: inj _is_fun, auto)
apply(rule_tac lam__closed, auto intro:prod_fun_ replacement dest:transM)

done

lemma cmult _rel le _mono:
| K/ < K; L' < LiIM(K');M(K);M(L);M(L) || ==> (K' @M L) < (K oM
L)
apply (unfold cmult_rel_def)
apply (safe dest!: le_subset_iff [THEN iffD1])
apply (rule well _ord_lepoll rel _imp_ cardinal_rel le)
apply (blast intro: well _ord_rmult well _ord_Memprel)
apply (auto intro: prod_lepoll _rel _mono subset_imp_lepoll rel)
done

16.4 Multiplication of finite cardinals is ”ordinary” multiplication

lemma prod_succ_eqpoll_rel: M(A) => M(B) = succ(A)xB ~M B + AxB
apply (simp add: def eqpoll_rel)

apply (rule rexl)

apply (rule_tac ¢ = Ap. if fst(p)=A then Inl (snd(p)) else Inr (p)
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and d = case (%y. <A,y>, %z. z) in lam_ bijective)
apply safe
apply (simp__all add: succl2 if type mem__imp_not_eq)
apply(rule_tac lam__closed, auto intro:Inl_replacement?2 dest:transM)
done

lemma cmult rel succ lemma:
[| Ord(m); Ord(n); M(m); M(n) || ==> succ(m) @M n = n &M (m @M n)
apply (simp add: emult_rel_def cadd_rel_def)
apply (rule prod__succ__eqpoll _rel [THEN cardinal_rel_cong, THEN trans], simp__all)
apply (rule cardinal _rel _cong [symmetric], simp__all)
apply (rule sum__egpoll_rel__cong [OF eqpoll_rel_refl well _ord__cardinal_rel__eqpoll_rel],
assumption)
apply (blast intro: well_ord_rmult well _ord__Memprel)
apply simp__all
done

lemma nat_cmult_rel_eq _mult: [| m € nat; n € nat || ==> m QM n = m#sn
using transM[OF _ M_ nat]

apply (induct_tac m)

apply (simp__all add: cmult_rel_succ_lemma nat_cadd_rel _eq add)

done

lemma cmult_rel_2: CardM(n) = M(n) = 2M n=naoMn
by (simp add: cmult_rel_succ_lemma Card_rel_is_Ord cadd_rel_commute [of

—0)

lemma sum__lepoll_rel_prod:
assumes C: 2 <M ¢ and
types:M(C) M(B)
shows B+B <M CxB
proof -
have B+B <M 2«B
by (simp add: sum__eq 2 times types)
also have ... <M C«B
by (blast intro: prod_lepoll_rel_mono lepoll_rel_refl C types)
finally show B+B <M CxB by (simp_all add:types)
qed

lemma lepoll_imp_sum_lepoll_prod: || A <M B; 2 <M A; M(A) ;M(B) || ==>
A+B <M Ax«B

by (blast intro: sum__lepoll _rel _mono sum__lepoll rel_prod lepoll_rel trans lepoll _rel refl)

end — M _cardinals

16.5 Infinite Cardinals are Limit Ordinals

context M pre cardinal__arith
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begin

lemma nat_cons_lepoll_rel: nat <M A = M(A) = M(u) ==> cons(u,A) <M
A
apply (simp add: def _lepoll_rel)
apply (erule rexFE)
apply (rule_tac z =
Az€cons (u,A).
if z=u then f0
else if z € range (f) then f‘succ (converse (f) 2) else z
in rezl)
apply (rule_tac d =
%y. if y € range(f) then nat_case (u, %z. [z, converse(f)
else y

3

Y)

in lam__injective)
apply (fast introl: if _type apply type intro: inj_is_fun inj_converse_fun)
apply (simp add: inj _is_fun [THEN apply_rangel]
inj _converse_fun [THEN apply rangel|
inj_converse_fun [THEN apply_funtype))
proof -
fix f
assume M(A) M(f) M(u)
then
show M(Az€cons(u, A). if 2z = u then f ° 0 else if z € range(f) then f
succ(converse(f) © z) else z)
using if then_range_replacement transM[OF __ <M (A))]
by (rule_tac lam__closed, auto)
qed
lemma nat_cons_eqpoll_rel: nat <M A ==> M(A) = M(u) = cons(u,A) =M
A
apply (erule nat_cons_lepoll_rel [THEN eqpoll_rell], assumption+)
apply (rule subset_consl [THEN subset_imp__lepoll_rel], simp__all)
done

lemma nat_succ__egpoll_rel: nat C A ==> M(A) = succ(A) ~M 7
apply (unfold succ_def)

apply (erule subset_imp_lepoll_rel [THEN nat__cons__eqpoll_rel], simp__all)
done

lemma InfCard_rel_nat: InfCardM(nat)

apply (simp add: InfCard_rel_def)

apply (blast intro: Card_rel _nat Card_rel_is_Ord)
done

lemma InfCard_rel_is_Card_rel: M(K) = InfCard™(K) = Card™(K)

apply (simp add: InfCard_rel_def)
done
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lemma InfCard_rel Un:
[| InfCardM(K); Card™(L); M(K); M(L) || ==> InfCard”(K U L)
apply (simp add: InfCard_rel_def)
apply (simp add: Card_rel_Un Un_upperl_le [THEN [2] le_trans] Card_rel_is_Ord)
done

lemma InfCard_rel_is_Limit: InfCard™(K) ==> M(K) = Limit(K)
apply (simp add: InfCard_rel_def)
apply (erule conjE)
apply (frule Card_rel_is_Ord, assumption)
apply (rule ItI [THEN non__succ__Limitl])
apply (erule le_imp_subset [THEN subsetD))
apply (safe dest!: Limit_nat [THEN Limit_le succD))
apply (unfold Card_rel_def)
apply (drule trans)
apply (erule le_imp__subset [THEN nat__succ__eqpoll_rel, THEN cardinal_rel__cong],
stmp__all)
apply (erule Ord__cardinal_rel_le [THEN It_trans2, THEN lt_irrefl], assumption)
apply (rule le_eql) prefer 2
apply (rule Ord_cardinal_rel, assumption+)
done

end — M_pre_cardinal__arith

lemma (in M_ ordertype) ordertype_abs[absolut]:
[| wellordered(M,A,r); M(A); M(r); M(7)|]] ==>
otype(M,A,r,i) <— i = ordertype(A,r)
proof (intro iffT)
assume wellordered(M, A, r) M(A) M(r) M(i) otype(M, A, r, i)
moreover from this
obtain fj where M(f) M(j) Ord(j) f € (A, r) = (j, Memrel(j))
using ordertype__exists[of A r] by auto
moreover from calculation
have 3f[M]. f € (4, r) = (j, Memrel(j)) by auto
moreover
have 3f[M]. f € (A, r) = (i, Memrel(7))
proof -
note calculation
moreover from this
obtain h where omap(M, A, r, h) M(h)
using omap__exists by auto
moreover from calculation
have h € (A, r) = (i, Memrel(7))
using omap__ord_iso obase__equals by simp
moreover from calculation
have h O converse(f) € (j, Memrel(j)) = (i, Memrel(7))
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using ord_iso__sym ord_iso_trans by blast
moreover from calculation
have i=j
using Ord__iso__implies_eqlof j i h O converse(f)]
Ord__otype| OF __ well_ord__is_trans_on] by simp
ultimately
show ?thesis by simp
qed
ultimately
show ¢ = ordertype(A, r)
by (force intro:ordertypes__are__absolutelof A r _ 1]
stmp add:Ord__otype[OF __ well ord_is_trans _on))
next
assume wellordered(M,A, r) i = ordertype(A, r)
moreover from this
obtain h where omap(M, A, r, h) M(h)
using omap__exists by auto
moreover from calculation
obtain j where otype(M,A,r,j) M(j)
using otype__exists by auto
moreover from calculation
have h € (A, r) = (j, Memrel(j))
using omap__ord_iso_otype by simp
moreover from calculation
obtain f where f € (4, r) = (i, Memrel(7))
using ordertype__ord_iso by auto
moreover
have j=i
proof -
note calculation
moreover from this
have h O converse(f) € (i, Memrel(i)) = (j, Memrel(j))
using ord_iso__sym ord__iso_trans by blast
moreover from calculation
have Ord(7) using Ord_ordertype by simp
ultimately
show j=1
using Ord_iso__implies_eq[of i j h O converse(f)]
Ord__otype|OF __ well_ord__is_trans_on] by simp
qed
ultimately
show otype(M, A, r, i) by simp
qed

lemma (in M__ordertype) ordertype__closed|intro,simp]: [ wellordered(M,A,r);M(A);M(r)]

= M (ordertype(A,r))
using ordertype__exists ordertypes are__absolute by blast
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relationalize transitive rel is_transitive external
synthesize is_transitive from__definition assuming nonempty

lemma (in M_trivial) is_transitive_iff _transitive_rel:
M(A)= M(r) = transitive_rel(M, A, r) <— is_transitive(M,A, r)
unfolding transitive__rel def is_transitive_def by simp

relationalize linear rel is_linear external
synthesize is_linear from__definition assuming nonempty

lemma (in M_ trivial) is_linear _iff linear _rel:
M(A)= M(r) = is_linear(M,A, r) <— linear_rel(M, A, r)
unfolding linear_rel def is_linear__def by simp

relationalize wellfounded_on is_wellfounded__on external
synthesize is wellfounded_on from__definition assuming nonempty

lemma (in M__trivial) is_wellfounded on__iff wellfounded_on:
M(A)= M(r) = is_wellfounded_on(M,A, r) +— wellfounded_on(M, A, r)
unfolding wellfounded_on_ def is_wellfounded_on_def by simp

definition
is_well ord :: [i=>o0,i,i]=>0 where
— linear and wellfounded on A
is_well_ord(M,A,r) ==
is_transitive(M,A,r) A is_linear(M,A,r) A is_wellfounded_on(M,A,r)

lemma (in M_trivial) is_well ord_iff wellordered:
M(A)= M(r) = is_well_ord(M,A, r) «— wellordered(M, A, r)
using is_wellfounded__on__iff wellfounded_on is_linear iff linear rel
is__transitive iff transitive_rel
unfolding wellordered__def is_well ord__def by simp

reldb__add relational well ord is well ord
reldb__add functional well ord well ord
synthesize is_well ord from__definition assuming nonempty

— One keyword (functional or relational) means going from an absolute term to
that kind of term
reldb__add relational Order.pred pred_set

— The following form (twice the same argument) is only correct when an ”_abs”

theorem is available
reldb__add functional Order.pred Order.pred
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relativize functional ord_iso ord iso_rel external
— The following corresponds to "relativize functional relational”
relationalize ord iso rel is _ord iso

context M pre cardinal__arith
begin

is_iff rel for ord iso
using bijrel iff
unfolding is ord_iso_def ord_iso_rel def
by simp

rel_closed for ord iso
using ord_iso__separation unfolding ord_iso_rel def
by simp

end — M _pre_cardinal__arith
synthesize is ord_iso from__definition assuming nonempty

lemma is_lambda__iff _sats[iff _sats]:

assumes is Fiff sats:

a0 al a2.

[|a0€Aa; al€Aa; a2€ Aal]
==>1is F(al, a0) +— sats(Aa, is F_fm, Cons(a0,Cons(al,Cons(a2,env))))

shows

nth(A, env) = Ab =

nth(r, env) = ra =

A € nat =

r € nat =

env € list(Aa) =

is_lambda(## Aa, Ab, is_F, ra) +— Aa, env |= lambda__fm(is_F_fm A, 1)
using sats_lambda_ fm[OF assms, of A r] by simp

— same as [Aa0 al a2 a3 af. [a0 € ?4; al € ?4; a2 € ?4; a3 € ?4; o] € ?4]
= ?MH(a2, al, a0) +— ?A, Cons(a0, Cons(al, Cons(a2, Cons(a3, Cons(a4,
Zenv))))) E ?p; %z € nat; 2y < length(Zenv); %z < length(?env); Zenv € list(?A)]
= (24, %env = is_wfrec_fm(%p, %z, 2y, 22)) +— is_wfrec(#4#¢A, ?MH, nth( %z,
Zenv), nth( %y, ?env), nth(?z, ?env)), but changing length assumptions to 0 being
in the model
lemma sats is wfrec_fm'”:
assumes MH _iff sats:
a0 al a2 a8 a4.
[|[a0€A; al€eA; a2€A; a3€A; a4 Al
==> MH(a2, al, a0) <— sats(4, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows
[|z € nat; y € nat; z € nat; env € list(A); 0 € Al
==> sats(4, is_wfrec_fm(p,x,y,2), env) +—
is_wfrec(## A, MH, nth(z,env), nth(y,env), nth(z,env))
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using MH_iff sats [THEN iff _sym] nth_closed sats_is_recfun_ fm
by (simp add: is_wfrec_fm_def is_wfrec_def) blast

lemma is_wfrec_iff sats'[iff _sats]:

assumes MH _iff sats:

a0 al a2 a8 a4.
[|la0€Aa; al€Aa; a2€Aa; a3€ Aa; a4€ Aal)

==> MH(a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
nth(z, env) = zz nth(y, env) = yy nth(z, env) = zz
z € nat y € nat z € nat env € list(Aa) 0 € Aa

shows
is_wfrec(## Aa, MH, zz, yy, 22) +— Aa, env = is_wfrec_fm(p,x,y,z)

using assms(2-4) sats_is_wfrec_fm'[OF assms(1,5-9)] by simp

lemma is_wfrec_on_iff _sats[iff _sats]:
assumes MH _iff sats:
a0 al a2 a8 a4.
[|la0€Aa; al€Aa; a2€Aa; a3€ Aa; a4€ Aal)
==> MH(a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows
nth(z, env) = xr =
nth(y, env) = yy =
nth(z, env) = 2z =
T € nat =
Yy € nat =
z € nat =
env € list(Aa) =
0 € Aa = is_wfrec_on(##Aa, MH, aa,xx, yy, 2z) +— Aa, env |= is_wfrec_fm(p,z,y,z)
using assms sats_is_wfrec_fm'[OF assms| unfolding is_wfrec_on__def by simp

lemma trans_on_iff trans: trans[A](r) <— trans(r N AxA)
unfolding trans on_ def trans_def by auto

lemma trans_on_subset: trans[A|(r) = B C A = trans[B](r)
unfolding trans on__def
by auto

lemma relation_ Int: relation(r N BXxB)
unfolding relation_def
by auto

Discipline for ordermap

relativize functional ordermap ordermap_ rel external
relationalize ordermap_rel is _ordermap

context M pre cardinal__arith
begin

lemma wfrec_on_ pred__eq:
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assumes r € Pow(AxA) M(A) M(r)

shows wfrec[A](r, z, Az f. f  Order.pred(A, z, r)) = wfrec(r, z, Az f. f *
Order.pred(A, z, 1))
proof -

from <r € Pow(AxA)»

have r N AxA = r by auto

moreover from this

show ?thesis

unfolding wfrec_on_ def by simp

qed

lemma wfrec_on_ pred_closed:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r) z € A
shows M (wfrec(r, z, Az f. f * Order.pred(A, z, r)))
proof -
from assms
have wfrec[A](r, z, Xz f. f *° Order.pred(A, z, r)) = wfrec(r, z, Az f. f
Order.pred(A, z, 1))
using wfrec_on_pred_eq by simp
moreover from assms
have M (wfrec(r, z, Az f. f * Order.pred(A, z, r)))
using wfrec_pred_replacement wf _on_imp_ wftrans_on_imp_ trans subset_Sigma__imp_relation
by (rule_tac MH=MAz f b. 3 a[M]. image(M, f, a, b) A pred_set(M, A, z, r, a)
in trans_wfrec_closed)
(auto dest:transM simp:relation2_def)
ultimately
show ?thesis by simp
qed

lemma wfrec_on_ pred_ closed’:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r) z € A
shows M (wfrec[A](r, z, Az f. f * Order.pred(A, z, r)))

using assms wfrec_on_ pred_closed wfrec_on_pred_eq by simp

lemma ordermap_ rel_closed”:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r)
shows M (ordermap_rel(M, A, 1))
proof -
from assms
have r N AxA = r by auto
with assms have wf(r) trans(r) relation(r)
unfolding wf on_ def using trans on_iff trans relation_def by auto
then
have I'!\ z 2z . M(z) = M(z) =
(Fy[M]. pair(M, z, y, 2) A is_wfrec(M, Xz f z. z = f * Order.pred(A, z, ), r,
z, y))
—
z = <z,wfrec(r,z, Az f. [ Order.pred(A, z, r))>
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using trans_wfrec__abs[of r,where
H=Xz f. f “ Order.pred(A, z, r) and
MH=Xz f z . z= [ “ Order.pred(A, z, r),simplified] assms
wfrec__pred__replacement unfolding relation2_ def
by auto
then
have strong_replacement(M,\z z. z = <z,wfrec(r,z, Az f. f * Order.pred(A, =,
r)>)
using strong_replacement__cong[of M,OF 1,THEN iffD1,0OF _ _
wfrec__pred_replacement[unfolded wfrec__replacement__def]] assms by simp
then show ?thesis
using Pow__iff assms
unfolding ordermap rel def
apply(subst lam__cong[OF refl wfrec_on__pred__eq],simp__all)
using wfrec_on__pred_ closed lam__closed
by simp
qed

lemma ordermap__rel_ closed|intro,simp]:
assumes wf[A](r) trans[A](r) r € Pow(AxA)
shows M(A) = M(r) = M(ordermap_rel(M, A, r))
using ordermap_rel_closed’ assms by simp

lemma is_ordermap__iff:
assumes r € Pow(AxA) wf[A](r) trans[A](r)
M(A) M(r) M(res)
shows is_ordermap(M, A, r, res) <— res = ordermap_rel(M, A, r)
proof -
from «r € Pow(AxA)»
have r N AxA = r by auto
with assms have L:wf(r) trans(r) relation(r)
unfolding wf on_ def using trans on__iff trans relation_def by auto
from assms
have r N AxA =rr C AxXA <z,y> € r = z€A N yeA for z y by auto
then
show ?thesis
using ordermap__rel_closed[of r A] assms wfrec__on__pred__closed wfrec__pred__replacement
1
unfolding is ordermap_def ordermap rel def
apply (rule_tac lambda__abs2)
apply (simp__all add:Relation1_def)
apply clarify
apply (rule trans_wfrec_on__abs)
apply (auto dest:transM simp add: relation_Int relation2_def)
by (rule_tac wfrec_on_pred_closed’[of A r],auto)
qed

end — M _pre_cardinal__arith
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synthesize is_ordermap from__definition assuming nonempty

Discipline for ordertype

relativize functional ordertype ordertype rel external
relationalize ordertype rel is_ordertype

context M pre cardinal__arith
begin

lemma is _ordertype_iff:
assumes 1 € Pow(AxA) wf[A](r) trans[A](r)
shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) +— res =
ordertype_rel(M, A, )
using assms is_ordermap__iff [of v A] trans_on_iff trans
ordermap__rel__closed[of A 1]
unfolding is ordertype def ordertype_rel def wf _on__def by simp

lemma is_ordertype_iff":

assumes r € Pow_rel(M,Ax A) well _ord(A,r)

shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) «— res =
ordertype_rel(M, A, )

using assms is__ordertype_iff Pow_rel_char

unfolding well ord_def part_ord_def tot_ord_def by simp

lemma is_ordertype_iff "

assumes well ord(A,r) rCAxA

shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) <— res =
ordertype__rel(M, A, r)

using assms is__ordertype__iff

unfolding well ord_def part_ord_def tot _ord_ def by simp

end — M_pre_ cardinal__arith
synthesize is_ordertype from__definition assuming nonempty

— NOTE: not quite the same as jump__cardinal, note Pow(X x X).
definition
jump__cardinal’ :: i=1 where
Jump_cardinal'(K) =
U XePow(K). {z. r € Pow(XxX), well_ord(X,r) & z = ordertype(X,r)}

relativize functional jump cardinal’ jump cardinal’_rel external
relationalize jump_cardinal’_rel is_jump_ cardinal’
synthesize is_jump cardinal’ from__definition assuming nonempty
arity_ theorem for is_jump_cardinal’_fm
definition jump_ cardinal_body’ where

Jump__cardinal_body'(X) = {z . r € Pow(X x X), well ord(X, r) N z =
ordertype(X, 1)}
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relativize functional jump_ cardinal _body’ jump__cardinal _body’_rel external
relationalize jump cardinal _body’ el is_jump_cardinal _body’

synthesize is_jump cardinal_body’ from__definition assuming nonempty
arity_ theorem for is_jump cardinal_body’ fm

context M pre cardinal__arith
begin

lemma ordertype_rel_closed’:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(r) M(A)
shows M (ordertype_rel(M,A,r))
unfolding ordertype rel def
using ordermap__rel_closed image__closed assms by simp

lemma ordertype_rel_closed[intro,simp]:
assumes well_ord(A,r) r € Pow_rel(M,AxA) M(A)
shows M (ordertype rel(M,A,r))
using assms Pow el _char ordertype rel closed’
unfolding well ord_def tot_ord__def part _ord_def
by simp

lemma ordertype rel abs:
assumes wellordered(M,X,r) M(X) M(r)
shows ordertype _rel(M,X,r) = ordertype(X,r)
using assms ordertypes__are__absolute[of X 7]
unfolding ordertype def ordertype rel def ordermap_rel def ordermap__ def
by simp

lemma univalent _auxl: M(X) = univalent(M,Pow_rel(M,XxX),
Arz. M(z) A M(r) A reéPow_rel(M,XxX) A is_well _ord(M, X, r) A is_ordertype(M,
X, r, 2))
using is_well_ord__iff wellordered
is_ordertype_iff[of _ X]
trans_on__subset|OF well ord_is_trans_on]
well_ord_is_wf[THEN wf_on__ subset_A] mem__Pow_rel_abs
unfolding univalent_def
by (simp)

lemma jump cardinal_body eq :
M(X) = jump__cardinal_body(M,X) = jump__cardinal_body’ _rel(M,X)
unfolding jump_ cardinal _body def jump_ cardinal _body’ rel def
using ordertype_rel__abs
by auto

end — M _pre_cardinal__arith
context M cardinal arith

begin
lemma jump cardinal_closed auxl:
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assumes M(X)
shows
M (jump__cardinal__body(M,X))
unfolding jump _cardinal_body def
using «M(X)» ordertype__rel_abs
ordertype__replacement|OF «M(X)s] univalent__aux1[OF <M (X))]
strong_replacement_closed[where A=PowM(X x X) and
P=Xrz.MZ ANM@F) A re PowM(X x X) A well_ord(X, r) A z =
ordertype(X, )]
by auto

lemma univalent_jc_body: M(X) = univalent(M, X\ x z . M(z) A M(z) N\ z
= jump__cardinal _body(M ,z))
using transM[of _ X] jump__cardinal_closed__auzl by auto

lemma jump_cardinal _body_ closed:
assumes M(K)
shows M({a . X € PowM(K), M(a) N M(X) A a = jump__cardinal_body(M,X)})
using assms univalent_jc_body jump__cardinal closed__auxl strong replacement_jc_body
by simp

rel__closed for jump_ cardinal’
using jump_ cardinal__body_closed ordertype rel abs
unfolding jump_ cardinal_body def jump_ cardinal’_rel_def
by simp

is_iff_rel for jump_cardinal’
proof -
assume types: M(K) M(res)
have is_Replace(M, Pow_rel(M,XxX), Ar z. M(z) A M(r) A is_well_ord(M,
X, r) A is_ordertype(M, X, r, z),
a) «— a={z.r € Pow_rel(M,XxX), M(z) AN M(r) A is_well _ord(M,X,r)
A is_ordertype(M, X, r, 2)}
if M(X) M(a) for X a
using that univalent__auxl
by (rule_tac Replace__abs) (simp__all)
then
have is_Replace(M, Pow_rel(M,XxX), Ar z. M(z) AN M(r) A is_well _ord(M,
X, r) A is_ordertype(M, X, r, z),
a) «— a={z.r € Pow_rel(M,XxX), M(z) N M(r) AN well_ord(X, r) A z =
ordertype_rel(M, X, r)}
if M(X) M(a) for X a
using that univalent__auxl is_ordertype_iff " is_well ord_iff wellordered well _ord__abs
by auto
moreover
have is_Replace(M, d, AX a. M(a) AN M(X) A
a={z.re€ PowM(X x X), M(z) A M(r) A well_ord(X, r) A z = ordertype(X,
r)}, )

—
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e={a.X ed, M(a) N M(X) A a = jump__cardinal_body(M,X)}
if M(d) M(e) for d e
using jump_ cardinal_closed__auxl that
unfolding jump_cardinal_body_def
by (rule_tac Replace__abs) simp__all
ultimately
show ?thesis
using Pow_rel iff jump__cardinal_body__closed|of K| ordertype_rel abs
unfolding is _jump_ cardinal’_def jump__cardinal’_rel def jump__cardinal_body def
by (simp add: types)
qged

end

context M cardinal _arith
begin

lemma (in M_ ordertype) ordermap__closed[intro,simp):
assumes wellordered(M,A,r) and types:M(A) M(r)
shows M (ordermap(A,r))
proof -
note assms
moreover from this
obtain ¢ f where Ord(¢) f € ord_iso(A, r, i, Memrel(7))
M(i) M(f) using ordertype_exists by blast
moreover from calculation
have i = ordertype(A,r) using ordertypes are__absolute by force
moreover from calculation
have ordermap(A,r) € ord_iso(A, r, i, Memrel(i))
using ordertype_ord_iso by simp
ultimately
have f = ordermap(A,r) using well_ord_iso_unique by fastforce
with <M(f)
show ?thesis by simp
qed

lemma ordermap__eqpoll pred:

[| well_ord(Ayr); z € A ; M(A);M(r);M(z)|] ==> ordermap(A,r)‘c ~M
Order.pred(A,z,r)
apply (simp add: def _egpoll_rel)
apply (rule rexI)
apply (simp add: ordermap__eq _image well_ord_is_wf)
apply (erule ordermap__bij [THEN bij is_inj, THEN restrict_bij,

THEN bij_converse__bij))

apply (rule pred_subset, simp)
done

Kunen: 7each (z, y) € K x K has no more than z x z predecessors...” (page
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29)

lemma ordermap__csquare_le:
assumes K: Limit(K) and z: 2<K and y: y<K
and types: M(K) M(z) M(y)
shows |ordermap(K x K, csquare_rel(K)) “ (z,y)|M < |succ(succ(z U y))
|suce(suce(z U y))|M
using types
proof (simp add: emult_rel _def, rule_tac well _ord_lepoll_rel imp__cardinal rel_le)
let Zz=succ(z U y)
show well _ord(|suce(22)|M x |suce(22)|M,
rmult(|suce( 22)|M, Memrel(|succ( 22)|M), |succ( 22)|M, Memrel(|succ( 22)|M)))
by (blast intro: well _ord_Memrel well _ord_rmult types)
next
let Zz=succ(z U y)
have zK: 72<K using z y K
by (blast intro: Un__least It Limit_has_succ)
hence oz: Ord(?z) by (elim ItE)
from assms
have Mom:M (ordermap(K x K, csquare_rel(K)))
using well _ord_csquare Limit_is_Ord by fastforce
then
have ordermap(K x K, csquare_rel(K)) “(z,y) <M ordermap(K x K, csquare_rel(K))
“(92,%2)
by (blast intro: ordermap_z It lel le_imp_lepoll rel K x y types)
also have ... M Order.pred(K x K, (22,%2), csquare_rel(K))
proof (rule ordermap__eqpoll _pred)
show well ord(K x K, csquare_rel(K)) using K
by (rule Limit_is_Ord [THEN well_ord__csquare))
next
show (?z, ?z) € K x K using zK
by (blast intro: ItD)
qed (simp__all add:types)
also have ... <M succ(?z) x suce(?z) using zK

~

by (rule_tac pred_csquare_subset [THEN subset_imp__lepoll_rel]) (simp__all
add:types)
also have ... ~M [succ(22)|M x |succ(22)|M using oz

by (blast intro: prod__eqpoll_rel _cong Ord__cardinal _rel _eqpoll rel eqpoll_rel__sym
types)

finally show ordermap(K x K, csquare_rel(K)) * (z,y) <M |suce(22)|M x
|suce( 22)|M

by (simp__all add:types Mom)

from Mom

show M (ordermap(K x K, csquare_rel(K)) * (z, y)) by (simp__all add:types)
qed (simp__all add:types)

b

Kunen: ”... so the order type is < K”

lemma ordertype_csquare_le_ M:
assumes [K: InfCard"(K) and eq: \y. ye¢ K = InfCard™(y) = M(y) =
M
YT y=y
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— Note the weakened hypothesis [ 7y € K; InfCard™(2y); M( )] = %y QM 2y
— 7
and types: M(K)
shows ordertype( K+K, csquare_rel(K)) < K
proof -
have CK: C’ardM(K) using IK by (rule_tac InfCard_rel _is_Card_rel) (simp__all
add:types)
hence OK: Ord(K) by (rule Card_rel _is Ord) (simp_all add:types)
moreover have Ord(ordertype(K x K, csquare_rel(K))) using OK
by (rule well_ord_csquare [THEN Ord_ordertype])
ultimately show #thesis
proof (rule all _It_imp_le)
fix ¢
assume i:7 < ordertype(K x K, csquare_rel(K))
hence Oi: Ord(i) by (elim ItE)
obtain z y where z: v € K and y: y € K
and ieq: i = ordermap(K x K, csquare_rel(K)) ‘ (x,y)
using i by (auto simp add: ordertype unfold elim: ItF)
hence zy: Ord(z) Ord(y) © < K y < K using OK
by (blast intro: Ord_in_ Ord ItI)+
hence ou: Ord(z U y)
by (simp)
from OK types
have M (ordertype(K x K, csquare_rel(K)))
using well_ord__csquare by fastforce
with ¢ z y types
have types” M(K) M(i) M(z) M(y)
using types by (auto dest:transM [tD)
show i < K
proof (rule Card_rel It _imp_lt [OF _ Oi CK))
have |i|M < |succ(succ(z U y))|M @M |succ(suce(z U y))|M using IK zy
by (auto simp add: ieq types intro: InfCard_rel_is_Limit [THEN
ordermap__csquare__le] types’)
moreover have |succ(succ(z U y))|M @M |succ(succ(z U y))|M < K
proof (cases rule: Ord_linear2 [OF ou Ord_nat])
assume z U y < nat
hence |succ(succ(z U y))|M @M |succ(succ(z U )M € nat
by (simp add: It _def nat_cmult_rel _eq mult nat__succl
nat_into_ Card_rel [THEN Card_rel cardinal_rel eq| types’)
also have ... C K using IK
by (simp add: InfCard_rel_def le_imp__subset types)
finally show |succ(succ(z U y))|M @M |suce(succ(z U y)|M < K
by (simp add: ItI OK)
next
assume natzry: nat <z U y
hence seq: |succ(suce(z U y)) |z U y|M using zy
by (simp add: le__imp__subset nat__succ__eqpoll_rel [THEN cardinal_rel__cong]
le__succ_iff types’)
also have ... < K using zy

| M

M=

222



by (simp add: Un_least_ It Ord_cardinal_rel le [THEN It transl]
types’)
finally have |succ(succ(z U y))|M < K .
moreover have InfCard™(|succ(succ(z U y))|M) using zy natzy
by (simp add: seq InfCard_rel_def nat_le_cardinal_rel types’)
ultimately show ?thesis by (simp add: eq ItD types’)
qed
ultimately show |i|” < K by (blast intro: It_transi)
qed (simp__all add:types’)
qged
qged

lemma InfCard_rel csquare__eq:
assumes IK: InfCard(K) and

types: M(K)

shows K @M K = K
proof -

have OK: Ord(K) using IK by (simp add: Card_rel _is _Ord InfCard_rel_is_Card_rel
types)

from OK assms
show K oM K = K
proof (induct rule: trans_induct)
case (step 1)
note types = «M(K)» «M (i)
show i @M i =i
proof (rule le_anti_sym)
from step types
have Mot: M (ordertype(i X i, csquare_rel(i))) M(ordermap(i X i, csquare__rel(%)))
using well_ord__csquare Limit_is _Ord by simp__all
then
have |i x i|M = |ordertype(i x i, csquare_rel(i))|M
by (rule_tac cardinal rel_cong,
stmp__all add: step.hyps well _ord_csquare [THEN ordermap__bij, THEN
bij_imp__eqpoll_rel] types)
with Mot
have i @M i < ordertype(i X i, csquare_rel(7))
by (simp add: step.hyps cmult_rel _def Ord__cardinal_rel_le well _ord__csquare
[THEN Ord__ordertype] types)
moreover
have ordertype(i X i, csquare_rel(i)) < i using step
by (rule_tac ordertype_csquare_le_ M) (simp add: types)
ultimately show i @ i < i by (rule le_trans)
next
show i < i @M { using step
by (blast intro: cmult_rel _square_le InfCard_rel is Card_rel)
qed
ged
qed
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lemma well _ord InfCard_rel_square__eq:
assumes 7: well _ord(A,r) and I: InfCard™(|A|M) and
types: M(A) M(r)
shows 4 x A ~M 4
proof -
have A x A =M [AM x |A|M
by (blast intro: prod__eqpoll_rel__cong well _ord__cardinal__rel__eqpoll_rel eqpoll_rel__sym
r types)
also have ... &M 4
proof (rule well _ord cardinal_rel _eqE [OF __ 1))
show well _ord(|A|M x |A|M, rmult(|A|M, Memrel(|A|M), |A|M, Memrel(|A|M)))
by (blast intro: well _ord__rmult well_ord_Memrel r types)
next
show [|A|M x |AMM = |AIM using InfCard_rel_csquare_eq I
by (simp add: cmult_rel def types)
qed (simp__all add:types)
finally show ?thesis by (simp__all add:types)
qed

lemma InfCard_rel square__egpoll:
assumes InfCard(K) and types:M(K) shows K x K ~M K
using assms
apply (rule_tac well_ord_InfCard_rel_square__eq)
apply (erule InfCard_rel_is_Card_rel [THEN Card_rel_is_Ord, THEN well_ord_Memrel])
apply (simp__all add: InfCard_rel_is_Card_rel [THEN Card_rel cardinal_rel eq|
types)
done

lemma Inf Card_rel is_InfCard_rel: | Card™(i); ~ Finite_rel(M,i) ; M(7) |]
==> InfCard™ (i)

by (simp add: InfCard_rel _def Card_rel_is _Ord [THEN nat_le_infinite_Ord))
16.5.1 Toward’s Kunen’s Corollary 10.13 (1)
lemma InfCard_rel_le _cmult_rel_eq: || InfC’ardM(K); L < K; 0<L; M(K) ;

ML) |==>KeML=K
apply (rule le__anti_sym)
prefer 2

apply (erule ItE, blast intro: emult_rel_le_self InfCard_rel_is _Card_rel)
apply (frule InfCard_rel_is_Card_rel [THEN Card_rel_is_Ord, THEN le_refl])
prefer &

apply (rule cmult_rel _le _mono [THEN le_trans|, assumption+)

apply (simp__all add: InfCard_rel_csquare__eq)

done
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lemma InfCard_rel_cmult_rel_eq: [| InfCard™(K); InfCardM(L); M(K) ; M(L)

|=>KeML=KuL

apply (rule_tac i = K and j = L in Ord_linear_le)

apply (typecheck add: InfCard_rel is _Card_rel Card_rel is_Ord)

apply (rule cmult_rel_commute [THEN ssubst]) prefer 3

apply (rule Un__commute [THEN ssubst])

apply (simp__all add: InfCard_rel_is_Limit [THEN Limit_has 0] InfCard_rel_le_cmult_rel _eq
subset__Un__iff2 |[THEN iffD1] le_imp_ subset)

done

lemma InfCard_rel_cdouble_eq: InfCard¥(K) = M(K) = K &M K = K

apply (simp add: cmult_rel 2 [symmetric] InfCard_rel _is_Card_rel cmult_rel _commute)
apply (simp add: InfCard_rel _le_cmult_rel_eq InfCard_rel is Limit Limit_has_0
Limit_has_succ)

done

lemma InfCard_rel_le_cadd_rel_eq: [| InfCard™(K); L < K ; M(K) ; M(L)|
=>KoML=K

apply (rule le_anti_sym)

prefer 2

apply (erule ItE, blast intro: cadd_rel le_self InfCard_rel_is Card_rel)
apply (frule InfCard_rel_is_Card_rel [THEN Card_rel_is Ord, THEN le_ refl))
prefer 3

apply (rule cadd_rel_le_mono [THEN le_ trans|, assumption+)

apply (simp__all add: InfCard_rel_cdouble__eq)

done

lemma InfCard_rel_cadd_rel_eq: || InfCardM(K); InfCard™(L); M(K) ; M(L)
|=>KoML=KuL

apply (rule_tac i = K and j = L in Ord_linear_le)

apply (typecheck add: InfCard_rel is Card_rel Card_rel_is Ord)

apply (rule cadd_rel_commute [THEN ssubst]) prefer 3

apply (rule Un_commute [THEN ssubst])

apply (simp__all add: InfCard_rel_le cadd_rel eq subset_Un__iff2 [THEN iffD1]
le_imp__subset)

done

end — M cardinal _arith

16.6 For Every Cardinal Number There Exists A Greater
One

This result is Kunen’s Theorem 10.16, which would be trivial using AC

locale M cardinal__arith__jump = M__cardinal__arith + M__ordertype
begin
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lemma well_ord_restr: well _ord(X, r) = well_ord(X, r N XxX)
proof -
have r N XxX N XxX = r N XxX by auto
moreover
assume well_ord(X, r)
ultimately
show ?thesis
unfolding well ord_def tot_ord_def part ord_ def linear _def
wrrefl__def wf _on__def
by simp__all (simp only: trans_on__def, blast)
qged

lemma ordertype_restr_eq :
assumes well _ord(X,r)
shows ordertype(X, r) = ordertype(X, r N XxX)
using ordermap__restr_eq assms unfolding ordertype def
by simp

lemma def jump_cardinal_rel aux:
X € PowM(K) = well_ord(X, w) = M(K) =
{z.r e PowM(X x X), M(2) A well_ord(X, r) A z = ordertype(X, r)} =
{z.r e PowM(K x K), M(2) A well_ord(X, r) A z = ordertype(X, )}
proof(rule,auto simp:Pow_rel_char dest:transM)
let ?L={z . r € PowM(X x X), M(2) A well_ord(X, r) A z = ordertype(X, r)}
let PR={z.r € PowM(K x K), M(z) A well _ord(X, r) A z = ordertype(X, r)}
show ordertype(X, r) € {y.z € {z € Pow(X x X). M(x)}, M(y) A well _ord(X,
z) Ay = ordertype(X, z)}
if M(K) M(r) rCKxK XCK M(X) well_ord(X,r) for r
proof -
from that
have ordertype(X,r) = ordertype(X,rNXxX) (rnXxX)CXxX M(rnXxX)
well _ord(X,rNXxX) wellordered(M,X,rNXx X)
using well _ord__restr ordertype_restr_eq by auto
moreover from this
have ordertype(X,rNXxX) € ?L
using that Pow_rel char
Replacel[of X\ z r . M(z) N well_ord(X, r) A z = ordertype(X, r)
ordertype(X,rNX x X)]
by auto
ultimately
show ?thesis using Pow el char by auto
qed
qged

e

lemma def jump cardinal rel:
assumes M(K)
shows jump__cardinal’_rel(M,K) =
(UXePouw_rel(M,K). {z. r € Pow_rel(M,K+K), well_ord(X,r) & z =
ordertype(X,r)})
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proof -
have M({z . r € PowM(X x X), M(2) A well_ord(X, r) A z = ordertype(X,
I
(is M(Replace(_,?P)))
if M(X) for X
using that jump__cardinal__closed__auzl]of X] ordertype_rel_abs|of X]
Jump__cardinal__body _def
by (subst Replace conglwhere P=?P
and Q=MAr z. M(z) A M(r) A well_ord(X, r) A z = ordertype_rel(M,X,r),
OF refl, of PowM(X x X)]) (auto dest:transM)
then
have M({z . 7 € PowM(Y x Y), M(2) A well_ord(X, r) A z = ordertype(X,
)
if M(Y) M(X) X € PowM(Y) well_ord(X,r) for Y X r
using that def jump__cardinal_rel_auz[of X Y r, symmetric] by simp
moreover from <M (K)»
have R € PouM(X x X) = X € PowM(K) = R € Pow™(K x K)
for X R using mem_ Pow_rel_abs transM[OF __ Pow_rel_closed, of R Xx X]
transM[OF __ Pow_rel_closed, of X K] by auto
ultimately
show ?thesis
using assms is_ordertype_iff is_well ord_iff wellordered
ordertype_rel_abs transM[of _ Pow™(K)] transM[of _ PowM (K x K)]
def jump __cardinal__rel _aux
unfolding jump_ cardinal’_rel def
apply (intro equalityl)
apply (auto dest:transM)
apply (rename_tac X R)
apply (rule_tac z=X in bexl)
apply (rule_tac =R in Replacel)
apply auto
apply (rule_tac z={y . za € Pow™(K x K), M(y) A M(za) A well_ord(X,
za) A y = ordertype(X, za)} in bexl)
apply auto
by (rule_tac =X in Replacel) auto
qed

notation jump_cardinal’_rel (<jump’ _cardinal’_rely)

lemma Ord_jump_ cardinal_rel: M(K) = Ord(jump__cardinal_rel(M,K))
apply (unfold def jump__ cardinal_rel)
apply (rule Ord_is_Transset [THEN [2] Ordl))

prefer 2 apply (blast intro!: Ord__ordertype)
apply (unfold Transset_def)
apply (safe del: subsetl)

apply (subst ordertype_pred_unfold, simp, safe)

apply (rule UN_I)
apply (rule_tac [2] Replacel)

prefer / apply (blast intro: well ord _subset elim!: predE, simp__all)
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prefer 2 apply (blast intro: well ord_subset elim!: predE)
proof -
fix X rab
assume M(K) X € PowM(K) r € PowM(K x K) well ord(X, r) b € X
moreover from this
have M(X) M(r)
using cartprod__closed trans_Pow_rel_closed by auto
moreover from this
have M (zb) using transM[OF <xbe X»] by simp
ultimately
show Order.pred(X, zb, r) € Pow™(K)
using def Pow_rel by (auto dest:predE)
qed

declare conj_cong [cong del]
— incompatible with some of the proofs of the original theory

lemma jump cardinal_rel iff old:

M(i) = M(K) = i € jump__cardinal_rel(M,K) <—

(FrM]. IX[M]. r C K«K & X C K & well_ord(X,r) & i = ordertype(X,r))
apply (unfold def jump__cardinal_rel)
apply (auto del: subsetl)
apply (rename_tac y r)
apply (rule_tac z=r in rezl, intro conjl) prefer 2

apply (rule_tac z=y in rexzl, intro conjl)

apply (auto dest:mem__Pow__rel transM)

apply (rule_tac A=r in rev_subsetD, assumption)
defer
apply (rename_tac r y)
apply (rule_tac z=y in bezxl)

apply (rule_tac z=r in Replacel, auto)
using def Pow_rel
apply (force-+)[2]
apply (rule_tac A=r in rev_subsetD, assumption)
using mem_ Pow_rel[ THEN conjunctl]
apply auto
done

lemma K It jump_cardinal_rel: Ord(K) ==> M(K) = K < jump__cardinal_rel(M,K)
apply (rule Ord_jump__cardinal_rel [THEN [2] ItI])
apply (rule jump__cardinal_rel_iff old [THEN iffD2], assumption+)
apply (rule_tac x=Memrel(K) in rexl)
apply (rule_tac =K in rexl)
apply (simp add: ordertype_Memrel well _ord__Memrel)

using Memrel closed
apply (simp__all add: Memrel _def subset_iff)
done
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lemma Card_rel jump_cardinal _rel lemma:
[| well_ord(X,r); " C K x K; X C K
f € bij(ordertype(X,r), jump__cardinal_rel(M,K));
M(X); M(r); M(K); M(f) |]
==> jump__cardinal_rel(M,K) € jump_cardinal_rel(M,K)
apply (subgoal_tac f O ordermap (X,r) € bij (X, jump__cardinal_rel (M,K)))
prefer 2 apply (blast intro: comp__bij ordermap__bij)
apply (rule jump__cardinal_rel_iff old |[THEN iffD2], simp+)
apply (intro rexl congl)
apply (rule subset_trans [OF rvimage__type Sigma_mono|, assumption+)
apply (erule bij_is_inj [THEN well _ord_rvimage])
apply (rule Ord_jump__cardinal_rel [THEN well _ord _Memrel])
apply (simp__all add: well_ord_Memrel [THEN [2] bij_ordertype_vimage]
ordertype__Memrel Ord_jump__cardinal_rel)
done

lemma Card_rel jump_ cardinal_rel: M(K) = Card_rel(M,jump__cardinal_rel(M,K))
apply (rule Ord_jump__cardinal_rel [THEN Card_rell))
apply (simp__all add: def eqpoll_rel)
apply (drule_tac i1=j in jump__cardinal_rel iff old [THEN iffD1, OF __ __ ItD,
of _ K), safe)
apply (blast intro: Card_rel_jump_ cardinal _rel_lemma [THEN mem__irrefl])
done

16.7 Basic Properties of Successor Cardinals

lemma csucc_rel_basic: Ord(K) ==> M(K) = Card_rel(M,csucc_rel(M,K))

& K < csuce_rel(M,K)

apply (unfold csucc_rel_def)

apply (rule LeastI[of Ai. M(i) A Card_rel(M,i) N K < i, THEN conjunct2])

apply (blast intro: Card_rel_jump __cardinal_rel K_It _jump_ cardinal _rel Ord_jump__cardinal _rel)+
done

lemmas Card_rel_csucc_rel = csucc_rel_basic [THEN conjunctl]
lemmas It_csucc_rel = csucc_rel_basic [THEN conjunct2]

lemma Ord_0 It csucc_rel: Ord(K) ==> M(K) = 0 < csucc_rel(M,K)
by (blast intro: Ord_0_le lt_csucc_rel lt_transi)

lemma csucc_rel_le: [| Card_rel(M,L); K<L; M(K); M(L) || ==> csucc_rel(M,K)
<L

apply (unfold csucc_rel _def)

apply (rule Least_le)

apply (blast intro: Card_rel is _Ord)+

done
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lemma [t csucc_rel iff: [| Ord(i); Card_rel(M,K); M(K); M(79)|]] ==> i <
esuce_rel(M,K) «— |i|M < K

apply (rule iffI)

apply (rule_tac [2] Card_rel It _imp_lt)

apply (erule_tac [2] lt_transi)

apply (simp__all add: lt_csucc_rel Card_rel_csucc_rel Card_rel_is Ord)
apply (rule notl [THEN not_lIt_imp_le])

apply (rule Card_rel_cardinal_rel [THEN csucc_rel_le, THEN It_transl, THEN
It_irrefl], simp__all+)

apply (rule Ord_cardinal_rel_le [THEN lt_transl])

apply (simp__all add: Card_rel_is Ord)

done

lemma Card_rel It csucc rel iff:

[| Card_rel(M,K"); Card_rel(M,K); M(K'); M(K) || ==> K'< csucc_rel(M,K)
+— K'<K
by (simp add: It _csucc_rel iff Card_rel cardinal_rel _eq Card_rel is_Ord)

lemma InfCard_rel csucc_rel: InfCard_rel(M,K) = M(K) ==> InfCard_rel(M,csucc_rel(M,K))
by (simp add: InfCard_rel_def Card_rel_csucc_rel Card_rel_is_Ord
lt_csucc_rel [THEN lel, THEN [2] le_trans])

16.7.1 Theorems by Krzysztof Grabczewski, proofs by lcp

lemma nat_sum__eqpoll_rel sum:

assumes m: m € nat and n: n € nat shows m + n =M m #+ n
proof -

have m + n ~™ |m+n|M using m n

by (blast intro: nat__implies_well_ord well _ord_radd well_ord__cardinal_rel__egpoll_rel
eqpoll_rel__sym)

also have ... = m #+ n using m n
by (simp add: nat_cadd_rel_eq _add [symmetric] cadd_rel_def transM[OF _
M_nat))
finally show ?thesis .
qed
lemma Ord_nat_subset_into_ Card_rel: [| Ord(i); i C nat || ==> Card™(i)

by (blast dest: Ord_subset_natD intro: Card_rel_nat nat_into_ Card_rel)

end — M __cardinal__arith__jump

end

theory Aleph_ Relative

imports

Univ__Relative
CardinalArith__Relative
Cardinal _Relative

begin

definition
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HAleph ::

[¢,i]] = 7 where
HAleph(i,r) =

if (=(0rd(7)),i,if (i=0, nat, if (= Limit(i) A i#£0,
esuce(r( U 7)),
Uiei. i)

reldb__add functional Limit Limit
relationalize Limit is Limit external
synthesize is Limit from__definition
arity__theorem for is Limit_fm

relativize functional HAleph HAleph rel
relationalize HAleph rel is HAleph

synthesize is HAleph from__definition assuming nonempty
arity__theorem for is HAleph fm

definition
Aleph' :: i => i where
Aleph’(a) == transrec(a, i r. HAleph(i,r))

relativize functional Aleph’ Aleph rel
relationalize Aleph rel isAleph

The extra assumptions a < length(env) and ¢ < length(env) in this schematic goal
(and the following results on synthesis that depend on it) are imposed by [Aa0 al
a2 a8 a4 a5 a6 a7. [a0 € ?A; al € ?A; a2 € ?A; a3 € ?A; af € ?4; a5 € ?A4;
ab € ?A; a7 € ?A] = ?MH (a2, al, a0) <— ?4, Cons(a0, Cons(al, Cons(a2,
Cons(a3, Cons(a4, Cons(as, Cons(ab, Cons(a7, ?env)))))))) = ?p; nth(?i, Zenv)
= %z; nth( %k, 2env) = %z; 2 < length(%env); %k < length(Zenv); Zenv € list(?4)]
= is_transrec(## ?A, ?MH, %z, ?2) «— ?A, Penv = is_transrec_fm(?%p, ?i,
2%).

schematic__goal sats is Aleph fm__auto:
a € nat = ¢ € nat = enw € list(A) =
a < length(env) = ¢ < length(env) = 0 € A =
is_Aleph(##A, nth(a, env), nth(c, env)) +— A, env = ?fm(a, )
unfolding is Aleph_ def
proof (rule is_transrec_iff sats, rule_tac [1] is_HAleph iff sats)
fix a0 al a2 a8 a4 a5 ab a7
let ?env’ = Cons(a0, Cons(al, Cons(a2, Cons(a3, Cons(a4, Cons(ad, Cons(ab,
Cons(a?, env))))))))
show nth(2, ?env’) = a2
nth(1, ?env’) = al
nth(0, ?env’) = a0
nth(c, env) = nth(c, env)
by simp__all
qed simp__all

synthesize_ notc is _Aleph from__schematic
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notation is_Aleph_fm (¢N'(_") is _»)

lemma is_Aleph_fm_type [TC]: a € nat = ¢ € nat = is_Aleph_fm(a, c) €
formula
unfolding is Aleph_fm_ def by simp

lemma sats is Aleph_ fm:
assumes fenat renat env € list(A) 0€A f < length(env) r< length(env)
shows is_ Aleph(##A, nth(f, env), nth(r, env)) +— A, env |=is_ Aleph_ fm(f,r)
using assms sats_is_Aleph_fm__auto unfolding is Aleph defis Aleph fm _ def
by simp

lemma is_Aleph_iff sats [iff _sats]:
assumes
nth(f, env) = fa nth(r, env) = ra f < length(env) r< length(env)
f € nat r € nat env € list(A) 0€A
shows is_Aleph(##A,fa,ra) «— A, env = is_Aleph_fm(f,r)
using assms sats_is_Aleph_fmlof f r env A] by simp

arity__theorem for is Aleph fm

lemma (in M__cardinal _arith__jump) is_ Limit_iff:
assumes M (a)
shows is_Limit(M,a) <— Limit(a)
unfolding is_Limit_def Limit_def using lt__abs transM[OF ItD <M (a)>] assms
by auto

lemma HAleph eq Aleph recursive:
Ord(i) = HAleph(i,r) = (if ¢ = 0 then nat
else if 3j. i = succ(j) then csucc(r ‘ (THE j. i = succ(y))) else | j<i.
rj)
proof -
assume Ord(7)
moreover from this
have i = suce(j) = (| succ(j)) = j for j
using Ord_ Union__succ__eq by simp
moreover from <Ord(7)
have (3. i = suce(j)) +— —Limit(i) N i # 0
using Ord_cases disj by auto
ultimately
show ?thesis
unfolding HAleph_def OUnion__def
by auto
qed

lemma Aleph’ eq Aleph: Ord(a) = Aleph'(a) = Aleph(a)
unfolding Aleph’ def Aleph__def transrec2_def
using HAleph_eq Aleph__recursive
by (intro transrec__equal _on__Ord) auto
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reldb__rem functional Aleph’
reldb__rem relational is Aleph
reldb__add functional Aleph Aleph_rel
reldb__add relational Aleph is_Aleph

abbreviation
Aleph_r :: [iyi=o] = i (\X_—)) where
Aleph_r(a,M) = Aleph_rel(M ,a)

abbreviation
Aleph_r_set :: [i,i] = i (\X_—») where
Aleph_r_set(a,M) = Aleph__rel(#+#M ,a)

lemma Aleph_rel_def’: Aleph_rel(M,a) = transrec(a, \i r. HAleph_rel(M, i, r))
unfolding Aleph_rel_def .

lemma succ_mem__ Limit: Limit(j) = i € j = succ(i) € j
using Limit_has_succ[THEN ItD] ItI Limit_is_Ord by auto

locale M_pre_aleph = M__eclose + M__cardinal _arith__jump +
assumes
haleph__transrec__replacement: M(a) = transrec_replacement(M ,is_HAleph(M),a)

begin

lemma auz_ex  Replace_ funapply:
assumes M (a) M(f)
shows 3 z[M]. is_Replace(M, a, \jy. f ‘j =y, z)
proof -
have {f7 . jea} = {y . j€a, [ j=y}
{y.jea. fii=yt ={y.j€a,y=f"j}
by auto
moreover
note assms
moreover from calculation
have z € a = y=f‘c = M(y) for z y
using transM[OF _ <M (a))] by auto
moreover from assms
have M({f% . jea})
using transM[OF __ «M(a)>] RepFun__closed|OF apply_replacement] by simp
ultimately
have 2:is_Replace(M, a, Njy. y = f “ 4, {f% . j€a})
using Replace_abs[of _ __ Njy. y=f ‘j,OF <M(a)»,THEN iffD2]
by auto
with «M({f5 . jea})
show ?thesis
using
is_Replace_conglof M Njy.y=f‘j Ny f‘j=vy, THEN iffD1,0F _
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__ 7
by auto
qed

lemma is HAleph_zero:
assumes M (f)
shows is_ HAleph(M,0,f,res) «— res = nat
unfolding is HAleph def
using Ord_0 If abs is_Limit_iff is _csucc_iff assms auz__ex Replace funapply
by auto

lemma is HAleph_succ:

assumes M(f) M(z) Ord(xz) M(res)

shows is_ HAleph(M,succ(z),f,res) «— res = csucc_rel(M,fc)

unfolding is HAleph_ def

using assms is__ Limit_iff is__csucc_iff aux__ex_ Replace_ funapply If _abs Ord__Union__succ__eq
by simp

lemma is HAleph_ limit:
assumes M(f) M(z) Limit(z) M(res)
shows is_HAleph(M,z,f,res) «— res = (U{y . i€z ,M (i) A M(y) Ay = f“})
proof -
from assms
have univalent(M, z, \jy. y=f‘j )
(Nza y. za € 2 = [ ‘za =y = M(y))
{y.zecua fro=y}={y. ica M) N My Ny=[fi}
using univalent_triviof Mz Nj .f * j] transM[OF _ <M (xz)»]
by auto
moreover
from this
have univalent(M, z, \jy. f 5=y )
by (rule_tac univalent_conglof x x M Njy. y=f*‘3 N y. f*j=y,THEN
iffD1], auto)
moreover
from this
have univalent(M, z, \jy. M(j) A M(y) Nfj=1y)
by auto
ultimately
show ?thesis
unfolding is HAleph def
using assms is_Limit_iff Limit_is _Ord zero__not_Limit If abs is_csucc_iff
Replace__abs apply__replacement
by auto
qed

lemma is HAleph_ iff:

assumes M (a) M(f) M(res)

shows is_HAleph(M, a, f, res) «— res = HAleph_rel(M, a, f)
proof(cases Ord(a))
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case True
note Ord_cases|OF «Ord(a))]
then
show ?thesis
proof(cases )
case I
with True assms
show ?thesis
using is HAleph zero unfolding HAleph rel def
by simp
next
case (2 j)
with True assms
show ?thesis
using is  HAleph_succ Ord__Union__succ__eq
unfolding HAleph_rel_def
by simp
next
case 3§
with assms
show ?thesis
using is  HAleph limit zero_not_Limit Limit_is Ord
unfolding HAleph_rel def
by auto
qed
next
case Fulse
then
have —Limit(a) a#0 N\ z . Ord(z) = a#succ(z)
using Limit_is Ord by auto
with False
show ?thesis
unfolding is  HAleph__def HAleph_ rel_def
using assms is_ Limit_iff If abs is_csucc_iff aux__ex_Replace funapply
by auto
qed

lemma HAleph_rel_closed [intro,simp]:
assumes function(f) M(a) M(f)
shows M (HAleph_rel(M,a,f))
unfolding HAleph rel def
using assms apply_replacement
by simp

lemma Aleph_rel_closed[intro, simp]:
assumes Ord(a) M(a)
shows M (Aleph_rel(M,a))
proof -
have relation2(M, is_HAleph(M), HAleph__rel(M))
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unfolding relation2 def using is_HAleph__iff assms by simp
moreover
have V z[M]. ¥V g[M]. function(g) — M(HAleph_rel(M, z, g))
using HAleph_rel_closed by simp
moreover
note assms
ultimately
show ?thesis
unfolding Aleph_rel def
using transrec__closed|of is_ HAleph(M) a HAleph__rel(M)]
haleph__transrec__replacement by simp
qed

lemma Aleph_rel zero: NgM = nat
using def transrec [OF Aleph__rel_def’,of _ 0]
unfolding HAleph rel def by simp

lemma Aleph_rel_succ: Ord(a) = M(a) = Nsucc(a)M = (R MM
using Ord_ Union_succ_eq
by (subst def transrec [OF Aleph__rel_def"))
(simp add:HAleph__rel__def)

lemma Aleph_rel limit:
assumes Limit(a) M(«)
shows R, M = J{8M . j € a}

proof -
note trans=transM[OF _ «M(«a)»]
from «M(a)»

have R, M = HAleph_rel(M, o, Azea. R M)
using def transrec [OF Aleph_rel_def’,of M «] by simp
also
have ... = J{a .j € a, M(a) A a = ¥;M}
unfolding HAleph_rel_def
using assms zero__not__Limit Limit_is Ord trans by auto
also
have ... = J{¥M . j € o}
using Aleph_rel_closed[OF __ trans] Ord__in_ Ord Limit_is_ Ord[OF «Limit(c)»)
by auto
finally
show ?thesis .
qed

lemma is Aleph_iff:
assumes Ord(a) M(a) M(res)
shows is_Aleph(M, a, res) «— res = R,M
proof -
have relation2(M, is_HAleph(M), HAleph__rel(M))
unfolding relation2 def using is_HAleph__iff assms by simp
moreover
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have V z[M]. V¥ g[M]. function(g) — M (HAleph_rel(M, z, g))
using HAleph_rel_closed by simp

ultimately

show ?thesis
using assms transrec__abs haleph__transrec__replacement
unfolding is_Aleph__def Aleph__rel def
by simp

qed

end — M _pre_aleph

locale M _aleph = M__pre_aleph +
assumes
aleph__rel_replacement: strong_replacement(M, Az y. Ord(z) A y = NZM)
begin

lemma Aleph_rel _cont: Limit(l) = M(l) = ¥M = (Ji<l. };M)
using Limit_is  Ord Aleph_rel limit
by (simp add:OUnion__def)

lemma Ord__Aleph_rel:
assumes Ord(a)
shows M(a) = Ord(X,M)
using «Ord(a)»
proof(induct a rule:trans__induct3)
case (
show ?Zcase using Aleph__rel_zero by simp
next
case (succ x)
with <Ord(z)»
have M(z) Ord(R;M) by simp_all
with «Ord(z)»
have Ord(csucc_rel( M R;M))
using Card_rel_is Ord Card_rel_csucc_rel
by simp
with <Ord(z)) «M(z)»
show ?case using Aleph_rel succ by simp
next
case (limit )
note trans=transM[OF __ <M (z))]
from limit
have XM = (|Jicz. X;M)
using Aleph_rel _cont OUnion__def Limit_is Ord
by auto
with limit
show ?Zcase using Ord__UN trans by auto
qed

lemma Card_rel Aleph_rel [simp, introl:
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assumes Ord(a) and types: M(a) shows Card™(R,M)
using assms
proof (induct rule:trans_induct3)
case ()
then
show ?Zcase
using Aleph_rel_zero Card_rel_nat by simp
next
case (succ )
then
show ?Zcase
using Card_rel_csucc_rel Ord__Aleph__rel Aleph__rel_succ
by simp
next
case (limit z)
moreover
from this
have M({y . z € =, M(y) A M(2) A Ord(z) A y = R, M})
using aleph_ rel _replacement
by auto
moreover
have {y .z €z, M(y) A M(2) Ay =M ={y.z¢€z, M(y) A M(z) A Ord(z)
Ny = NZM}
using Ord_in_ Ord Limit_is_Ord[OF limit(1)] by simp
ultimately
show ?Zcase
using Ord__Aleph__rel Card_nat Limit_is_Ord Card_rell
by (subst def _transrec [OF Aleph__rel _def"))
(auto simp add:HAleph_rel_def)
qed

lemma Aleph_ rel increasing:
assumes a < b and types: M(a) M(b)
shows R M < ¥, M
proof -
{fixz
from assms
have Ord(b)
by (blast intro: It_Ord2)
moreover
assume M (z)
moreover
note <M (b))
ultimately
have z < b = R,M < ;M
proof (induct b arbitrary: © rule: trans_induct3)
case () thus “case by simp
next
case (succ b)
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then
show “Zcase
using Card_rel csucc__rel Ord__Aleph__rel Ord_Union__succ_eq lt_csucc_rel
It_trans[of _ NpM csuccM(RyM)]
by (subst (2) def _transrec[OF Aleph__rel_def"))
(auto simp add: le_iff HAleph rel def)
next
case (limit [)
then
have sc: suce(z) < 1
by (blast intro: Limit_has__succ)
then
have X, M < (|Jj<l. ®;M)
using limit Ord__Aleph_rel Ord_ OUN
proof(rule_tac OUN_upper_lt,blast intro: Card_rel_is_Ord ItD lt_Ord)
from <z<ly <Limit(1)»
have Ord(z)
using Limit_is Ord Ord_in_ Ord
by (auto dest!:ltD)
with «M(z)»
show NzM < Nsucc(x)M
using Card_rel _csucc_rel Ord__Aleph_rel lt_csucc_rel
ItD[THEN [2] Ord_in_ Ord] succ_in_MI[OF «M(x))]
Aleph__rel_succ|of ]
by (simp)
next
from «M(1)> <Limit(l)»
show Ord(|Jj<l. ®;M)
using Ord__Aleph_rel lt_Ord Limit_is _Ord Ord_in_ Ord
by (rule_tac Ord_OUN)
(auto dest:transM ItD introl: Ord__Aleph_ rel)
qed
then
show ?case using limit Aleph_rel _cont by simp
qed
}
with types assms
show ?thesis by simp
qed

end — M __aleph

end

17 Relative, Cardinal Arithmetic Using AC

theory Cardinal AC _Relative
imports
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CardinalArith__Relative
begin

locale M _AC =
fixes M
assumes
choice__ax: choice_az(M)

locale M cardinal AC = M _cardinal arith + M_AC
begin

lemma well _ord_surj _imp_lepoll_rel:
assumes well_ord(A,r) h € surj(A,B) and
types:M(A) M(r) M(h) M(B)
shows B <M 4
proof -
note eq=vimage_ fun_ sing|OF surj_is_fun[OF <h€_)]]
from assms
have (A\b€B. minimum(r, {a€A. h‘a=b})) € inj(B,A) (is ?f€_)
using well_ord_surj_imp_inj inverse assms(1,2) by simp
with assms
have M(?fb) if beB for b
using apply _type|OF inj_is_fun[OF <?f€_>]] that transM[OF _ <M(A))] by
stmp
with assms
have M (?f)
using lam__closed surj imp_inj replacements eq by auto
with <?fe_» assms
have ?f € inj™(B,A)
using mem__inj _abs by simp
with <M (?f))
show ?thesis unfolding lepoll_rel def by auto
qed

lemma surj_imp_well _ord M:
assumes wos: well_ord(A,r) h € surj(A4,B)
and
types: M(A) M(r) M(h) M(B)
shows 3 s[M]. well_ord(B,s)
using assms lepoll _rel_well ord
well_ord_surj _imp_lepoll_rel by fast

lemma choice_az_well _ord: M(S) = I r[M]. well_ord(S,r)
using choice__azx well _ord_Memrel| THEN surj_imp_well_ord_M]
unfolding choice azx_def by auto

lemma Finite cardinal_rel Finite:
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assumes Finite(|i|™M) M (i)
shows Finite(7)
proof -
note assms
moreover from this
obtain r where M(r) well _ord(i,r)
using choice ax_well _ord by auto
moreover from calculation
have |i|M ~M ;
using well_ord__cardinal_rel _eqpoll rel
by auto
ultimately
show ?thesis
using eqpoll_rel _imp_Finite
by auto
qed

end — M _cardinal AC

locale M__Pi_assumptions choice = M__Pi_assumptions + M__cardinal _AC +
assumes
B__replacement: strong__replacement(M, Az y. y = B(z))
and
— The next one should be derivable from (some variant) of B_ replacement.
Proving both instances each time seems inconvenient.
minimum__replacement: M (r) = strong__replacement(M, Az y. y = (z, minimum(r,
B(x))))

begin

lemma AC M:
assumes ¢ € A N\z. 2 € A = Jy. y € B(x)
shows 3z[M]. z € Pi™(A, B)
proof -
have M(|J z€A. B(z)) using assms family_union__closed Pi_assumptions B__replacement
by simp
then
obtain r where well ord(|Jz€A. B(z),r) M(r)
using choice _ax_well _ord by blast
let ?f=AzcA. minimum(r,B(z))
have M (minimum(r, B(z))) if z€A for z
proof -
from (well_ord(_,r)) <z€A)
have well ord(B(z),r) using well_ord_subset UN_upper by simp
with assms <x€A> «M(r)»
show ?thesis using Pi_assumptions by blast
qed
with assms and <M (r))
have M (?f)

using Pi_assumptions minimum,__ replacement lam__closed

241



by simp

moreover from assms and calculation

have ?f € Pi™(A,B)
using lam__type| OF minimum,__in, OF «well_ord(|Jz€A. B(z),r)), of A B|
Pi_rel _char by auto

ultimately

show ?thesis by blast

qed

lemma AC_Pi_rel: assumes Az. z € A = Jy. y € B(x)
shows 32[M]. z € Pi™(A, B)
proof (cases A=0)
interpret Pi0:M __Pi assumptions 0
using Pi_assumptions by unfold_locales auto
case True
then
show ?thesis using assms by simp
next
case Fulse
then
obtain ¢ where a € A by auto
— It is noteworthy that without obtaining an element of A, the final step won’t
work
with assms
show ?thesis by (blast introl: AC_M)
qed

end — M__Pi_assumptions_choice

context M cardinal AC
begin

17.1 Strengthened Forms of Existing Theorems on Cardinals

lemma cardinal_rel_eqpoll_rel: M(A) = [A|M =M 4
apply (rule choice_ax_well_ord [THEN rexzE])

apply (auto intro:well ord_cardinal _rel _eqpoll rel)
done

lemmas cardinal__rel_idem = cardinal_rel_egpoll_rel [THEN cardinal_rel__cong,
simp]

lemma cardinal_rel_eqE: | X|M = |Y|M ==> M(X) = M(Y) = X =M Y
apply (rule choice__ax_well _ord [THEN rexE), assumption)

apply (rule choice__ax_well _ord [THEN rexE, of Y], assumption)

apply (rule well _ord_cardinal _rel_eqE, assumption+)
done
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lemma cardinal_rel_eqpoll_rel iff: M(X) = M(Y) = |X|M = |Y|M «— X
~My
by (blast intro: cardinal_rel _cong cardinal_rel_eqFE)

lemma cardinal_rel_disjoint_ Un:

[ [AM=[BIM; |C|M=|D|M; An C=0; BN D=0; M(A); M(B); M(C);
M(D)]]

==> AU CM = |BU DM
by (simp add: cardinal_rel _eqpoll_rel iff eqpoll_rel_disjoint_Un)

lemma lepoll_rel_imp_cardinal_rel_le: A <M B==> M(A) = M(B) = |A|M
< [BM

apply (rule choice_ax_well ord [THEN rexE]) prefer 2

apply (erule well ord_lepoll_rel imp_ cardinal rel_le, assumption+)

done

lemma cadd_rel_assoc: [M(i); M(j); M(k)] = (i @M j) oM k = i oM (j oM
B
apply (rule choice_ax_well _ord [THEN rezE]) prefer 2
apply (rule choice_ax_well ord [THEN rexE]) prefer 2
apply (rule choice__ax_well _ord [THEN rexE]) prefer 2
apply (rule well _ord_cadd_rel_assoc, assumption+)
done

lemma cmult_rel_assoc: [M(4); M(j); M(k)] = (i @M ) @M k =i @M (j @M
k)
apply (rule choice__ax_well _ord [THEN rexE]) prefer 2
apply (rule choice_ax_well ord [THEN rexE]) prefer 2
apply (rule choice_ax_well _ord [THEN rexE)) prefer 2
apply (rule well _ord__cmult_rel assoc, assumption+)
done

lemma cadd_cmult_distrib: [M(i); M(j); M(k)] = (i @M j) @M k = (1 @M k)
eM (j oM k)
apply (rule choice_ax_well _ord [THEN rezE]) prefer 2
apply (rule choice__ax_well ord [THEN rexE]) prefer 2
apply (rule choice_ax_well _ord [THEN rexE)) prefer 2
apply (rule well _ord_cadd__cmult_distrib, assumption+)
done

lemma InfCard_rel_square_eq: InfCardM(|AIM) —= M(A) = AxA =M A
apply (rule choice__ax_well _ord [THEN rexzE]) prefer 2

apply (erule well _ord _InfCard_rel square__eq, assumption, simp__all)
done

17.2 The relationship between cardinality and le-pollence

lemma Card_rel le imp_lepoll rel:
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assumes |A|M < |B|M
and types: M(A) M(B)
shows A <M B
proof -
have A ~M |A|M
by (rule cardinal_rel eqpoll_rel [THEN egpoll_rel _sym], simp__all add:types)
also have ... <M |B|M
by (rule le_imp_subset [THEN subset_imp_ lepoll_rel]) (rule assms, simp__all
add:types)
also have ... ~M B
by (rule cardinal_rel _eqpoll_rel, simp__all add:types)
finally show ?thesis by (simp__all add:types)
qed

lemma le_ Card_rel_iff: CardM(K) ==> M(K) = M(A) = |AM < K +—

A<M K

apply (erule Card_rel cardinal_rel _eq [THEN subst], assumption, rule iffI,
erule Card_rel_le imp_lepoll rel, assumption+)

apply (erule lepoll _rel_imp_ cardinal_rel le, assumption+)

done

lemma cardinal_rel_0_iff 0 [simp]: M(A) = |[AIM = 0 +— A =10
using cardinal _rel_0 egpoll_rel_0_iff [THEN iffD1]
cardinal_rel__eqpoll_rel_iff [THEN iffD1, OF _ nonempty]
by auto

lemma cardinal_rel_lt_iff lesspoll_rel:
assumes i: Ord(7) and
types: M (i) M(A)
shows i < |[A|M «— i <M A
proof
assume i < |A|M
hence i <M |A|M
by (blast intro: It _Card_rel_imp_ lesspoll rel types)
also have ... ~M 4
by (rule cardinal _rel_eqpoll_rel) (simp__all add:types)
finally show i <™ A by (simp_all add:types)

next
assume i <M 4
also have ... ~M |4|M

by (blast intro: cardinal rel _eqpoll rel eqpoll rel _sym types)
finally have i <M |A|M by (simp_all add:types)
thus i < |A|™ using i types
by (force intro: cardinal _rel It imp_ It lesspoll rel cardinal rel lt)
qed

lemma cardinal rel le imp lepoll rel: i < |A\M ==> M(i) = M(A) =i
<M »
by (blast intro: It__Ord Card_rel_le_imp_lepoll rel Ord__cardinal_rel _le le_trans)
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17.3 Other Applications of AC

We have an example of instantiating a locale involving higher order variables
inside a proof, by using the assumptions of the first order, active locale.

lemma surj_rel implies_inj rel:
assumes f: f € surjM(X,Y) and
types: M(f) M(X) M(Y)
shows 3 g[M]. g € inj™(V,X)
proof -
from types
interpret M_ Pi _assumptions_choice _ Y Ay. f~“{y}
by unfold_locales (auto intro:surj imp_inj replacement dest:transM)
from f AC_Pi_rel
obtain z where z: z € PiM(Y, \y. f-* {y})
— In this and the following ported result, it is not clear how uniformly are
_ char” theorems to be used
using surj rel_char
by (auto simp add: surj_def types) (fast dest: apply_Pair)
show ?thesis
proof
show z € inj™(Y, X) M(z)
using z surj_is_funlof f X Y] f Pi_rel_char
by (auto dest: apply type Pi_memberD
intro: apply__equality Pi_type f_imp_ injective
simp add:types mem__surj_abs)

”

qed
qed

Kunen’s Lemma 10.20

lemma surj_rel _implies_cardinal _rel_le:
assumes f: f € surjM(X,Y) and
types:M(f) M(X) M(Y)
shows |YV|M < |x|M
proof (rule lepoll_rel _imp__cardinal _rel_le)
from f [THEN surj_rel_implies_inj rel]
obtain g where g € injM(Y,X)
by (blast intro:types)
then
show Y <M x
using inj rel char
by (auto simp add: def lepoll_rel types)
qed (simp__all add:types)

end — M cardinal AC

The set-theoretic universe.

abbreviation
Universe :: i=o0 (<)) where
V(z) = True

245



lemma separation__absolute: separation(V, P)
unfolding separation__def
by (rule ralll, rule_tac z={z€__ . P(z)} in rezl) auto

lemma univalent__absolute:
assumes univalent(V, A, P) P(z, b) z € A
shows P(z, y) = y = b
using assms
unfolding univalent_def by force

lemma replacement__absolute: strong _replacement(V, P)
unfolding strong replacement__def
proof (intro ralll impl)
fix A
assume univalent(V, A, P)
then
show JY[V].VbV]. b€ Y +— 3Fz[V]. 2 € A A P(z, b))
by (rule_tac x={y. z€A , P(z,y)} in rezl)
(auto dest:univalent__absolute[of _ P))
qed

lemma Union_az_absolute: Union__ax(V)
unfolding Union__az_def big union_ def
by (auto intro:rexI[of _ |J_])

lemma upair _ax_absolute: upair _az(V)
unfolding upair ax_def upair _def rall_def rex_def
by (auto)

lemma power_azx__absolute:power_az(V)
proof -
{
fix z
have Vy[V]. y € Pow(z) «— (Vz[V]. z € y — 2z € x)
by auto
}

then
show power _az(V)
unfolding power ax _def powerset__def subset_def by blast
qed

locale M cardinal UN = M __Pi_assumptions_choice _ K X for K X +
assumes
— The next assumption is required by (Az. [?Q(z); Ord(z)] = Jy[M]. ?Q(y)
A Ord(y)) = M(p . ?Q(z))
X witness_in_M: w € X(z) = M(x)
and
lam_m__replacement: M (f) = strong__replacement(M,
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Ay y=(z,pi.xe X@),[f (nize X)) ‘z))
and
inj_replacement:
M(z) = strong_replacement(M, \y z. y € inf™(X(z), K) A z = {{z, y)})
strong_replacement(M, Az y. y = inj™(X(z), K))
strong__replacement(M,
Az 2.z = Sigfun(z, Mi. infM(X(7), K)))
M(r) = strong_replacement(M,
ey, y = (z, minimum(r, infM(X(z), K))))

begin

lemma UN_closed: M(|JieK. X(7))
using family union_ closed B_replacement Pi__assumptions by simp

Kunen’s Lemma 10.21

lemma cardinal _rel UN _le:
assumes K: InfCard™(K)
shows (A\i. icK — |[X()|M < K) = |JieK. X(O)|IM < K
proof (simp add: K InfCard_rel _is _Card_rel le_Card_rel iff Pi_assumptions)
have M(f) = M(M\ze(JzeK. X(z)). (pi. z € X(4), f‘ (n 1. v € X(7)) ‘)
for f
using lam_m_ replacement X_witness_in_ M Least_closed’ Pi__assumptions
UN__closed
by (rule_tac lam__closed) (auto dest:transM)
note types = this Pi__assumptions UN__closed
have [intro]: Ord(K) by (blast intro: InfCard_rel_is Card_rel
Card_rel_is_Ord K types)
interpret pii:M_Pi_assumptions_choice _ K \i. inf™(X (i), K)
using inj_replacement Pi_assumptions transM[of _ K]
by unfold_locales (simp__all del:mem__inj _abs)
assume asm:\i. icK = X(i) <M K
then
have Ai. icK = M(injM(X (i), K))
by (auto simp add: types)
interpret V:M_N_Perm M V
using separation__absolute replacement__absolute Union__ax_absolute
power__ax__absolute upair _ax__absolute
by unfold_locales auto
note bad__simps[simp del] = V.N.Forall_in_M__iff V.N.Equal_in_M__iff
V.N.nonempty
have abs:inj_rel(V,z,y) = inj(z,y) for z y
using V.N.inj_rel _char by simp
from asm
have \i. icK = 3f[M]. f € infM(X(4), K)
by (simp add: types def lepoll rel)
then
obtain f where f € ([[icK. injM(X(4), K)) M(f)
using pii.AC_Pi_rel pii.Pi_rel_char by auto
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with abs
have f:f € ([[ieK. inj(X (i), K))
using Pi_weaken__type[OF __ V.inj_rel_transfer, of f K X \_. K]
Pi_assumptions by simp
{ fix z
assume z: z € (|Ji€K. X(7))
then obtain ¢ where i: ¢ € K Ord(i) z € X(7)
by (blast intro: Ord_in_Ord [of K])
hence (p i. z € X(i)) < i by (fast intro: Least_le)
hence (u i. z € X(i)) < K by (best intro: lt_transl It i)
hence (ui. z € X(i)) € K and z € X(u i. z € X(4))
by (auto intro: Leastl ItD 1)
} note mems = this
have (JicK. X(i)) <M K x K
proof (simp add:types def _lepoll_rel)
show 3 f[M]. f € inj(JzeK. X(x), K x K)
apply (rule rexl)
apply (rule_tac ¢ = Xz. (wi. z € X(0), f “(pi. z € X(0)) ‘2
and d = A(¢,j). converse (f©) ‘j in lam__injective)
apply (force intro: finj_is_fun mems apply_type Perm.left inverse)+
apply (simp add:types «<M(f)»)
done
qed
also have ... ~M K
by (simp add: K InfCard_rel _square__eq InfCard_rel_is _Card_rel
Card_rel__cardinal_rel__eq types)
finally have ((JieK. X(i)) <M K by (simp_all add:types)
then
show ?thesis
by (simp add: K InfCard_rel is _Card_rel le_ Card_rel iff types)
qed

end — M _cardinal UN

end

18 Relativization of Finite Functions

theory FiniteFun_Relative
imports
Delta__ System__Lemma.ZF _Library
Lambda__Replacement
begin

lemma function_subset:
function(f) = gCf = function(g)
unfolding function__ def subset_def by auto
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lemma FiniteFunl :
assumes feFin(AxB) function(f)
shows f € A -||> B
using assms
proof(induct)
case (
then show ?case using emptyl by simp
next
case (cons p f)
moreover
from assms this
have fst(p)e A snd(p)eB function(f)
using snd_type[OF <p€_ ] function _subset
by auto
moreover
from <function(cons(p,f))» <p¢f> <pe_>
have fst(p)¢domain(f)
unfolding function__ def
by force
ultimately
show ?Zcase
using consl|of fst(p) __ snd(p)]
by auto
qed

18.1 The set of finite binary sequences

We implement the poset for adding one Cohen real, the set 2<“ of finite
binary sequences.

definition
seqspace :: [i,i] = i («_<—) [100,1]100) where

B<% = |Jnea. (n—B)

lemma segspacel[intro]: nea = fin—B = feB<%
unfolding segspace_def by blast

lemma segspaceD|dest]: feB<~% = Inea. fin—B
unfolding seqspace_def by blast

locale M seqspace = M__trancl + M __replacement +

assumes

segspace__replacement: M(B) = strong__replacement(M An z. n€nat A is_funspace(M,n,B,z))
begin

lemma seqspace_closed:
M(B) = M(B<Y)
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unfolding segspace def using segspace _replacement[of B] RepFun_ closed2
by simp

end

schematic__goal seqspace fm__auto:
assumes
i € nat j € nat henat env € list(A)
shows
(FomeA. omega(#4A,0m) A nth(i,env) € om A is_funspace(## A, nth(i,env),
nth(h,env), nth(j,env))) <— (4, env = (Zsgsprp(i,j,h)))
unfolding is funspace def
by (insert assms ; (rule iff _sats | simp)+)
synthesize segspace rel from_ schematic segspace_fm__auto
arity_ theorem for segspace el fm

18.2 Representation of finite functions

A function f € A =5, B can be represented by a function g € |f| = A x B.
It is clear that f can be represented by any ¢’ = g-m, where 7 is a permutation
7w € dom(g) — dom(g). We use this representation of A —g, B to prove
that our model is closed under _ —g,

A function g € n — A x B that is functional in the first components.
definition cons like :: i = o where
cons_like(f) =V i€domain(f) . Vji€i . fst(f49) # fst(f%)

relativize cons_like cons_like rel

lemma (in M__segspace) cons_like__abs:
M(f) = cons_like(f) <— cons_like_rel(M,f)
unfolding cons_like def cons_like_rel def
using fst_abs
by simp

FiniteFun_iso(A,B,n,g.f) = (VY i€n . g% € f) A (VY abef. (3 ien. gi=ab))

From a function g € n — A x B we obtain a finite function in 4 -||> B.

definition to FiniteFun :: i = ¢ where
to__FiniteFun(f) = {f‘%. i€domain(f)}

definition FiniteFun_ Repr :: [i,i] = i where
FiniteFun_ Repr(A,B) = {f € (AxB)<¥ . cons_like(f) }

locale M FiniteFun = M _seqspace +
assumes
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cons_like__separation : separation(M,\f. cons_like_rel(M.,f))

and

separation_is_function : separation(M, is_function(M))
begin

lemma supset_separation: separation(M, X\ x. 3a. 3b. z = {(a,b) A b C a)
using separation__pair separation__subset lam,__replacement_ fst lam__replacement__snd
by simp

lemma to_ finiteFun_replacement: strong_replacement(M, Az y. y = range(z))
using lam_ replacement_range lam__replacement__imp__strong replacement
by simp

lemma fun_range eq: feA—B = {f‘i . i€domain(f) } = range(f)
using ZF_Library.range__eq _image[of f] domain__of _fun image_fun func.apply_rangel
by simp

lemma FiniteFun_ fst_ type:
assumes heA-||>B peh
shows fst(p)edomain(h)
using assms
by (induct h, auto)

lemma FinFun_closed:
M(A) = M(B) = M(U{n—AxB . ncw})
using cartprod_ closed seqspace__closed
unfolding segspace_def by simp

lemma cons like It :
assumes new fesucc(n)—AxB cons_like(f)
shows restrict(f,n)en— Ax B cons__like(restrict(f,n))
using assms
proof (auto simp add: le_imp__subset restrict_type2)
from <fe_»
have D:domain(restrict(f,n)) = n domain(f) = succ(n)
using domain_of fun domain__restrict by auto
{
fix 7j
assume i€ domain(restrict(f,n)) (is i€ ?D) jei
with <ne_» D
have je?D ien jen using Ord_trans|of j| by simp__all
with D <cons_like(f)y <jeny <i€ny JED
have fst(restrict(f,n) ‘) # fst(restrict(f,n)%)
using restrict_if unfolding cons_like def by auto
}

then show cons_like(restrict(f,n))
unfolding cons_like def by auto
qed

A finite function f € A -||> B can be represented by a function g € n —
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A x B, with n = |f].

lemma FiniteFun_iso_introl:
assumes f € (A -||> B)
shows Incw . 3gen— Ax B. FiniteFun_iso(A,B,n,g,f) N\ cons_like(g)
using assms
proof(induct f,force simp add:emptyl FiniteFun_iso_def cons_like__def)
case (consl a b h)
then obtain n g where
HI: new gen—Ax B FiniteFun__iso(A,B,n,g,h) cons_like(g) by auto
let 2G=\ i € succ(n) . if i=n then <a,b> else g
from HI <a€_ > <be_»
have G: ?G € succ(n)—AxB
by (auto intro:lam__type)
have FiniteFun_iso(A,B,succ(n),?G,cons(<a,b>,h))
unfolding FiniteFun_iso_ def
proof(intro conjI)
{
fix ¢
assume ¢€succ(n)
then consider i=n | i€nAi#n by auto
then have ?G ‘i € cons(<a,b>,h)
using HI
by (cases,simp;auto simp add:HI FiniteFun__iso_ def)

then show Vi€succ(n). ?G ‘i € cons({a, b), h) ..
next
{ fix ab’
assume ab’ € cons(<a,b>,h)
then
consider ab’ = <a,b> | ab’ € h using cons__iff by auto
then
have 37 € succ(n) . ?G“ = ab’ unfolding FiniteFun__iso__def
proof( cases,simp)
case 2
with HI obtain ¢
where i€n g‘i=ab’ unfolding FiniteFun_iso_def by auto
with HI show ?thesis using [tI[OF <ic€_)] by auto
qed
}
then
show V abecons({a, b), h). Fi€suce(n). ¢G% = ab ..
qed
with HI G
have I: ?Gesucc(n)—Ax B FiniteFun__iso(A,B,succ(n),?G,cons(<a,b>,h)) succ(n)cEw
by simp__all
have cons_like(?G)
proof -
from «(?Ge_» «ge_»
have domain(g) = n using domain_of fun by simp
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fix ij
assume i€domain(?G) jei
with (ne¢_»
have jen using Ord_trans[of j _ n] by auto
from <i€_) consider (a) i=n A i¢n | (b) i€n by auto
then
have fst(?G‘%) # fst(?GY)
proof(cases)
case a
with (jeny HI
have ?G‘i=<a,b> ?G%=g‘j gj€h
unfolding FiniteFun_iso_def by auto
with <a¢_» <he_»
show ?thesis using FiniteFun_ fst_type by auto
next
case b
with <ieny jeiy jen HI <domain(g) = n»
show ?thesis unfolding cons_like def
using mem_ not_refl by auto
qed
}
then show ?thesis unfolding cons like def by auto
qed
with 1 show ?case by auto
qed

All the representations of f € A -||> B are equal.

lemma FiniteFun_isoD :
assumes n€w gen—Ax B feA-||>B FiniteFun_iso(A,B,n,q.f)
shows to_ FiniteFun(g) = f

proof
show to_ FiniteFun(g) C f
proof
fix ab
assume abeto_FiniteFun(g)
moreover

note assms
moreover from calculation
obtain | where i€n g9=ab abc AXB
unfolding to_ FiniteFun_ def using domain__of fun by auto
ultimately
show abef unfolding FiniteFun_iso_def by auto
qed
next
show f C to_FiniteFun(g)
proof
fix ab
assume abef
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with assms

obtain ¢ where ien g/=ab abc AxB
unfolding FiniteFun_iso_def by auto

with assms

show ab € to_ FiniteFun(g)
unfolding to_ FiniteFun_ def
using domain_of fun by auto

qed
qed

lemma to_ FiniteFun_ succ_eq :
assumes new fesuce(n) — A
shows to_ FiniteFun(f) = cons(f‘n,to_ FiniteFun(restrict(f,n)))
using assms domain__restrict domain_of _fun
unfolding to_ FiniteFun__ def by auto

If g € n — Ax B is cons__like, then it is a representation of to_ FiniteFun(g).

lemma FiniteFun_iso__intro__to:
assumes n€w gen—Ax B cons_like(g)
shows to_ FiniteFun(g) € (A -||> B) A FiniteFun_iso(A,B,n,g,to_ FiniteFun(g))
using assms
proof(induct n arbitrary:g rule:nat_induct)
case 0
fix g
assume ge(—AxB
then
have g=0 by simp
then have to_ FiniteFun(g)=0 unfolding to_ FiniteFun__def by simp
then show to_ FiniteFun(g) € (A -||> B) A FiniteFun__iso(A,B,0,9,to_FiniteFun(g))
using emptyl unfolding FiniteFun_iso_def by simp
next
case (succ x)
fix g
let ?g'=restrict(g,x)
assume gesucc(x)—Ax B cons_like(g)
with succ.hyps <ge_ >
have cons_like(?g’) %9’ € 1—Ax B g‘z€ AX B domain(g) = succ(z)
using cons_like It succll apply funtype domain_of fun by simp_all
with succ.hyps <?g'e_» <xew
have HI:
to_ FiniteFun(%g’) € A -||> B (is (?h) € _)
FiniteFun__iso(A,B,x,?g’,to_ FiniteFun(?g’))
by simp__ all
then
have fst(g‘c) ¢ domain(?h)
proof -
{
assume fst(gc) € domain(?h)
with HI «z€_»
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obtain ¢ b
where i€z <fst(?g'%),b>€?h i<z fst(g‘c) = fst(%g'%)
unfolding FiniteFun_iso_def using ltI by auto
with <(cons_like(g)) <domain(g) = _»
have Fulse
unfolding cons_like def by auto
}

then show ?thesis ..
qed
with HI assms <g‘z€_ >
have cons(g‘z,?h) € A-||>B (is ?h’ €_) using consl by auto
have FiniteFun_iso(A,B,succ(z),g,%h’)
unfolding FiniteFun_iso_ def
proof
{ fix ¢
assume i€ succ(r)
with <z€_» consider (a) i=z| (b) i€zAi#z by auto
then have g‘c ?h'
proof( cases,simp)

case b

with «FiniteFun_iso(__, _, ,?9',?h)»

show ?thesis unfolding FiniteFun_iso_def by simp
qed

}

then show Vicsucc(z). g ‘i € cons(g ‘ z, ?h) ..
next
{
fix ab
assume abe ?h’
then consider ab=gz | ab € ?h using cons_iff by auto
then
have 37 € succ(z) . g% = ab unfolding FiniteFun__iso_def
proof( cases,simp)
case 2
with HI obtain i

where 2:i€x ?9’“i=ab unfolding FiniteFun_iso_ def by auto

with (z€ )
have i#z i€succ(z) using I[OF <ic_] by auto
with 2 HI show ?thesis by auto
qed
} then show Vabecons(g ¢ z, ?h). Fi€suce(x). g ‘i = ab ..
qed
with <%h’e_ )

show to_ FiniteFun(g) € A -||>B A FiniteFun__iso(A,B,succ(x),g,to_FiniteFun(g))
using to_ FiniteFun_succ_eq[OF «x€_ ) <g€_ ), symmetric] by auto

qed

lemma FiniteFun__iso__intro2:
assumes new fen—AxB cons__like(f)
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shows 3 g € (A -||> B) . FiniteFun_iso(A,B,n,f,9)
using assms FiniteFun__iso__intro_to by blast

lemma FiniteFun__eq range Repr :

shows {range(h) . h € FiniteFun_Repr(A,B) } = {to_FiniteFun(h) . h €
FiniteFun_Repr(A,B) }

unfolding FiniteFun_Repr def to_ FiniteFun_ def seqspace _def

using fun_ range_ eq

by (intro equalityl subsetl,auto)

lemma FiniteFun_eq to FiniteFun_Repr :
shows A-||>B = {to_ FiniteFun(h) . h € FiniteFun_ Repr(A,B) }
(is 27Y=79X)
proof
{
fix f
assume feA-||>B
then obtain n g where
I: n€w gen—Ax B FiniteFun__iso(A,B,n,g.f) cons_like(g)
using FiniteFun_iso_introl by blast
with «fe_»
have cons_like(g) f=to_ FiniteFun(g) domain(g) = n g€ FiniteFun_ Repr(A,B)
using FiniteFun_isoD domain__of fun
unfolding FiniteFun_ Repr def
by auto
with 1 have fe?X
by auto
} then show ?YC?X ..
next
{
fix f
assume fe?X
then obtain ¢ where
A:geFiniteFun_Repr(A,B) f=to_ FiniteFun(g) cons_like(g)
using RepFun__iff unfolding FiniteFun_ Repr def by auto
then obtain n where ncw gen— Ax B domain(g) = n
unfolding FiniteFun_ Repr _def using domain_of fun by force
with A
have fe?Y
using FiniteFun__iso_intro_to by simp
} then show ?XC?Y ..
qed

lemma FiniteFun_ Repr closed :
assumes M(A) M(B)
shows M (FiniteFun_ Repr(A,B))
unfolding FiniteFun_ Repr_def
using assms cartprod__closed
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seqspace__closed separation__closed cons like abs cons like separation
by simp

lemma to FiniteFun_closed:
assumes M(A) feA
shows M (range(f))
using assms transM[of __ A] by simp

lemma To FiniteFun_ Repr closed :
assumes M(A) M(B)
shows M ({range(h) . h € FiniteFun_ Repr(A,B) })
using assms FiniteFun_ Repr_closed
RepFun__closed to_finiteFun_ replacement
to_ FiniteFun__closed|OF FiniteFun_ Repr_closed]
by simp

lemma FiniteFun_ closed[intro,simp) :
assumes M(A) M(B)
shows M(A -||> B)
using assms To__ FiniteFun_ Repr_closed FiniteFun__eq to_FiniteFun_ Repr
FiniteFun__eq range Repr
by simp

end — M _FiniteFun

end

19 Library of basic ZF results

theory ZF Library_Relative
imports
Aleph__Relative— must be before Cardinal AC _Relative!
Cardinal _AC _Relative
FiniteFun_Relative
begin

lemma (in M__cardinal _arith_jump) csucc_rel_cardinal_rel:
assumes Ord(xk) M(k)
shows (|k|MH)M = (xH)M
proof (intro le_anti_sym)— show both inequalities
from assms
have hips:M((x1)M) Ord((xT)M) k < (k)M
using Card_rel_csucc_rel|[THEN Card_rel_is_Ord)
csucc__rel__basic by simp__all
then
show ([i[MH)M < (5)M
using Ord__cardinal_rel_le[ THEN It_transl)
Card_rel _csucc_rel
unfolding csucc_rel def
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by (rule_tac Least_antitone) (assumption, simp__all add:assms)
from assms
have x < L if Card™(L) |x|M < L M(L) for L

using that

Card_rel_is_Ord lel Card_rel_le_iff[of k L]

by (rule_tac ccontr, auto dest:not_It_imp _le) (fast dest: le_imp_ not_lt)
with hips
show ()M < (|a|M+)M

using Ord__cardinal_rel_le] THEN lt_trans1] Card_rel_csucc_rel

unfolding csucc_rel def

by (rule_tac Least_antitone) (assumption, auto simp add:assms)

qed

lemma (in M__cardinal _arith__jump) csucc_rel_le_mono:
assumes k < v M(k) M(v)
shows (kT)M < (vH)M
proof (cases k = v)
case True
with assms
show ?thesis using Card_rel _csucc_rel [THEN Card_rel_is_Ord] by simp
next
case Fulse
with assms
have k < v using le_neq imp_ It by simp
show ?thesis— by way of contradiction
proof (rule ccontr)
assume - (kT)M < ()M
with assms
have (v )M < (kt)M
using Card_rel_csucc_rel|[THEN Card_rel_is_Ord] le_Ord2 It_Ord
by (intro not_le_iff It[THEN iffD1]) auto
with assms
have (v1)M < |g|M
using le Ord2[THEN Card_rel_csucc_rel, of k V]
Card_rel _lt_csucc_rel_iff[of (vH)M |&|M, THEN iffD1]
csucc_rel_cardinal_rel|OF It_Ord] lel[of (vT)M (x1)M]
by simp
with assms
have (v1)M < g
using Ord__cardinal_rel_le[OF lt_Ord] le_trans by auto
with assms
have v < k
using csucc_rel _basic le_Ord2[THEN Card_rel__csucc_rel, of kv] Card_rel_is_Ord

le_Ord2
by (rule_tac j=(vt)M in It _trans2) simp_all
with v« < v»»
show Fulse using le_imp_not_lt lel by blast
ged

qed
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lemma (in M _cardinal _AC) cardinal_rel_succ_not_0: |A|M = succ(n) =
M(A) = M(n) = A#0
by auto

reldb__add functional Finite Finite — wrongly done? Finite is absolute
relativize functional Finite to one Finite to one rel external

notation Finite _to_one_rel (<Finite’ _to’ _one—"(__, "))
abbreviation

Finite_to__one_r_set :: [i,i,i] = i (<Finite’_to’_one—'(_,_')») where
Finite_to_one™(X,Y) = Finite_to_one_rel(##M,X,Y)

locale M ZF library = M__cardinal_arith + M__aleph + M__FiniteFun + M__replacement__extra
begin

lemma Finite_ Collect _imp: Finite({z€X . Q(z)}) = Finite({zeX . M(x) A
Q(z)})

(is Finite(?A) = Finite(?B))

using subset_ Finite[of ?B ?A] by auto

lemma Finite_to_one_rell[intro):
assumes f: X—MY Ay. yeY = Finite({zeX . fo = y})
and types:M(f) M(X) M(Y)
shows f € Finite_to_one(X,Y)
using assms FiniteCollect_imp unfolding Finite to one_rel_def
by (simp)

lemma Finite_to__one_rell 'lintro]:
assumes f: X MY Ay. yeY = Finite({z€X . M(z) A fz = y})
and types:M(f) M(X) M(Y)
shows f € Fim'teitoioneM(X,Y)
using assms unfolding Finite to one_rel def
by (simp)

lemma Finite_to_one relD[dest]:

f € Finite_to_oneM(X,Y) =f: XMy

f € Finite_to_one™(X,Y) = ye€Y = M(Y) = Finite({z€X . M(z) A f
=y}

unfolding Finite _to one_rel def by simp_all

lemma Diff bij rel:
assumes VAcF. X C A
and types: M(F) M(X) shows (AA€F. A-X) € bij™(F, {A-X. AcF})
using assms def _inj rel def surj rel unfolding bij rel def
apply (auto)
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apply (subgoal _tac M(MNA€F. A - X) M({A-X . A€ F}))
apply (auto simp add:mem__function__space_rel__abs)
apply (rule_tac lam__type, auto)
prefer 4
apply (subgoal tac M(MNA€F. A -X) M{A-X.A € F}))

apply (tactic <distinct_subgoals_tacy)
apply (auto simp add:mem__function__space_rel__abs)
apply (rule_tac lam_type, auto) prefer 3

apply (subst subset_Diff Un[of X])
apply auto

proof -

from types

show M({A - X . A€ F})

using diff _replacement

by (rule_tac RepFun__closed) (auto dest:transM[of __ F])

from types

show M(MNA€F. A - X)

using Pair_diff _replacement

by (rule_tac lam__closed, auto dest:transM)

qed

lemma function_space_rel _nonempty:
assumes b€B and types: M(B) M(A)
shows (A\z€A. b): A =M B
proof -
note assms
moreover from this
have M(\z€A. b)
using tag_replacement by (rule_tac lam__closed, auto dest:transM)
ultimately
show ?thesis
by (simp add:mem__function__space__rel__abs)
qed

lemma mem,_ function__space__rel:
assumes f € A =M y M(A) M(y)

shows fe A —y
using assms function__space_rel_char by simp

lemmas range_fun_ rel _subset _codomain = range_fun__subset_codomain| OF mem__function__space__rel]
end — M_ZF library

context M Pi assumptions
begin

lemma mem_ Pi_rel: f € PiM(A,B) = f € Pi(A, B)

using trans_closed mem__ Pi_rel _abs
by force
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lemmas Pi_rel _rangeD = Pi_rangeD[OF mem__Pi_rel]

lemmas rel_apply_Pair = apply_ Pair|OF mem__Pi_rel]

lemmas rel_apply _rangel = apply_rangel[OF mem__Pi_rel]

lemmas Pi_rel _range _eq = Pi_range_eq[OF mem__Pi_rel]

lemmas Pi_rel vimage_subset = Pi_vimage_subset[OF mem__Pi_rel]
end — M _Pi_assumptions

context M_ZF library
begin

lemma mem._bij_rel: [f € bijM(A,B); M(A); M(B)] = fcbij(A,B)
using bij _rel char by simp

lemma mem_inj_rel: [f € inj™(A,B); M(A); M(B)] = fcinj(A,B)
using inj_rel_char by simp

lemma mem_surj_rel: [f € suriM(A,B); M(A); M(B)] = fesurj(A,B)
using surj_rel_char by simp

lemmas rel_apply_in_range = apply_in_range[OF _ _ mem__function__space_ rel)
lemmas rel_range eq image = ZF _Library.range__eq image[OF mem__function__space_ rel]
lemmas rel_Image__sub__codomain = Image__sub__codomain|OF mem__function__space_ rel]

lemma rel_inj to Image: [f:A=MB; f € inj™(A,B); M(A); M(B)] = f €
infM(A,fA)
using inj_to_Image[OF mem__function__space_rel mem__inj rel]
transM[OF __ function__space__rel_closed] by simp

lemma inj rel imp_surj rel:
fixes f b
defines [simp]: ifr(z) = if x€range(f) then converse(f)‘x else b
assumes f € inj™(B,A) beB and types: M(f) M(B) M(A)
shows (\z€A. ifzr(z)) € surjM(A,B)
proof -
from types and <be B>
have M(A\z€A. ifz(x))
using ifr_replacement by (rule_tac lam__closed) (auto dest:transM)
with assms(2-)
show ?thesis
using inj_imp_ surj mem__surj_abs by simp
qed
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lemma function__space_rel disjoint_Un:
assumes f € A-MBge C=MD AnC =0
and types:M(A) M(B) M(C) M(D)
shows f U g€ (AU C)=»M (B U D)
using assms fun_Pi_disjoint_Un[OF mem__function__space__rel
mem,__function__space_rel, OF assms(1) _ _ assms(2)]
function__space__rel__char by auto

lemma restrict_eq imp Un_into_function__space_ rel:
assumes f € A-MB g e C—=MD restrict(f, AN C) = restrict(g, A N C)
and types:M(A) M(B) M(C) M(D)
shows f U g e (AU O)=M (B U D)
using assms restrict_eq _imp_Un_into_ Pi|OF mem__function__space__rel
mem,__function__space_rel, OF assms(1) __ __ assms(2)]
function__space__rel__char by auto

lemma lepoll_relD[dest]: A <M B — 3 f[M]. f € injM(A, B)
unfolding lepoll rel def .

— Should the assumptions be on f or on A and B? Should BOTH be intro rules?
lemma lepoll_rell[intro]: f € injM(A, B) = M(f) = A <M B
unfolding lepoll rel def by blast

lemma egpollD[dest]: A =™ B = 3f[M]. f € bij™(A, B)
unfolding egpoll_rel_def .

— Same as [?f € inj™(?A,?B); M(?f)] = 24 <M 2B
lemma bij_rel_imp_eqpoll_rellintro]: f € bij™(A,B) = M(f) = A~M B
unfolding eqpoll _rel_def by blast

lemma restrict _bij rel:— Unused
assumes f € inj"(A,B) CCA
and types:M(A) M(B) M(C)
shows restrict(f,C)€ bij™(C, fC)
using assms restrict__bij inj_rel_char bij_rel _char by auto

lemma range of subset eqpoll_rel:
assumes f € injM(X,Y) S C X
and types:M(X) M(Y) M(S)
shows S ~M f« g
using assms restrict_bij bij _rel char
trans_inj _rel_closed[OF <f € infM(X,Y )]
unfolding eqpoll_rel def
by (rule_tac x=restrict(f,S) in rexl) auto

lemmas inj_rel_is_fun = inj_is_fun[OF mem_inj_rel]

lemma inj rel_bij rel_range: f € injM(A,B) = M(A) = M(B) = f €
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bij™ (A, range(f))
using bij_rel _char inj_rel _char inj_bij _range by force

lemma bij_rel_is_inj_rel: f € bijM(A,B) = M(A) = M(B) = f € injM(A,B)
unfolding bij rel def by simp

lemma inj _rel_weaken_type: || f € inj™(A,B); BCD; M(A); M(B); M(D) |]
==> f € injM(4,D)
using inj_rel_char inj_rel_is_fun inj weaken__type by auto

lemma bij rel_converse_bij_rel [TC): f € bij™(A,B) = M(A) = M(B) ==>
converse(f): bij™(B,A)
using biyj_rel _char by force

lemma bij rel _is_fun_rel: f € bijM(A,B) = M(A) = M(B) = f e A-MB
using bijrel _char mem__function__space_rel _abs bij _is_fun by simp

lemmas bij _rel is fun = bij _rel is_fun_rel|[ THEN mem_ function_space_ rel)

lemma comp_ bij _rel:
g € bijM(A,B) = f € bij™(B,C) = M(A) = M(B) = M(C) = (f O
9) € bijM(A,0)
using bij _rel char comp_bij by force

lemma inj_rel_converse_fun: f € inj™(A,B) = M(A) = M(B) = converse(f)
€ range(f)—MA
proof -
assume f € inj™(A,B) M(A) M(B)
then
have M(f) M(converse(f)) M(range(f)) feinj(A,B)
using inj_rel char converse__closed range_closed
by auto
then
show ?thesis
using inj _converse__inj function__space_rel_char inj _is_fun «M(A)) by auto
qed

lemma fq_imp_ bijective_rel:

assumes f € A -+MB g B-MA f0O g=1id(B) g Of = id(A) M(A) M(B)
shows f € bijM(A,B)

using assms mem__bij_abs fg_imp_ bijective mem__function__space__rel_abs| THEN
iffD2] function__space__rel_char

by auto

end — M _ZF library

relativize functional cexp cerp_ rel external
relationalize cexp el is cexp
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context M ZF library
begin

— MOVE THIS to an appropriate place
is_ iff rel for function_ space
proof -
assume M (A) M(B) M(res)
then
show ?thesis
using function__space_rel char mem__ function__space_rel_abs
unfolding is funspace__def is_function__space__def
by (safe, intro equalityl; clarsimp) (auto dest:transM|of __ res])
qed

is_ iff rel for cexp
using is_cardinal_iff is_function_ space_iff unfolding cexp rel defis cexp def
by (simp)

rel_ closed for cexp unfolding cexp rel def by simp
end — M_ZF library
synthesize is cerp from_ definition assuming nonempty

notation is_cexp fm (<~7T— is _»)
arity_theorem for is cexp_ fm

abbreviation
cexp_r = [iyiyi=o] = i (1) where
cexp_r(z,y,M) = cexp_rel(M,z,y)

abbreviation
cexp_r_set = [iyii] = i («_T——) where

cexp_r_set(z,y,M) = cexp_rel(##M,z,y)

context M ZF library
begin

lemma Card_rel cexp_rel: M(k) = M(v) = Card™ (kM)
unfolding cexp_rel def by simp

— Restoring congruence rule, but NOTE: beware
declare conj__cong[cong]

lemma eq csucc_rel_ord:
Ord(i) = M(i) = (i")M = (|iMH)M
using Card_rel It iff Least cong unfolding csucc_rel def by auto

lemma lesspoll__succ_rel:
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assumes Ord(k) M(k)

shows k <M (x)M

using csucc__rel_basic assms It_Card_rel _imp__lesspoll rel
Card_rel_csucc__rel lepoll _rel iff legpoll rel

by auto

lemma lesspoll_rel csucc_rel:
assumes Ord(k)
and types:M (k) M(d)
shows d <M (k)M +— d <M
proof
assume d <M (k1)
moreover
note Card_rel csucc_rel assms Card_rel is Ord
moreover from calculation
have Card™((xT)M) M((x)M) Ord((kT)M)
using Card_rel_is Ord by simp__all
moreover from calculation
have d <M (|g|MH)M g =M |qM
using eq_csucc_rel_ord[OF _ «M (k)]
lesspoll_rel_imp__eqpoll_rel eqpoll_rel__sym by simp__all
moreover from calculation
have [d|M < (|x|M+)M
using lesspoll _cardinal It _rel by simp
moreover from calculation
have |d|M <M |xM
using Card_rel It csucc_rel iff le_imp_lepoll rel by simp
moreover from calculation
have |d|M <M g
using Ord__cardinal _rel _eqpoll_rel lepoll_rel_eq trans
by simp
ultimately
show d <M
using eq lepoll _rel trans by simp
next
from «Ord(k)»
have x < (k)™ CardM((xT)M) M((x+)M)
using Card_rel_csucc_rel lt_csucc_rel iff types eq csucc_rel_ord[OF _
(M (k)]
by simp__all
then
have xk <M (k)M
using lt_Card_rel_imp__lesspoll_rel|OF _ <k <_] types by simp
moreover
assume d <M x
ultimately
have d <M (k)M
using Card_rel _csucc_rel types lesspoll _succ__rel lepoll_rel trans «Ord(k)»
by simp

M
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moreover
from «d <M k) <Ord(k)»
have (k)M <M i if d =M (kT)M
using egpoll_rel _sym[OF that] types eq lepoll_rel trans|OF _ «d<Mg)]
by simp
moreover from calculation v <M (k1)
have Fulse if d ~M (kT)M
using lesspoll_rel _irreflOF _ «M((x+)M))] lesspoll_rel_transi types that
by auto
ultimately
show d <M (k)M
unfolding lesspoll _rel def by auto
qed

M,

lemma Infinite_imp_ nats_lepoll:
assumes Infinite(X) n € w
shows n < X
using (n € w»
proof (induct)
case ()
then
show ?Zcase using empty_ lepolll by simp
next
case (succ x)
show ?Zcase
proof -
from <Infinite(X)> and <z € w>
have - (z = X)
using eqpoll_sym unfolding Finite_def by auto
with <z < X»
obtain f where f € inj(z,X) f ¢ surj(z,X)
unfolding bij def eqpoll_def by auto
moreover from this
obtain b where b € X Vacz. fla # b
using inj _is fun unfolding surj def by auto
ultimately
have f € inj(z,X-{b})
unfolding inj def by (auto intro:Pi_type)
then
have cons({z, b), f) € inj(succ(z), cons(b, X - {b}))
using inj _extend|of f © X-{b} z b] unfolding succ_def
by (auto dest:mem__irrefl)
moreover from (b€ X
have cons(b, X - {b}) = X by auto
ultimately
show succ(z) < X by auto
qed
qed
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lemma nepoll _imp_nepoll rel :
assumes -~z ~ X M(z) M(X)
shows — (z =M X)
using assms unfolding eqpoll def eqpoll _rel def by simp

lemma Infinite _imp_ nats lepoll rel:
assumes Infinite(X) n € w
and types: M(X)
shows n <M X
using n € w)
proof (induct)
case ()
then
show ?case using empty_lepoll_rell types by simp
next
case (succ )
show ?Zcase
proof -
from <Infinite(X)> and <z € w»
have - (z = X) M(z) M(succ(z))
using egpoll_sym unfolding Finite_ def by auto
then
have — (z ~M X)
using nepoll_imp_ nepoll_rel types by simp
with z <M X
obtain f where f € inj™(z,X) f ¢ suri(z,X) M(f)
unfolding bij rel def eqpoll rel def by auto
with «<M(X)» «<M(z)»
have fé¢surj(z,X) feinj(z,X)
using surj_rel__char by simp__all
moreover
from this
obtain b where b € X Vacz. fl'a # b
using inj_is fun unfolding surj def by auto
moreover
from this calculation <M (x)»
have f € inj(z,X-{b}) M(<z,b>)
unfolding inj def using transM[OF _ «M(X)»]
by (auto intro:Pi_type)
moreover
from this
have cons({z, by, f) € inj(succ(zx), cons(b, X - {b})) (is %€ )
using inj_extend[of f © X-{b} z b] unfolding succ__def
by (auto dest:mem__irrefl)
moreover
note <M (<z,b>)y «<M(f)) <beX> <M (X)» <M (succ(z))>
moreover from this
have M(?g) cons(b, X - {b}) = X by auto
moreover from calculation
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have ?geinj_rel(M,succ(z),X)
using mem__inj _abs by simp
with <M(?g)»
show succ(z) <M X using lepoll rell by simp
qed
qed

lemma lepoll_rel_imp_lepoll: A <M B — M(A) = M(B) = A < B
unfolding lepoll rel def by auto

lemma zero_lesspoll_rel: assumes 0<k M(x) shows 0 <M
using assms eqpoll_rel 0 _iff[THEN iffD1, of k] egpoll_rel sym
unfolding lesspoll _rel def lepoll rel def
by (auto simp add:inj _def)

lemma lepoll_rel_nat_imp_Infinite: w <M X = M(X) = Infinite(X)
using lepoll _nat_imp_ Infinite lepoll _rel_imp _lepoll by simp

lemma InfCard_rel_imp_ Infinite: InfCard™(x) = M(r) = Infinite(r)
using le_imp_lepoll_rel[THEN lepoll _rel_nat_imp_ Infinite, of K]
unfolding InfCard_rel def by simp

lemma It_surj rel _empty imp_Card_rel:
assumes Ord(k) \a. o < k = suriM(a,x) = 0
and types: M (k)
shows Card™(k)
proof -

{

define min where min=u z. If[M]. f € bijM(z,k)

moreover
note <Ord(k)) «<M(k)»
moreover

assume |k|M < x

moreover from calculation
have 3f. f € bij™(min,k)
using LeastI[of Mi. i ~M k rk, OF eqpoll_rel refl]
unfolding Card_rel def cardinal _rel def eqpoll rel def
by (auto)
moreover from calculation
have min < k
using It transi[of min p i. M(i) A Sf[M]. f € biM(i, k)) K]
Least_le[of Ai. i ~M |,‘1|M7 OF Ord__cardinal_rel_eqpoll_rel]
unfolding Card_rel def cardinal _rel def eqpoll rel def
by (simp)
moreover
note (min < v = suriM(min,x) = 0
ultimately
have Fualse
unfolding bij rel def by simp
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}

with assms
show ?thesis
using Ord__cardinal_rel_le[of k] not_lt_imp_le[of ‘H|M K] le_anti_sym
unfolding Card_rel def by auto
qed

end — M_ZF library
relativize functional mono__map mono_map_rel external

relationalize mono_map_ rel is_mono_map
synthesize is _mono_map from__definition assuming nonempty

notation mono_map_rel (<mono’_map—'(_,_, , '))
abbreviation
mono_map_r_set :: [i,4,i,4,4]=i (<mono’_map—'(_, , , ')») where

mono_mapM(a,r,b,s) = mono_map_rel(##M,a,r,b,s)

context M_ZF library
begin

lemma mono_map_rel_char:

assumes M (a) M(b)

shows mono_map™(a,r,b,s) = {f€mono_map(a,r,b,s) . M(f)}

using assms function__space_rel char unfolding mono__map_rel def mono_map_ def
by auto

Just a sample of porting results on mono_map

lemma mono_map_ el _mono:
assumes
f € mono_map™(A,r,B,s) B C C
and types:M(A) M(B) M(C)
shows
f € mono_map™(A,r,C,s)
using assms mono__map__mono mono_map__rel__char by auto

lemma nats le InfCard_rel:
assumes n € w InfCard™ (k)
shows n < k
using assms Ord__is Transset
le_trans[of n w Kk, OF le_subset_iff[THEN iffD2]]
unfolding InfCard_rel_def Transset_def by simp

lemma nat_into_InfCard_rel:
assumes n € w InfCard™ (k)
shows n € &
using assms le_imp_subset[of w K|
unfolding InfCard_rel def by auto
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lemma Finite_cardinal _rel _in_nat [simp:
assumes Finite(A) M(A) shows |A|M € w
proof -
note assms
moreover from this
obtain n where n € w M(n) A~ n
unfolding Finite_def by auto
moreover from calculation
obtain f where f € bij(A,n) f: A-||>n
using Finite_ Fin[THEN fun_ FiniteFunl, OF __ subset_refl] bij _is_fun
unfolding eqpoll_def by auto
ultimately
have A ~M n unfolding egpoll rel def by (auto dest:transM)
with assms and <M (n)>
have n ~M 4 using eqpoll_rel _sym by simp
moreover
note «n€w <M(n)>
ultimately
show ?thesis
using assms Least_le[of Xi. M(i) A i =M A n]
It _transllof _ n w, THEN [tD]
unfolding cardinal_rel def Finite__def
by (auto dest!:naturals_lt nat)
qed

lemma Finite_ cardinal_rel _eq cardinal:
assumes Finite(A) M(A) shows |A|M = |4]
proof -
— Copy-paste from [Finite(?A); M(?4)] = |?A|M € w
note assms
moreover from this
obtain n where n € w M(n) A~ n
unfolding Finite def by auto
moreover from this
have |4| = n
using cardinal__cong[of A n]
nat_into__Card|[THEN Card__cardinal__eq, of n] by simp
moreover from calculation
obtain f where f € bij(A,n) f: A-||>n
using Finite_ Fin[THEN fun_ FiniteFunl, OF __ subset_refl] bij is_fun
unfolding egpoll_def by auto
ultimately
have A ~M n unfolding eqpoll_rel_def by (auto dest:transM)
with assms and «(M(n)> <new>
have |[A|M = n
using cardinal_rel_conglof A n]
nat_into__Card_rel|[THEN Card_rel__cardinal_rel__eq, of n)
by simp
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with <|4] = w
show ?thesis by simp
qed

lemma Finite_imp_ cardinal rel cons:

assumes FA: Finite(A) and a: a¢ A and types:M(A) M(a)

shows |cons(a,A)|M = succ(|A|M)

using assms Finite_imp_ cardinal _cons Finite cardinal_rel _eq cardinal by
simp

lemma Finite _imp_ succ__cardinal__rel_ Diff:
assumes Finite(A) a € A M(A)
shows succ(|A-{a}|M) = |A|M
proof -
from assms
have inM: M(A-{a}) M(a) M(A) by (auto dest:transM)
with «Finite(A)»
have succ(|A-{a}|M) = succ(|A-{a}|)
using Diff subset| THEN subset_Finite,
THEN Finite__cardinal_rel_eq cardinal, of A {a}] by simp
also from assms
have ... = | 4|
using Finite_imp_succ__cardinal__Diff by simp
also from assms

have ... = |A|M using Finite_ cardinal_rel_eq cardinal by simp
finally
show ?thesis .

qed

lemma InfCard_rel Aleph rel:
notes Aleph_rel_zero[simp]
assumes Ord(«)
and types: M(«)
shows InfCard™(R,M)
proof -
have - (R, € w)
proof (cases a=0)
case True
then show ?thesis using mem_ irrefl by auto
next
case Fulse
with assms
have w € R, M using Ord_0_It[of a] ItD by (auto dest:Aleph,_rel_increasing)
then show ¢thesis using foundation by blast
qed
with assms
have - (R, MM € w)
using Card_rel_cardinal_rel__eq by auto
with assms
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have Infinite(RoM) using Ord_Aleph_rel by clarsimp
with assms
show ?thesis
using Inf Card_rel_is InfCard_rel by simp
qed

lemmas Limit_Aleph_rel = InfCard_rel _Aleph_rel|[ THEN InfCard_rel is Limit]

bundle Ord_dests = Limit_is_Ord[dest] Card_rel_is _Ord[dest]

bundle Aleph_rel dests = Aleph__rel _cont|dest]

bundle Aleph_rel_intros = Aleph__rel_increasing[intro!]

bundle Aleph_rel_mem__dests = Aleph_rel_increasing|OF tI, THEN [tD, dest)

lemma f imp_ injective_rel:
assumes f € A M BVaycA. d(f ‘z) = = M(A) M(B)
shows f € inj™(A, B)
using assms
apply (simp (no_asm__simp) add: def _inj_rel)
apply (auto intro: subst_context [THEN boz__equals])
done

lemma lam_ injective rel:
assumes Az. z € A = ¢(z) € B
Ne.z € A= d(c(z)) ==
Vz[M]. M(c(x)) lam__replacement(M,c)
M(A) M(B)
shows (\z€A. c¢(z)) € injM(A, B)
using assms function__space__rel char lam__replacement_iff lam_ closed
by (rule_tac d = d in [ _imp_ injective_rel)
(auto simp add: lam__type)

lemma f imp_ surjective rel:
assumes f € A M BAy. ye B= d(y) e ANy.ye€ B= f‘d(y) =y
M(A) M(B)
shows f € surjM(A, B)
using assms
by (simp add: def _surj_rel, blast)

lemma lam__surjective_rel:
assumes Az. z € A = ¢(z) € B
Ny.ye B=d(y) e A
Ny y € B= c(d(y)) =y
YV z[M]. M(c(z)) lam_replacement(M ,c)
M(A) M(B)
shows (\z€A. c¢(z)) € suriM(A, B)
using assms function__space_rel_char lam__replacement iff lam__closed
by (rule_tac d = d in f_imp_ surjective__rel)
(auto simp add: lam__type)
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lemma lam__ bijective_rel:
assumes Az. z € A = ¢(z) € B
Ny.ye B=d(y) e A
Ne.z € A = d(c(z)) ==
Ny y € B= c(d(y)) =y
Vx[M]. M(c(z)) lam__replacement(M ,c)
M(A) M(B)
shows (A\z€A. c¢(z)) € bijM(A, B)
using assms
apply (unfold bij_rel def)
apply (blast intro!: lam__injective _rel lam__surjective_rel)
done

lemma function_space_rel__eqpoll_rel_cong:
assumes
A~M A" B~M B M(A) M(A’) M(B) M(B’)
shows
A =M B M ygr M pr
proof -
from assms(1)[THEN egpoll_rel_sym] assms(2) assms lam__type
obtain f g where f € bij™(A’,A) g € bij™(B,B’)
by blast
with assms
have converse(g) : bijM(B', B) converse(f): bijM(A, A")
using bij converse_bij by auto
let PH=Ahe A—-MB. gOhOf
let 2I=\ h € A’ =M B’ . converse(g) O h O converse(f)
have go:g OF O f: A’ M B"if F: A -M B for F
proof -
note assms <f€_» <g€_» that
moreover from this
have g OF O f: A’ —» B’
using bij_rel_is fun[OF <ge_>] bij_rel _is_fun[OF <f€_>] comp_ fun
mem,__function__space_rel|OF <Fe_ )]
by blast
ultimately
show g OF O f: A =M B’
using comp_ closed function__space_rel char bij _rel char
by auto
qed
have og:converse(g) O F O converse(f) : A =M B if F: A’ =M B’ for F
proof -
note assms that <converse(f) € _» <converse(g) € _»
moreover from this
have converse(g) O F O converse(f) : A — B
using bij _rel _is_fun[OF <converse(g)€_»] bij _rel_is fun[OF <converse(f)€_ ]
comp__fun
mem,__function__space__rel|[OF (Fe_))
by blast
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ultimately
show converse(g) O F O converse(f) : A =M B (is ?Ge_)
using comp_ closed function__space_rel char bij _rel char
by auto
qed
with go
have tc:?H € (A -M B) — (A'=M B 21 ¢ (A’ M B) - (A—M B)
using lam_ type by auto
with assms <f€_ ) «ge_>
have M(g O z O f) and M(converse(g) O x O converse(f)) if M(z) for
using bij rel _char comp__closed that by auto
with assms <fe_ ) «ge_>
have M(?H) M(?I)
using lam__replacement__iff lam__closed| THEN iffD1,0F __ lam__replacement__comp’]
bij_rel char by auto
show ?thesis
unfolding egpoll rel def
proof (intro rexI[of _ ?H] fqg_imp_bijective rel)
from og go
have (Az. z € A’ -M B’ — converse(g) O x O converse(f) € A —M B)
by simp
next
show M(A —M B) using assms by simp
next
show M (A’ —M B’) using assms by simp
next
from og assms
have ?H O 21 = (\z€ A’ =M B". (g O converse(g)) O x O (converse(f) O f))
using lam_ cong[OF refijof A" =™ B’|] comp_assoc comp_lam
by auto
also
have ... = (\zeA’ =M B’ . id(B") O z O (id(A")))
using left _comp_inverse[OF mem__inj _rel[OF bij _rel is_inj rel]] <f€_»
right_comp__inverse[OF bij _is_surj[OF mem__bij_rel]] <g€_» assms
by auto
also
have ... = (\zed’ =M B’ . 1)
using left_comp_id[OF fun__is_rel|[OF mem__function__space_rel]]
right _comp_id[OF fun_is_rel[OF mem_ function_ space rel]] assms
by auto
also
have ... = id(A'=MB’) unfolding id_def by simp
finally
show ?H O ?I = id(A’ =™ B').
next
from go assms
have ?I O ?H = (\z€A =M B . (converse(g) O g) O z O (f O converse(f)))
using lam_ cong[OF refilof A =™ B]] comp_assoc comp_lam by auto
also
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have ... = (\z€A =M B . id(B) O z O (id(A)))

using
left__comp__inverse[OF mem__inj _rel|OF bij _rel_is_inj rel|OF «ge_)]]]
right_comp__inverse[OF bij_is_surj|OF mem_bij_rel|OF <f€_>]]] assms
by auto
also
have ... = (\zed -M B . 1)

using left _comp_id[OF fun_is_rel|OF mem__function__space_ rel]]
right_comp__id|OF fun_is_rel|OF mem__function__space_ rel]]
assms
by auto
also
have ... = id(A—MB) unfolding id_def by simp
finally
show ?I O ?H = id(A —M B) .
next
from assms tc <M (?H)» «<M(2I))
show ?H € (A—M B) =M (A'=M B’ M(?H)
oI € (A'=-M By =M (A-M By
using mem__function__space_rel _abs by auto
qged
qged

lemma curry_egpoll_rel:
fixes v1iv2 Kk
assumes M(v1) M(v2) M(k)
shows v1 =M (V2 =M k) =My x v2 M g
unfolding eqpoll_rel def
proof (intro rexl, rule lam__bijective rel,
rule_tac [1-2] mem_ function__space__rel_abs| THEN iffD2],
rule_tac [4] lam__type, rule_tac [8] lam__type,
rule__tac [8] mem__function__space_rel _abs|THEN iffD2],
rule_tac [11] lam__type, simp__all add:assms)
let Zcur=XAz. Awevi x v2. z ¢ fst(w) ‘ snd(w)
fix f z
assume f : v1 M (v2 M k)
moreover
note assms
moreover from calculation
have M(v2 —M k)
using function_ space_rel closed by simp
moreover from calculation
have M(f) f : vl = (v2 =M §)
using function_space_rel_char by (auto dest:transM)
moreover from calculation
have z € vl = f2:v2 — k for z
by (auto dest:transM introl:mem__function__space_rel _abs|THEN iffD1])
moreover from this
show (Aaevi. Abev2. ?cur(f) ‘{(a, b)) = f
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using Pi_type[OF f € vl — v2 =M k), of A\_v2 — k] by simp
moreover
assume z € vI X v2
moreover from calculation
have f¥fst(z): v2 =M Kk by simp
ultimately
show f¥st(z)‘snd(z) € K
using mem__function__space_rel_abs by (auto dest:transM)
next — one composition is the identity:
let Zcur=Az. A\wevi x v2. z * fst(w) ‘ snd(w)
fix f
assume f : v1 x v2 M g
with assms
show Zcur(Azevi. Azacvl2. f ‘ (z, za)) = f
using function__space_rel char mem__ function_ space_rel abs
by (auto dest:transM intro:fun__extension)
fix zy
assume z€v! yev?
with assms <f : v1 x v2 =M k)
show f{(z,y) € K
using function__space_rel char mem__function__space__rel_abs
by (auto dest:transM[of _ v1 x v2 =M k)
next
let Zcur=XAz. Awevi x v2. z ¢ fst(w) ‘ snd(w)
note assms
moreover from this
show V z[M]. M(?cur(z))
using lam_ replacement_ fst lam__replacement__snd
lam__replacement__apply2[THEN [5] lam__replacement__hcomp2,
THEN [1] lam_ replacement_hcomp2, where h=(‘), OF
lam__replacement__constant] lam__replacement__apply2
by (auto intro: lam__replacement_iff _lam__closed|[ THEN iffD1, rule_ format])
moreover from calculation
show z € v1 =M (v2 =M k) — M(?cur(z)) for z
by (auto dest:transM)
moreover from assms
show lam__replacement(M, ?cur)
using lam_ replacement__Lambda__apply_fst _snd by simp
ultimately
show M(\zcvl =M (v2 =M k). 2cur(z))
using lam_ replacement_iff lam_ closed
by (auto dest:transM)
from assms
show y € vI x v2 2" Kk = z € vl = M(A\zacv2. y ‘ (z, za)) for z y
using lam__replacement__apply const_id
by (rule_tac lam_replacement_iff lam__closed|[ THEN iffD1, rule_ format])
(auto dest:transM)
from assms
show y € v1 x v2 —

M

My — M(A\zevl. \zacv2. y ‘ (z, za)) for y
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using lam__replacement _apply2[ THEN [5] lam__replacement__hcomp?2,
OF lam__replacement__constant lam__replacement__const__id]
lam__replacement__Lambda__apply_ Pair|of v 2]
by (auto dest:transM
introl: lam__replacement__iff _lam__closed| THEN iffD1, rule_format])
qed

lemma Pow_rel_egpoll_rel_function__space_rel:
fixes d X
notes bool_of o_def [simp]
defines [simp]:d(A) = (A\x€X. bool _of o(z€A))
— the witnessing map for the thesis:
assumes M(X)
shows PowM(X) ~M x =M 2
proof -
from assms
interpret M Pi_assumptions M X A_. 2
using Pi_replacement Pi__separation lam__replacement _identity
lam__replacement__Sigfun| THEN lam__replacement__imp__strong_replacement]
Pi_replacement![of __ 2] transM[of __ X] lam__replacement__constant
by unfold_locales auto
have lam__replacement(M, \x. bool_of o(z€A)) if M(A) for A
using that lam__replacement__if lam_ replacement__constant
separation__in,__constant by simp
with assms
have lam__replacement(M, \z. d(z))
using separation_in__constant[THEN [3] lam__replacement_if, of A_.1 A_.0]
lam__replacement__identity lam__replacement__constant lam__replacement__Lambda__if mem
by simp
show ?thesis
unfolding egpoll_rel def
proof (intro rexl, rule lam__bijective rel)
— We give explicit mutual inverses
fix A
assume Ac Pouw™(X)
moreover
note <M (X)»
moreover from calculation
have M(A) by (auto dest:transM)
moreover
note < = lam_ replacement(M, Az. bool of o(z€A))»
ultimately
show d(A) : X =M 2
using function_space_rel_char lam_replacement_iff lam_ closed| THEN
iffD1]
by (simp, rule_tac lam__type[of X Ax. bool_of o(x€A) A_. 2, simplified])
auto
from <AePowM(X)) «M(X)»
show {yeX. d(4)y=1} = A
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using Pow_rel_char by auto
next
fix f
assume f: X—M 2
with assms
have f: X— 2 M(f) using function_space_rel_char by simp__all
then
show d{ye X . fy=1})=f
using apply_type|OF «f: X—2)] by (force intro:fun__extension)
from «M(X)» «<M(f)
show {ya € X . f ‘ya = 1} € PowM(X)
using Pow_rel__char separation__equal _apply by auto
next
from assms <lam__replacement(M, Az. d(z))»
(NA. _ = lam__replacement(M, Ax. bool_of o(z€A))»
show M(AzePow™(X). d(z)) lam_replacement(M, . d(z))
YV z[M]. M(d(x))
using lam__replacement _iff lam_ closed|[THEN iffD1] by auto
qed (auto simp:<M(X)»)
qed

lemma Pow_rel _bottom: M(B) = 0 € Pow™(B)
using Pow_rel_char by simp

lemma cantor_surj_rel:
assumes M(f) M(A)
shows f ¢ surjM(A,PowM(A))
proof

assume [ € surjM(A,PowM(A))

with assms

have f € surj(A,PowM(A)) using surj rel char by simp

moreover

note assms

moreover from this

have M{z € A.zef‘z}){zcAd.z¢f'a}=A-{zcA.zef‘a}
using lam__replacement__apply| THEN [4] separation_in, of Az. ]

lam,__replacement__identity lam_ replacement__constant by auto

with <M (A)»

have {z€A . z ¢ fz} € PowM(A)
by (intro mem__ Pow_rel_abs[THEN iffD2]) auto

ultimately

obtain d where d€A f'd = {z€A . x ¢ fz}
unfolding surj def by blast

show Fulse

proof (cases d € fd)

case True
note «d € f‘d
also

note «f‘d = {z€d .z ¢ fa}
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finally

have d ¢ f‘d using <d€e A by simp

then

show Fualse using «d € f ‘ d> by simp
next

case Fulse

with «d€A»

have d € {z€A . = ¢ fz} by simp

also from «f‘d = ...
have ... = f‘d by simp
finally
show Fulse using <d ¢ f‘d> by simp
qed
qed

lemma cantor_inj_rel: M(f) = M(A) = f ¢ inj™(PowM(A),A)
using inj_rel_imp_surj rel[OF _ Pow_rel_bottom, of f A A
cantor_surj_rellof Az€A. if x € range(f) then converse(f) ‘ x else 0 A]
lam__replacement__if separation__in__constant|of range(f)]
lam__replacement__converse__app| THEN [5] lam__replacement__hcomp2)
lam__replacement__identity lam__ replacement__constant
lam__replacement_iff lam_ closed by auto

end — M_ZF library

end

20 Lambda-replacements required for cardinal inequalities

theory Replacement Lepoll
imports
ZF _Library_ Relative
begin

definition
lepoll_assumptions! :: |
lepoll_assumptions1(M,A,F,S,fa, K x,f,r) = Vz€S. strong_replacement(M, Ay
z.y € F(A, 2) A z = {{z, y)})

definition

lepoll_assumptions2(M,A,F .S fa,K ,x.f,r) = strong_replacement(M, \x z. z =
Sigfun(z, F(A)))

definition

lepoll_assumptions3(M,A,F,S fa,K x,f,r) = strong_replacement(M, \x y. y =
F(4, z))
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definition

lepoll__assumptionsf(M,A,F,S fa, K x.f,r) = strong_replacement(M, Az y. y =
(x, minimum(r, F(A4, z))))

definition

lepoll _assumptions5(M,AF,S, fa, K ,z.f,r) =
strong_replacement(M, Az y. y = (z, p i. x € F(A, i), f “(n i. z € F(A, i) ‘x))

definition

lepoll _assumptions6(M,AF,S fa, K ,z,f,r) = strong_replacement(M, Ay z. y €
“UM(F(A7 ;U),S) Nz= {<.Z'7 y>})

definition

lepoll__assumptions7(M,AF .S, fa, K x,f,r) = strong_replacement(M, Az y. y =
injM(F(A, 1),5))

definition

lepoll__assumptions8(M ,A,F,S fa, K ,x,f,r) = strong_replacement(M, \x z. z =
Sigfun(z, Ni. infM(F(A, i),5)))

definition

lepoll__assumptions9(M,A,F,S fa, K, x.f,r) = strong_replacement(M, Az y. y =
(z, minimum(r, infM(F(A, z),5))))

definition

lepoll _assumptions10(M,A,F,S fa,K x.f,r) = strong_replacement
(M, Az z. z = Sigfun(z, \k. if k € range(f) then F(A, converse(f) ‘ k)
else 0))

definition

lepoll _assumptions11(M,A,F .S, fa, K x.f,r) = strong_replacement(M, A\x y. y =
(if x € range(f) then F(A, converse(f) ‘ z) else 0))

definition

lepoll _assumptions12(M ,A,F,S fa,K ,x,f,r) = strong_replacement(M, Ay z. y €
F(A, converse(f) ‘z) N z = {(z, y)})

definition

lepoll _assumptions13(M,A,F.,S fa,K x.f,r) = strong_replacement
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(M, Az y. y = (x, minimum(r, if © € range(f) then F(A,converse(f) * x)
else 0)))

definition
lepoll _assumptions1f(M,A,F.S fa,K x.f,r) = strong_replacement
(M, Mz y. y=(z, pi z€ (ifi € range(f) then F(A, converse(f) ‘i) else

fa < (pi. z € (if i € range(f) then F(A, converse(f) ‘1) else
0)) * x))

definition
lepoll_assumptions15(M,AF,S,fa, K ,x,f,r) = strong_replacement
(M, My z. y € infM(if z € range(f) then F(A, converse(f) ‘ z) else 0,K) A
z={(z. y)})

definition
lepoll _assumptions16(M,A,F,S fa,K,x,f,r) = strong_replacement(M, Az y. y =
ingM(if = € range(f) then F(A, converse(f) ) else 0,K))

definition
lepoll_assumptions17(M,A,F,S, fa,K x.f,r) = strong_replacement
(M, Mz z. z = Sigfun(z, Xi. infM(if i € range(f) then F(A, converse(f)
‘1) else 0,K)))

definition
lepoll_assumptions18(M,A,F,S,fa, K ,z,f,r) = strong_replacement
(M, Xz y. y = (z, minimum(r, inf™(if z € range(f) then F(A, converse(f)
‘) else 0,K))))

lemmas lepoll__assumptions_defs[simp] = lepoll _assumptionsi__def
lepoll__assumptions2__def lepoll _assumptions3_def lepoll _assumptions4__def
lepoll__assumptionss__def lepoll _assumptions6__def lepoll _assumptions7 _def
lepoll _assumptions8__def lepoll _assumptions9_def lepoll _assumptions10_def
lepoll _assumptions11 def lepoll assumptions12_def lepoll assumptionsl13 def
lepoll _assumptions1/__def lepoll _assumptions15__ def lepoll assumptions16__def
lepoll__assumptions17 _def lepoll _assumptions18 def

definition if range_F where
[simp]: if _range_F(H.f,i) = if i € range(f) then H(converse(f) ‘i) else 0

definition if range F elseF where
if _range_F_else_ F(H,b,f,i) = if b=0 then if range_F(H,f,i) else H(¢)

lemma (in M_ basic) lam__ Least__assumption__general:
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assumes
separations:
vV A'[M]. separation(M, Ay. Jz€A’. y=(z, pi. x € if _range F else F(F(A),b,f,7)))
and
mem__F_bound:\x c. x€F(A,c) = ¢ € range(f) U U(A)
and
types: M(A) M(b) M(f) M(U(A))
shows lam_ replacement(M A z . p i. © € if _range F_else F(F(A),b.f,7))
proof -
have VzeX. (u . x € if range F else F(F(A),b.f,i)) €
PowM(|J (X U range(f) U U(A))) if M(X) for X
proof
fix z
assume z€X
moreover
note (M (X))
moreover from calculation
have M(z) by (auto dest:transM)
moreover
note assms
ultimately
show (u i. © € if range F else F(F(A),b,f,i)) €
PowM(UJ (X U range(f) U U(A)))
proof (rule_tac Least_in_Pow_rel Union, cases b=0, simp__all)
case True
fix ¢
assume asm:z € if _range_F _else F(F(A), 0, f, ¢)
with mem_F_bound
show ceX V ¢ € range(f) V ¢ € U(A)
unfolding if range F_else F_defif range F_def by (cases c€range(f))
auto
next
case Fulse
fix ¢
assume z € if _range F _else F(F(A), b, f, ¢)
with False mem__F_bound|of x c]
show ceX V ¢ € range(f) V ceU(A)
unfolding if range F else F_def if range F def by auto
qed
qed
with assms
show ?thesis
using bounded__lam__replacement]of \x.(u i. z € if _range_F_else_F(F(A),b.f,i))
AX. Pow™(|J (X U range(f) U U(A)))] by simp
qed

lemma (in M_basic) lam__Least_assumption_ifM__b0:

fixes F'
defines F = A\_ . if M(z) then z else 0
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assumes
separations:
vV A'[M]. separation(M, \y. Jz€A’. y= (z, pi. x € if _range F else F(F(A),0,f,i)))
and
types: M (A) M(f)
shows lam__replacement(M\x . p i. x € if _range F__else F(F(A),0,f,i))
(is lam__replacement(M Az . Least(?P(x))))
proof -
{
fix X
assume M (X) z€X (u i. ?P(z,i)) # 0
moreover from this
obtain m where Ord(m) ?P(z,m)
using Least_0[of ?P(_)] by auto
moreover
note assms
moreover
have ?P(z,i) «— (M(converse(f) ‘i) A i € range(f) N = € converse(f) ‘ 7)
for i
unfolding F_def if range F else F _def if range F def by auto
ultimately
have (u i. ?P(z,i)) € range (f)
unfolding Fdef if range F else F def if range F def
by (rule_tac LeastI2) auto
}
with assms
show ?thesis
by (rule_tac bounded_lam__replacement[of _ AX. range(f) U {0}]) auto
qed

lemma (in M_replacement__extra) lam__Least_assumption__ifM__bnot0:
fixes F
defines F = A\_ . if M(z) then z else 0
assumes
separations:
YV A'[M]. separation(M, \y. Jz€A’. y=(x, pi. z € if _range_F_else_ F(F(A),b,f,7)))
separation(M,Ord)
and
types:M(A) M(f)
and
b£0
shows lam__replacement(M Az . p i. © € if _range_F_else_ F(F(A),b,f,7))
(is lam__replacement(M Az . Least(?P(z))))
proof -
have M(z) =(p i. (M (i) — z € i) A M(¢)) = (if Ord(z) then succ(z) else 0)
for z
using Ord_in_ Ord
apply (auto intro:Least_ 0, rule_tac Least_equality, simp__all)
by (frule lt_Ord) (auto dest:le_imp_not_ltlof _ x| intro:ltI[of z])
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moreover
have lam_ replacement(M, Az. if Ord(x) then succ(z) else 0)

using lam_replacement_if[OF _ _ separations(2)] lam__replacement__identity
lam__replacement__constant lam__replacement__hcomp lam__replacement__succ
by simp

moreover

note types <b#£0>

ultimately

show ?thesis
using lam_ replacement__cong
unfolding Fdef if range F else F _def if range F _def
by auto
qed

lemma (in M_replacement__extra) lam__Least_assumption__drSR_Y:
fixes F'r' D
defines F = drSR_ Y (r',D)
assumes YV A'[M]. separation(M, \y. 3z€A’. y=(z, pi. z € if _range F_else F(F(A),b,f,i)))
M(A) M(b) M(f) M(r)
shows lam__replacement(M Az . p i. © € if _range_F_else_ F(F(A),b,f,7))
proof -
from assms(2-)
have [simp]: M(X) = M(X U range(f) U {domain(z) . x € A})
M(r) = M(X) = M({restrict(z,r") . z € A})
for X r’
using lam__replacement__domain| THEN lam__replacement__imp__strong__replacement,
THEN RepFun__closed, of A
lam__replacement__restrict'| THEN lam__replacement__imp__strong _replacement,
THEN RepFun__closed, of r' A] by (auto dest:transM)
have VzeX. (u i. x € if range F _else F(F(A),b.f,i)) €
PowM(J (X U range(f) U {domain(z). z€ A} U {restrict(z,r"). €A} U domain(A)
U range(A) U |J A)) if M(X) for X
proof
fix z
assume z€X
moreover
note <M (X)»
moreover from calculation
have M(z) by (auto dest:transM)
moreover
note assms(2-)
ultimately
show (u i. ¢ € if range F else F(F(A),b,f,i)) €
PowM (U (X U range(f) U {domain(z). z€A} U {restrict(z,r’). z€A} U
domain(A) U range(4) U |J A4))
unfolding if range F else F _def if range F def
proof (rule_tac Least_in_ Pow_rel_Union, simp__all,cases b=0, simp__all)
case True
fix ¢
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assume asm:x € (if ¢ € range(f) then F(A, converse(f)  c) else 0)
then
show ceX V cerange(f) V (3z€A. ¢ = domain(z)) V (Fz€A. ¢ = restrict(z,r"))
V ¢ € domain(A) V ¢ € range(A) V (Fz€A. c€x) by auto
next
case Fulse
fix c
assume z € F(A4, ¢)
then
show ceX V cerange(f) V (3z€A. ¢ = domain(z)) V (3z€A. ¢ = restrict(z,r"))
V ¢ € domain(A) V ¢ € range(A) V (z€A. cex)
using apply_0
by (cases M(c), auto simp:F_def drSR_Y def dC_F _def)
qed
qed
with assms(2-)
show ?thesis
using bounded__lam__replacement|of Az.(u i. z € if _range F _else F(F(A),b,f,i))
AX. PowM(UJ (X U range(f) U {domain(z). z€ A} U {restrict(z,r'). z€ A} U
domain(A) U range(A) U |J A))] by simp
qged

locale M replacement_lepoll = M__replacement _extra + M__inj +
fixes F
assumes
F_type[simp]: M(A) = Vz[M]. M(F(A,z))
and
lam__lepoll _assumption_F:M(A) = lam__replacement(M,F(A))
and
— Here b is a Boolean.
lam__Least__assumption:M(4A) = M(b) = M(f) =
lam__replacement(M )z . p i. x € if _range F__else F(F(A),b,f,i))
and
F_args_closed: M(A) = M(z) = z € F(A,i) = M(%)
and
lam,__replacement_inj_rel:lam,__replacement(M, Ap. inj™ (fst(p),snd(p)))
begin

declare if range F else F def[simp]

lemma lepoll__assumptionsi:
assumes types[simp]:M(A) M(S)
shows lepoll__assumptions1(M,A,F.S fa,K x.f,r)
using strong_replacement__separation| OF lam__replacement__sing__const_id separation__in__constant]
transMof _ S|
by simp

lemma lepoll__assumptions2:
assumes types[simp]: M(A) M(S)
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shows lepoll _assumptions2(M,A,F,S,fa,K z,f,r)

using lam__replacement__Sigfun lam__replacement__imp__strong_replacement
assms lam__lepoll__assumption_F

by simp

lemma lepoll assumptions3:
assumes types[simp]: M (A)
shows lepoll _assumptions3(M,AF,S, fa, K x.f,r)
using lam__lepoll _assumption_F[THEN lam__replacement_imp__strong_replacement]
by simp

lemma lepoll__assumptions/:
assumes types[simp]:M(A) M(r)
shows lepoll _assumptions{(M,A,F,S fa, K x.f,r)
using lam__replacement__minimum lam__replacement__constant lam__lepoll _assumption_ F
unfolding lepoll assumptions_defs
lam__replacement__def[symmetric]
by (rule_tac lam__replacement _hcomp2[of _ _ minimum))
(force intro: lam__replacement__identity)+

lemma lam_Least closed :
assumes M(A) M(b) M(f)
shows Vz[M]. M(p i. x € if _range F_else F(F(A),b,f,i))
proof -
have z € (if i € range(f) then F(A, converse(f) ‘i) else 0) = M(i) for = i
proof (cases icrange(f))
case True
with <M(f)»
show ?thesis by (auto dest:transM)
next
case Fulse
moreover
assume z € (if i € range(f) then F(A, converse(f) ‘i) else 0)
ultimately
show ?thesis
by auto
qed
with assms
show ?thesis
using F_args_closed|of A] unfolding if range F_else_ F _defif range F _def
by (clarify, rule_tac Least_closed’, cases b=0) simp__all
qged

lemma lepoll assumptionss:
assumes
types|simp): M(A) M(f)
shows lepoll _assumptions5(M,A,F,S,fa, K x,f,r)
using
lam__replacement__apply2[THEN [5] lam__replacement _hcomp2]
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lam__replacement__hcomp|OF __ lam__replacement__apply[of f]]
lam__replacement__identity
lam__replacement__product lam__Least_closed[where b=1]
assms lam_ Least _assumption[where b=1,0F «M(A)> _ <M(f)’]
unfolding lepoll assumptions_defs
lam__replacement__def[symmetric]
by simp

lemma lepoll _assumptions6:
assumes types[simp]:M(A) M(S) M(z)
shows lepoll _assumptions6(M,A,F,S fa,K x.f,r)
using strong_replacement__separation| OF lam__replacement__sing__const__id separation__in__constant]
lam__replacement__inj rel
by simp

lemma lepoll__assumptions7:
assumes types[simp|:M(A) M(S) M(z)
shows lepoll _assumptions7(M,A,F,S,fa, K x.f,r)
using lam__replacement__constant lam__lepoll _assumption__F lam__replacement_inj el
unfolding lepoll assumptions _defs
by (rule_tac lam__replacement_imp__strong_replacement)
(rule__tac lam__replacement__hcomp2lof _ __ inj _rel(M)], simp__all)

lemma lepoll _assumptionss:
assumes types[simp]: M (A) M(S)
shows lepoll _assumptions8(M,A,F,S fa,K,xf,r)
using lam_ replacement_Sigfun lam__replacement__imp_ strong replacement
lam__replacement__inj rel lam__replacement__constant
lam__replacement__hcomp2[of _ __inj _rel(M),OF lam_lepoll assumption_ F|of
All
by simp

lemma lepoll assumptions9:
assumes types[simp]:M(A) M(S) M(r)
shows lepoll _assumptions9(M,A,F,S. fa, K ,x.f,r)
using lam__replacement__minimum lam__replacement__constant lam__lepoll _assumption_ F
lam__replacement__hcomp2[of __ __inj_rel(M)] lam__replacement__inj_rel lepoll _assumptions)
unfolding lepoll _assumptions__defs lam__replacement__def[symmetric]
by (rule_tac lam__replacement _hcomp2[of _ _ minimum))
(force intro: lam__replacement__identity)+

lemma lepoll__assumptions10:

assumes types[simp]: M (A4) M(f)

shows lepoll__assumptions10(M,A,F.,S fa,K x.f,r)

using lam_ replacement__Sigfun lam__replacement__imp__strong_replacement
lam__replacement__constant| OF nonempty|
lam__replacement_if [OF __ __ separation__in__constant]
lam__replacement__hcomp

lam__replacement__apply| OF converse__closed[OF <M (f)]]
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lam__lepoll _assumption_F[of A]
by simp

lemma lepoll__assumptions11:

assumes types[simp]:M(A) M(f)

shows lepoll_assumptions11(M, A, F, S, fa, K, z, f, 1)

using lam__replacement__imp__strong_replacement
lam__replacement_if[OF __ __ separation_in__constant|of range(f)]]
lam__replacement__constant
lam,__replacement__hcomp lam__replacement__apply
lam__lepoll _assumption_F

by simp

lemma lepoll__assumptionsi?2:

assumes types[simp]:M(A) M(z) M(f)

shows lepoll__assumptions12(M,A,F.,S fa,K x.f,r)

using strong_replacement__separation| OF lam__replacement__sing__const__id separation__in__constant]
by simp

lemma lepoll__assumptionsi3:
assumes types[simp]: M (A) M(r) M(f)
shows lepoll__assumptions13(M,A,F.S fa,K x.f,r)
using lam_replacement__constant[OF nonempty| lam__lepoll_assumption_ F
lam__replacement__hcomp lam__replacement__apply
lam__replacement__hcomp2[OF lam__replacement__constant|OF «M(r)»]
lam__replacement_if[OF __ __ separation__in__constant[of range(f)]] _ _
lam__replacement__minimum] assms
unfolding lepoll assumptions defs
lam__replacement__def[symmetric]
by simp

lemma lepoll__assumptions14:

assumes types[simp):M(A) M(f) M(fa)

shows lepoll _assumptions1f(M,A,F.S fa,K x.f,r)

using
lam__replacement__apply2[ THEN [5] lam__replacement__hcomp?2)
lam__replacement__hcomp[OF __ lam__replacement__apply[of fa]]
lam__replacement__identity
lam__replacement__product lam_ Least closed[where b=0)]
assms lam__Least _assumption[where b=0,0F <M(A)> _ «M(f)]

unfolding lepoll assumptions defs
lam__replacement__def[symmetric]

by simp

lemma lepoll assumptions15:
assumes types[simp]: M (A) M(z) M(f) M(K)
shows lepoll _assumptions15(M,A,F,S, fa,K x,f,r)
using strong__replacement__separation| OF lam__replacement__sing__const_id separation__in__constant]
by simp
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lemma lepoll assumptions16:
assumes types[simp|:M(A) M(f) M(K)
shows lepoll _assumptions16(M,A,F,S, fa,K x,f,r)
using lam_ replacement_imp__strong_replacement
lam__replacement__inj _rel lam__replacement__constant
lam__replacement__hcomp2[of _ __ inj _rel(M)]
lam__replacement__constant| OF nonempty]
lam__replacement_if [OF __ __ separation__in__constant]
lam__replacement__hcomp
lam__replacement__apply|OF converse__closed[OF <M (f)]]
lam__lepoll _assumption_F[of A]
by simp

lemma lepoll assumptions17:
assumes types[simp|:M(A) M(f) M(K)
shows lepoll__assumptions17(M,A,F,S, fa, K x.f,r)
using lam__replacement__Sigfun lam__replacement__imp__strong__replacement
lam__replacement__inj _rel lam__replacement__constant
lam__replacement__hcomp2lof _ __ inj_rel(M)]
lam__replacement__constant| OF nonempty]
lam__replacement_if[OF __ __ separation__in__constant]
lam__replacement__hcomp
lam,__replacement_apply[OF converse__closed[OF <M (f))]]
lam__lepoll__assumption_ Flof A
by simp

lemma lepoll assumptions18:
assumes types[simp|: M(A) M(K) M(f) M(r)
shows lepoll _assumptions18(M,A,F.,S,fa,K x.f,r)
using lam__replacement__constant lam__replacement__inj _rel lam__lepoll assumption_ F
lam__replacement_minimum lam__replacement__identity lam__replacement__apply2
separation__in__constant
unfolding lepoll _assumptions18 def lam__replacement__def[symmetric]

by (rule_tac lam__replacement_hcomp2[of _ __ minimum], simp__all,
rule_tac lam__replacement_hcomp2[of _ __ inj_rel(M))], simp__all)
(rule__tac lam__replacement_if, rule_tac lam__replacement__hcomplof __ F(A)],
rule__tac lam__replacement_hcomp2[of _ __ (°)], simp__all)

lemmas lepoll assumptions = lepoll _assumptions! lepoll__assumptions?2
lepoll _assumptions3 lepoll _assumptionss lepoll assumptionsd
lepoll _assumptions6 lepoll _assumptions7 lepoll _assumptions8
lepoll _assumptions9 lepoll _assumptions10 lepoll _assumptionsl1
lepoll _assumptions12 lepoll assumptions18 lepoll assumptionsi4
lepoll _assumptions15 lepoll _assumptions16
lepoll__assumptions17 lepoll _assumptions18

end — M _replacement_lepoll
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end

21 Cardinal Arithmetic under Choice

theory Cardinal Library Relative
imports
Replacement__Lepoll
begin

locale M_library = M__ZF library + M__cardinal_AC +

assumes

separation__cardinal_rel_lesspoll_rel: M(k) = separation(M, Az . |z|M <M k)
begin

declare egpoll_rel_refl [simp]

21.1 Miscellaneous

lemma cardinal_rel_RepFun__apply le:
assumes S € A—B M(S) M(A) M(B)
shows |{S‘a . ac A} M < |AIM
proof -
note assms
moreover from this
have {S ‘a.a € A} = S“A
using image__eq UN RepFun__def UN__iff by force
moreover from calculation
have M(Az€A. S “z) M({S ‘a.a € A})
using lam__closed[of A z. S‘z] apply_type|OF (S€_)]
transM[OF __ «M(B)>] image__closed
by auto
moreover from assms this
have (A\z€A. So) € surj_rel(M,A, {S‘a . acA})
using mem__surj_abs lam__funtype[of A Az . S‘z]
unfolding surj def by auto
ultimately
show ?thesis
using surj_rel_char surj_rel_implies cardinal_rel_le by simp
qed

lemma cardinal_rel _RepFun_ le:
assumes Irf:lam_replacement(M,f) and f_closed:V z[M]. M(f(z)) and M(X)
shows |{f(z) .z € X}M < |x|M
using <M (X)» f_closed cardinal_rel _RepFun__apply_le[OF lam_ funtype, of X
, OF
Irf[THEN [2] lam__replacement__iff lam__closed[THEN iffD1, THEN rspec]]]
Irf[THEN lam__replacement__imp__strong__replacement)
by simp (auto simp flip:setclass__iff introl: RepFun__closed dest:transM)
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lemma subset_imp_le_cardinal_rel: A C B = M(A) = M(B) = |A|M <
|BIM
using subset_imp_lepoll _rel[ THEN lepoll_rel _imp__cardinal_rel _le] .

lemma It_cardinal_rel_imp_not_subset: |A|M < |BIM — M(A) = M(B) =
- BCA
using subset_imp_le cardinal_rel le_imp_not_ It by blast

lemma cardinal_rel It csucc__rel_iff:
Card_rel(M,K) = M(K) = M(K') = |K''M < (K")M «+— |[K'M < K
by (simp add: Card_rel It _csucc_rel iff)

end — M_library

locale M _cardinal UN_nat = M_cardinal UN _w X for X
begin
lemma cardinal _rel UN _le nat:
assumes \i. icw = | X(i)|M < w
shows ||Jicw. X(1)|M < w
proof -
from assms
show ?thesis
by (simp add: cardinal_rel UN_le InfCard_rel_nat)
qed

end — M _cardinal UN_nat

locale M cardinal UN__inj = M_library +
j:M__cardinal _UN __ J +
y:M_cardinal _UN _ K M\k. if k€range(f) then X (converse(f)‘k) else 0 for J K
[+
assumes
fing: f € inj_rel(M,J,K)
begin

lemma inj rel _imp_ cardinal _rel UN_le:
notes [dest] = InfCard_is_Card Card_is_Ord
fixes Y
defines Y (k) = if kerange(f) then X(converse(f)‘k) else 0
assumes InfCard(K) N\i. icJ = |[X())|M < K
shows ||JicJ. X(i)|M < K
proof -
have M(K) M(J) A\w z. w € X(z) = M(x)
using y.Pi_assumptions j.Pi_assumptions j.X_witness in_ M by simp__all
then
have M(f)
using inj_rel _char f_inj by simp
note inM = M (f) «M(K)» «<M(J)» <Awz. w € X(x) = M(z)
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have ieJ = f% € K for i
using inj_rel_is_fun[OF f_inj| apply_type
function__space_rel_char by (auto simp add:inM)
have (|JieJ. X(i)) C (UieK. Y (7))
proof (standard, elim UN_E)
fix i
assume i€J z€X(7)
with eJ = f9 € K>
have z € Y(f%) f9e K
unfolding Y _def
using inj_is_fun right_inverse f_inj
by (auto simp add:inM Y _def intro: apply_rangel)
then
show z € (JieK. Y(i)) by auto
qed
then
have |JieJ. X()|M < |JieK. Y(i)|M
using subset_imp_le cardinal_rel j.UN __closed y. UN__closed
unfolding Y _def by (simp add:inM)
moreover
note assms <\i. i€J = f% € K> inM
moreover from this
have kerange(f) = converse(f)‘k € J for k
using inj rel_converse_fun[OF [ _inj)
range__fun__subset__codomain function_space_rel_char by simp
ultimately
show | JieJ. X(i)))M < K
using InfCard_rel_is _Card_rel THEN Card_rel_is Ord, THEN Ord_0_le,
of K|
by (rule_tac le_trans|OF __ y.cardinal_rel_UN_le])
(auto intro:Ord_0_le simp:Y_def)+
qed

end — M_cardinal _UN__inj

locale M cardinal _UN__lepoll = M__library + M__replacement_lepoll _ A_. X +
j:M__cardinal_UN __ J for J
begin

— FIXME: this "LEQpoll” should be "LEPOLL”; same correction in Delta System
lemma legpoll _rel _imp_ cardinal_rel UN_le:

notes [dest] = InfCard_is_Card Card_is_Ord

assumes InfCard™(K) J <M K Ni. ieJ = |X()|M < K

shows |JicJ. X())|M < K
proof -

from «J <M K,

obtain f where f € inj_rel(M,J,K) M(f) by blast

moreover
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let ?Y=Mk. if kerange(f) then X(converse(f)‘k) else 0
note «M(K)»
moreover from calculation
have k € range(f) = converse(f)‘k € J for k
using mem__inj_rel[THEN inj _converse_fun, THEN apply__type]
j.-Pi_assumptions by blast
moreover from <M(f)>
have w € ?Y(z) = M(z) for w x
by (cases xz€range(f)) (auto dest:transM)
moreover from calculation
interpret M _Pi assumptions choice _ K ?Y
using j.Pi_assumptions lepoll _assumptions
proof (unfold_locales, auto dest:transM)
show strong_replacement(M, Ay z. False)
unfolding strong replacement_def by auto
qed
from calculation
interpret M_cardinal UN _inj _ _ _ f
using lepoll _assumptions
by unfold_locales auto
from assms
show ?thesis using inj_rel_imp_ cardinal_rel_UN__le by simp
qed

end — M_ cardinal_UN__lepoll

context M_ library
begin

lemma cardinal_rel_lt_csucc__rel iff":

includes Ord_ dests

assumes Card_rel(M k)
and types:M (k) M(X)

shows r < |[X|M «— (sH)M < |x|M

using assms cardinal_rel It _csucc_rel_iff[of x X] Card_rel csucc_rel[of K]
not_le_iff ltlof (xH)M |X|M] not_le_iff It[of |X|M k]

by blast

lemma lepoll_rel _imp subset bij rel:
assumes M(X) M(Y)
shows X <MY «— 3Z[M]. ZC Y A Z =M X)

proof
assume X <My
then
obtain j where j € inj rel(M,X,Y)
by blast

with assms
have range(j) C Y j € bij_rel(M,X,range(5)) M(range(5)) M(4)
using inj rel bij rel range inj rel char
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inj_rel_is_fun[THEN range_ fun_ subset_codomain,of j X Y|
by auto
with assms
have range(j) € Y X ~M range(j)
unfolding egpoll_rel_def by auto
with assms <M (4)»
show 3Z[M]. ZC Y A Z~M X
using egpoll_rel _sym[OF <X ~M range(j))]
by auto
next
assume 3Z[M]. ZC Y AN Z =M X
then
obtain Z f where f € bij_rel(M,Z,X) Z C Y M(Z) M(f)
unfolding egpoll_rel_def by blast
with assms
have converse(f) € inj_rel(M,X,Y) M(converse(f))
using inj_rel_weaken_type[OF bij _rel converse bij rel[THEN bij _rel is inj rel],of
fZXY]
by auto
then
show X <M vy
unfolding lepoll rel def by auto
qed

The following result proves to be very useful when combining cardinal rel
and egpoll_rel in a calculation.

lemma cardinal_rel_Card_rel eqpoll_rel iff:

Card_rel(M,x) = M(r) = M(X) = |X|M =k +— X =M g

using Card_rel cardinal_rel _eqlof k] cardinal_rel eqpoll_rel iff[of X k] by
auto

lemma lepoll_rel _imp _lepoll _rel cardinal rel:
assumesX <M Y M(X) M(Y)
shows X <M |y|M
using assms cardinal_rel_Card_rel _eqpoll_rel iff[of |Y|M Y]
Card_rel cardinal_rel
lepoll_rel _eq trans[of _ __ |Y|M] by simp

lemma lepoll_rel Un:
assumes InfCard_rel(M,x) A <M x B <M x M(A) M(B) M(x)
shows 4 U B <M ¢
proof -
from assms
have A U B <M sum(A,B)
using Un_lepoll rel _sum by simp
moreover
note assms
moreover from this
have |sum(A,B)|M < k M «
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using sum__lepoll_rel_monolof A k B k| lepoll_rel_imp__cardinal _rel_le
unfolding cadd_rel def by auto
ultimately
show ?thesis
using InfCard_rel cdouble__eq Card_rel cardinal_rel_eq
InfCard_rel_is_Card_rel Card_rel_le_imp_lepoll_rel[of sum(A,B) K]
lepoll_rel_trans[of AUB]
by auto
qed

lemma cardinal _rel Un_le:
assumes InfCard_rel(M,x) |A/M < k |BIM < k M(x) M(A) M(B)
shows [A U B|M < &
using assms lepoll_rel _Un le_ Card_rel iff InfCard_rel _is Card_rel by auto

lemma Finite_cardinal_rel_iff - M (i) = Finite(|i|M) «— Finite(7)
using egpoll _rel_imp_ Finite iff[OF cardinal_rel _eqpoll rel]
by auto

lemma cardinal_rel__subset_of Card_rel:
assumes Card_rel(M,y) a C v M(a) M(7)
shows |a|M < y V |a|M = 4
proof -
from assms
have [o|M < |[y[M v |a|M = |5|M
using subset_imp_le_cardinal_rel[ THEN le_iff[THEN iffD1]] by simp
with assms
show ?thesis
using Card_rel_cardinal_rel _eq by auto
qed

lemma cardinal rel cases:
includes Ord_dests
assumes M(v) M(X)
shows Card_rel(M,y) = |X|M < v +— = |X|M > 4
using assms not_le_iff It Card_rel_is Ord Ord_cardinal_rel
by auto

end — M _library

21.2 Countable and uncountable sets

definition
countable :: i=o0 where
countable(X) = X S w

relativize functional countable countable rel external
relationalize countable rel is countable
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notation countable rel (<countable—"(_")»)

abbreviation
countable_r_set :: [i,i]=0 (<countable—'(_")>) where
countable™ (i) = countable _rel(##M i)

context M _library
begin

lemma countablel[intro]: X <M w = countable_rel(M,X)
unfolding countable rel def by simp

lemma countableD|dest]: countable_rel(M,X) = X <M
unfolding countable rel def by simp

lemma countable_rel_iff cardinal_rel_le nat: M(X) = countable_rel(M,X)
— XM <w

using le_ Card_rel_iff[of w X]| Card_rel_nat

unfolding countable rel def by simp

lemma lepoll_rel_countable_rel: X <M Y = countable_rel(M,Y) = M(X)
= M(Y) = countable_rel(M,X)
using lepoll_rel trans[of X Y] by blast

— Next lemma can be proved without using AC
lemma surj_rel countable rel:
countable_rel(M,X) = f € surj_rel(M,X,Y) = M(X) = M(Y) = M(f)
= countable_rel(M,Y)
using surj_rel _implies cardinal_rel_le[of f X Y, THEN le_trans]
countable__rel_iff cardinal_rel_le_nat by simp

lemma Finite_imp__countable rel: Finite__rel(M,X) = M(X) => countable_rel(M,X)
unfolding Finite rel def
by (auto intro:InfCard__rel_nat nats_le_ InfCard_rellof _ w,
THEN le_imp_lepoll_rel] destl:eq lepoll rel trans[of X _ w])

end — M_library

lemma (in M cardinal UN_lepoll) countable rel_imp_ countable rel UN:

assumes countable_rel(M,J) \i. i€J = countable_rel(M,X (7))

shows countable rel(M,|JieJ. X (7))

using assms legpoll_rel_imp__cardinal_rel _UN_le[of w] InfCard_rel_nat
InfCard_rel_is_Card_rel j.UN__closed
countable__rel iff cardinal_rel le nat j.Pi_assumptions
Card_rel_le_imp_lepoll_rel[of J w] Card_rel cardinal_rel eq[of w]

by auto

locale M cardinal_library = M__library + M__replacement +
assumes
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lam._replacement_inj_rel:lam,__replacement(M, Az. inj™(fst(z),snd(z)))
and
cdlt_assms: M(G) = M(Q) = separation(M, Ap. Vz€G. z € snd(p) «—
(v sefst(p). (5, 2) € Q)
and
cardinal_lib _assmsl1:
M(A) = M(b) = M(f) =
separation(M, Ay. 3z€A. y = (x, u i. ¢ € if _range_F _else F(\z. if M(z)
then z else 0,b,f,i)))
separation(M,Ord)
and
cardinal_lib__assms2:
MA) = M(G) = M(b) = M(f) =
separation(M, Ay. Jz€A’. y = (z, p i. © € if _range F_else_F(\a. if M(a)
then G‘a else 0,b,f,7)))
and
cardinal_lib_assms3:
MA) = M) = M(f) = M(F) =
separation(M, Ay. Jz€A’. y = (z, p i. © € if _range_F_else_F(\a. if M(a)
then F-‘{a} else 0,b,f,i)))
and
lam__replacement__cardinal_rel : lam__replacement(M, cardinal_rel(M))
and
cardinal__lib_assmso6:
M(f) = M(8) = Ord(8) —
strong_replacement(M, Az y. €8 N y = (z, transrec(z, Aa g. f “ (g *“ a))))

begin

lemma cardinal lib _assmsd :
M(y) = Ord(y) = separation(M, \Z . cardinal_rel(M,Z) < ~)
unfolding It def
using separation__in lam__replacement__constant[of ] separation__univ lam__replacement__cardinal__rel
unfolding It def
by simp__all

lemma separation__dist: separation(M, A x . Ja. 3b . x=(a,b) A a#Db)
using separation__pair separation__neg separation__eq lam__replacement_ fst lam__replacement__snd
by simp

lemma cdlt _assms’s M(z) = M(Q) = separation(M, Aa . Vs€z. (s, a) € Q)
using separation_in[OF _
lam__replacement__hcomp2[OF _ _ _ __ lam_replacement_Pair] _
lam__replacement__constant]
separation__ball lam__replacement__hcomp lam__replacement_ fst lam_ replacement__snd
by simp__all

lemma countable _rel _union__countable rel:
assumes Az. z € C = countable_rel(M,z) countable rel(M,C) M(C)
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shows countable_rel(M,|J C)
proof -
have z € (if M (i) then i else 0) = M (%) for z i
by (cases M(%)) auto
then
interpret M_ replacement_lepoll M \__ z. if M(z) then x else 0
using lam_ replacement_if[OF lam__replacement identity
lam__replacement__constant| OF nonempty|, where b=M)| lam__replacement__inj_rel
proof(unfold_locales,auto simp add: separation__def)
fix b f
assume M(b) M(f)
show lam__replacement(M, Ax. p i. © € if _range_F _else F(Ax. if M(x) then
z else 0, b, f, 7))
proof (cases b=0)
case True
with <M(f)»
show ?thesis
using cardinal_lib__assmsi
by (simp__all; rule_tac lam__Least__assumption_ifM_b0)+
next
case Fulse
with «(M(f)» «<M(b)»
show ?thesis
using cardinal_lib__assms1
by (rule_tac lam__Least_assumption_ifM__bnot0) auto
qged
qed
note <M(C)»
moreover
have w € (if M(x) then z else 0) = M(z) for w x
by (cases M(x)) auto
ultimately
interpret M cardinal UN__lepoll __ Ac. if M(c) then c else 0 C
using lepoll _assumptions
by unfold_locales simp__all
have (if M (i) then i else 0) = i if i€C for i
using transM[OF _ «M(C)»] that by simp
then
show ?thesis
using assms countable_rel _imp__countable_rel_UN by simp
qed

end — M_ cardinal_library
abbreviation
uncountable_rel :: [i=o0,i]=0 where

uncountable_rel(M,X) = — countable_rel(M,X)

context M cardinal library
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begin

lemma uncountable rel iff mat It cardinal rel:
M(X) = uncountable_rel(M,X) +— w < | X|M
using countable_rel iff cardinal _rel_le_nat not_le iff It by simp

lemma uncountable rel not_empty: uncountable rel(M,X) — X # 0
using empty_lepoll _rell by auto

lemma uncountable_rel _imp_ Infinite: uncountable_rel(M,X) = M(X) = Infinite(X)
using uncountable_rel_iff _nat_It_cardinal_rel[of X] lepoll_rel_nat_imp__Infinite[of
X]
cardinal_rel_le_imp_lepoll_rel[of w X] lel
by simp

lemma uncountable _rel _not subset countable rel:
assumes countable_rel(M,X) uncountable_rel(M,Y) M(X) M(Y)
shows - (Y C X)
using assms lepoll _rel_trans subset__imp_lepoll _rellof Y X]
by blast

21.3 Results on Aleph_ rels

lemma nat_ [t Aleph_rell: w < NIM
by (simp add: Aleph_rel_succ Aleph_rel_zero lt__csucc__rel)

lemma zero It Aleph rell: 0 < NJM
by (rule lt_trans[of _ w], auto simp add: ItI nat_lt _Aleph_rell)

lemma le_ Aleph_rell_nat: M(k) = Card_rel(M,k) = <N M — k< w
by (simp add: Aleph_rel _succ Aleph__rel_zero Card_rel It _csucc_rel iff Card_rel_nat)

lemma lesspoll _rel Aleph rel succ:

assumes Ord(a)

and types:M (o) M(d)

shows d <M Nsucc(a)M s d MR M

using assms Aleph_rel _succ Card_rel _is Ord Ord__Aleph__rel lesspoll__rel__csucc _rel
by simp
lemma cardinal_rel_Aleph_rel [simp]: Ord(a) = M(a) = [R MM = R, M
using Card_rel_cardinal_rel _eq by simp

— Could be proved without using AC
lemma Aleph_rel lesspoll_rel increasing:
includes Aleph__rel_intros
assumes M (b) M(a)
shows a < b = R M <M N, M
using assms
cardinal_rel_It_iff lesspoll_rel[of N, M NbM]
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Aleph__rel_increasinglof a b] Card_rel_cardinal _rel__eq[of Np]
It _Ordlt_Ord2 Card_rel_Aleph_rel THEN Card_rel_is_Ord]
by auto

lemma uncountable_rel_iff subset__eqpoll rel_Aleph rell:
includes Ord_dests
assumes M(X)
notes Aleph_rel_zero[simp] Card_rel _nat[simp] Aleph_rel succ[simp]
shows uncountable_rel(M,X) +— (3S[M]. S C X A § =M R, M)
proof
assume uncountable rel(M,X)
with <M (X)»
have X, M <M x
using uncountable_rel iff nat_It_cardinal_rel cardinal_rel It _csucc_rel_iff’
cardinal_rel_le_imp_lepoll rel by auto
with <M (X)»
obtain S where M(S) § C X § =M ;M
using lepoll _rel imp_ subset_bij rel by auto
then
show 3S[M]. S C X A S ~M M
using cardinal_rel_cong Card_rel_csucc_rel[of w] Card_rel_cardinal_rel_eq
by auto
next
note Aleph__rel_lesspoll_rel increasing|of 1 0,simplified]
assume 35[M]. S C X A § =M M
moreover
have eg:X;M = (wH)M by auto
moreover from calculation (M (X))
have A:(wt)M <M x
using subset_imp_lepoll _rel[ THEN [2] eq_lepoll rel trans, of N,M X
OF egpoll_rel_sym] by auto
with <M (X)»
show uncountable rel(M,X)
using
lesspoll_rel_trans1[OF lepoll_rel_trans|OF A _] w <M (wt)M)]
lesspoll_rel_not__refl
by auto
qed

lemma UN_if zero: M(K) = (JzeK. if M(z) then G ‘z else 0) =(JzeK. G
¢ x)
using transM[of __ K] by auto

lemma mem_F boundl:
fixes F' G
defines F = )\ z. if M(z) then Gz else 0
shows zeF(A,c) = ¢ € (range(f) U domain(G) )
using apply_ 0 unfolding F_ def
by (cases M(c), auto simp:F_def drSR_Y def dC_F _def)
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lemma it Aleph_rel _imp_cardinal_rel UN_le_nat: function(G) = domain(G)
My =
V nedomain(G). |Gn|M<R® ;M — M(G) = |Jnedomain(G). Gn|M<w
proof -
assume M(G)
moreover from this
have z € (if M (i) then G ‘i else 0) => M(i) for = i
by (cases M(7)) auto
moreover
have separation(M, M) unfolding separation_def by auto
ultimately
interpret M_ replacement_lepoll M A\__ z. if M(z) then Gz else 0
using lam__replacement__inj _rel cardinal_lib__assms2 mem__F_boundI[of _ _
Gl
lam__if then_ replacement__apply
by (unfold_locales, simp__all)
(rule lam__Least_assumption__general[where U=X_. domain(G)], auto)
note (M (G)
moreover
have w € (if M(z) then G ‘ x else 0) = M(z) for w x
by (cases M(z)) auto
ultimately
interpret M cardinal UN__lepoll _ An. if M(n) then G‘n else 0 domain(G)
using lepoll _assumptionsil[where S=domain(G),unfolded lepoll _assumptionsi__ def]
cardinal__lib__assms2 lepoll _assumptions
by (unfold_locales, auto)
assume function(G)
let ?N=domain(G) and ?R=|Jnedomain(G). Gn
assume 7N <M
assume Fql: Vne?N. |Gn|M<x;M
{
fix n
assume ne€?N
with Eq1 «M(G)»
have |G‘n|M < w
using le_ Aleph_rell_nat[of |G n|M] legpoll_rel imp cardinal _rel UN le
UN_if _zero[of domain(G) G]
by (auto dest:transM)
}
then
have nc?N — |G‘n|M < w for n .
moreover
note (?N <M w) (M(G)
moreover
have (if M (i) then G ‘i else 0) C G ‘i for ¢
by auto
with <M(G)»
have |if M(7) then G “i else 0|M < |G < i|M for i
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proof(cases M (7))
case True
with <M(G)> show ?thesis using Ord_ cardinal_rel|OF apply closed)
by simp
next
case Fulse
then
have i¢domain(G)
using transM[OF __ domain__closed[OF <M(G)]] by auto
then
show ?thesis
using Ord__cardinal_rel[OF apply_ closed] apply_0 by simp
qed
ultimately
show ?thesis
using InfCard_rel_nat leqpoll_rel_imp__cardinal_rel _UN__le[of w]
UN_if zero[of domain(G) G]
le_trans[of |if M(_) then G *_ else 0M |G < _|M ]
by auto blast
qed

My — Inew. |f-4n}M

lemma Aleph_rell__eq cardinal_rel _vimage: f:N]M—>
=n,M
proof -
assume [:8;M—
then
have function(f) domain(f) = XM range(f)Cw feRX;M—w M(f)
using mem__function_space_rel[OF <f€_»] domain_of fun fun_is_function
range__fun__subset__codomain
function__space__rel__char
by auto
let ?G=Anerange(f). f-“{n}
from <f:X; M)
have range(f) C w domain(?G) = range(f)
using range_ fun_ subset__codomain
by simp__all
from f:X;M—wy (M(f) range(f) C w»
have M(f-“{n}) if n € range(f) for n
using that transM[of _ w] by auto
with <M(f)» <range(f) C w»
have domain(?G) <M w M(?2G)
using subset__imp_lepoll_rel lam__closed[of Az . f-*{x}] cardinal_lib_assms/
by simp__all
have function(?G) by (simp add:function__lam)
from <«f:N;M—w»
have ncw = f-“{n} € ¥;M for n
using Pi_vimage_subset by simp
with <range(f) C w»
have X;M = (| nerange(f). f-“{n})

My,
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proof (intro equalityl, intro subsetl)
fix z
assume z € 8 ;M
with f:X ;M0 function(f)r «domain(f) = R;M,
have z € f-“{fz} fx € range(f)
using function__apply_ Pair vimage_iff apply rangel by simp__all
then
show z € (|Jnerange(f). f-“{n}) by auto
qed auto
{
assume YV nerange(f). |f-“{n}M < ;M
then
have V nedomain(?G). | ?G‘n|M < ¥ ,M
using zero_ It _Aleph_rell by (auto)
with (function(?G)> <domain(?G) <M wy «M(?2G)»
have ||J nedomain(?G). 2Gn|M<w
using It _Aleph_rel _imp_cardinal_rel UN_le_natlof ?G]
by auto
then
have || nerange(f). f-“{n}|M<w by simp
with &M =
have |¥ ;MM < o by auto
then
have N]M < w
using Card_rel__Aleph_rel Card_rel_cardinal_rel__eq
by auto
then
have Fulse
using nat_ It _Aleph_rell by (blast dest:lt_trans2)
}

with «range(f)Cw> «M(f)
obtain n where ncw —(|f - {n}M < X;M) M(f - {n})
using nat_into_ M by auto
moreover from this
have 8 ;M < |f4n}|M
using not_It_iff le Card_rel _is Ord by simp
moreover
note (ncw = f-“{n} C ¥,M,
ultimately
show ?thesis
using subset_imp_le_cardinal_rel[THEN le__anti_sym, of _ N]M]
Card_rel_Aleph_rel Card_rel cardinal_rel _eq
by auto
qed

— There is some asymmetry between assumptions and conclusion (egpoll _rel versus
cardinal_rel)

lemma egpoll_rel _Aleph_rell_cardinal__rel _vimage:
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assumes Z ~M (8, M) f e 7 =M o M(Z2)
shows Incw. |f-{n}M =n,M
proof -
have M (1) M(w) by simp__all
then
have M(NJM) by simp
with assms <M (1)»
obtain g where A:gebij rel(M XM 7Z) M(g)
using eqpoll_rel _sym unfolding eqpoll rel def by blast
with «f : Z =M w) assms
have M(f) converse(g) € bij_rel(M,Z, R ;M) feZ—w ge XM= 27
using bij _rel_is_fun_ rel bij rel _converse_bij rel bij_rel char function__space__rel char
by simp__all
with «gebij rel(M XM 7)), M(g)
have f O g : X;M =M o M(converse(g))
using comp__fun[OF _ <f€ Z—_»,of g] function_space_rel_char
by simp__all
then
obtain n where ncw |(f O g)-“{n}|M = R;M
using Aleph_rell _eq cardinal_rel_vimage
by auto
with <M(f)» «M(converse(g))»
have M (converse(g) ““ (f-““{n})) f-“{n} C Z
using image__comp converse__comp Pi_iff[THEN iffD1,0F «f€Z—w>] vimage__subset
unfolding vimage def
using transM[OF «new]
by auto
from new <|(f O g)-“4n}M = M,
have ;M = |converse(g) “ (f -<{n})|M
using image__comp converse_comp unfolding vimage def

by auto
also from <converse(g) € bij_rel(M,Z, ¥ M)y «f: Z—M wy «M(Z)y M(f)»
(M (R M),
<M (converse(g) ““ (f-“{n}))
have ... = |f-“{n}|M

using range_of subset__eqpoll_rel[of converse(g) Z __ f-‘{n},
OF bij_rel_is_inj_rel[OF <converse(g)e_»] «f - {n} C )]
cardinal_rel__cong vimage__closed| OF singleton__closed[OF transM[OF <n€w>]],of
fl
by auto
finally
show ?thesis using «nc€_» by auto
qed

21.4 Applications of transfinite recursive constructions

definition
rec__constr :: [i,i] = i where
rec__constr(f,a) = transrec(a,\a g. f(g‘‘a))
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The function rec__constr allows to perform recursive constructions: given a
choice function on the powerset of some set, a transfinite sequence is created
by successively choosing some new element.

The next result explains its use.

lemma rec_ constr_unfold: rec__constr(f,a) = f{({rec_constr(f,5). fea})
using def transrec|OF rec__constr_def, of f ] image_lam by simp

lemma rec_ constr__type:
assumes f:Pow_rel(M,G)—=M G Ord(a) M(G)
shows M(a) = rec_constr(f,a) € G
using assms(2)
proof(induct rule:trans_induct)
case (step )
with assms
have {rec_constr(f,z) .z € 8} = {y .z € B, y=rec_constr(f, )} (is_ = ?Y)
M(f)
using transM[OF __ «M(B)»] function__space_rel_char Ord_in_Ord
by auto
moreover from assms this step <M (B)» <Ord(B)»
have M({y . z € 8, y=<a,rec_constr(f, )>}) (is M(?Z))
using strong_replacement_closed|OF cardinal lib _assms6(1),0f f 8 B,0F _
univalent__conjI2[where P=Xz __ . z€f,0F univalent_triv)]
transM[OF _ «M(B)»] transM[OF step(2) <M (G)»] Ord_in_Ord
unfolding rec_constr_def
by auto
moreover from assms this step «M(B)> <Ord(5)»
have ?Y = {snd(y) . ye?Z}
proof(intro equalityl, auto)
fix u
assume u€f
with assms this step «<M(B)» «Ord(5)»
have <u,rec_constr(f,u)> € ?Z rec_constr(f, u) = snd(<u,rec_constr(f,u)>)
by auto
then
show Jze{y . z € B, y = (x, rec_constr(f, x))}. rec_constr(f, u) = snd(x)
using bexl[of _ u] by force

qed
moreover from «(M(?Z) <?Y = _)
have M(?Y)

using

RepFun__closed[OF lam__replacement__imp__strong_replacement| OF lam__replacement__snd]

M(22Z))]
fst_snd_closed[THEN conjunct?2] transM[OF _ <M (?2Z))]
by simp

moreover from assms step
have {rec_constr(f, z) . x € 8} € Pow(G) (is ?Xe_)
using transM[OF _ «M(8)>] function_space_rel char
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by auto
moreover from assms calculation step
have M(?X)
by simp
moreover from calculation <M(G)»
have ?XePow_rel(M,QG)
using Pow_rel_char by simp
ultimately
have f?X € G
using assms apply__type[OF mem,__function__space_rel[of f],0f Pow_rel(M,G)
G ?2X]
by auto
then
show ?Zcase
by (subst rec__constr_unfold,simp)
qed

lemma rec_ constr_closed :
assumes f:Pow_rel(M,G)—=M G Ord(a) M(G) M(«)
shows M (rec__constr(f,a))
using transM[OF rec__constr_type <M (G)>] assms by auto

lemma lambda_rec constr closed :
assumes Ord(y) M(vy) M(f) f:Pow_rel(M,G)—M G M(G)
shows M(Xa€gvy . rec_constr(f,a))
using lam__closed2[OF cardinal_lib__assms6(1),unfolded rec__constr_def[symmetric],of
il
rec__constr_type|OF «f€_» Ord_in_Ord[of ~]] transM[OF _ <M(G)>] assms
by simp

The next lemma is an application of recursive constructions. It works under
the assumption that whenever the already constructed subsequence is small
enough, another element can be added.

lemma bounded_cardinal rel selection:
includes Ord_ dests
assumes
NZ. |ZM < v = Z C G = M(Z) = 3aeG. VscZ. <s,a>€Q beC
Card_rel(My)
M(G) M(Q) M()
shows
3SM]. Sy =M GA(Naey. Ve a<f — <Sa,SB>€Q)
proof -
from assms
have M(z) = M({a € G . Vs€z. (s, a) € Q}) for
using cdlt_assms’ by simp
let ?cdity={ZcPow rel(M,G) . |Z|M<~} — “cardinal_rel less than ~”
and ?in@Q= Y .{aeG. VscY. <s,a>cQ}
from <M (G)» «Card_rel(My)> <M(v)
have M(%cdlty) Ord(y)
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using cardinal_lib_assms5[OF <M(vy)»] Card_rel _is_Ord
by simp__all
from assms
have H:3a. a € 2inQ(Y) if Ye?cdlty for YV
proof -
{
fix Y
assume Y€ ?edlty
then
have A:YePow rel(M,G) |Y|M<y by simp_all
then
have YCG M(Y) using Pow_rel_char[OF <M(G))] by simp__all
with A
obtain a where acG VseY. <s,a>€Q
using assms(1) by force
with «M(G)»
have Ja. a € 2inQ(Y) by auto
}
then show ?thesis using that by simp
qed
then
have 3f[M]. f € Pi_rel(M,?cdlty,%inQ) A f € Pi(?cdlty, ?inQ)
proof -
from (Az. M(z) = M({a € G .Vsex. (s, a) € Q})» <M(G)»
have = € {Z € Pow™(G) . |Z|M < v} = M{a € G .Vs€x. (s, a) € Q})
for z
by (auto dest:transM)
with«M(G)» <Az. M(z) = M{a € G . Vsez. (s, a) € Q}) «M(Q)
M (Zcdlty)
interpret M _Pi assumptions_choice M ?cdlty 2in@Q
using cdlt_assms[where Q=Q)] lam__replacement__Collect _ball_Pair|[ THEN
lam__replacement__imp__strong__replacement] surj_imp__inj_replacement3
lam__replacement__hcomp2[OF lam__replacement__constant
lam__replacement__Collect_ball_Pair _ _ lam_ replacement__minimum,
unfolded lam__replacement__def)
lam__replacement__hcomp lam__replacement__Sigfun[OF
lam__replacement__Collect _ball_Pair, of G Q, THEN
lam__replacement__imp__strong__replacement] cdlt__assms’
by unfold_locales (blast dest: transM, auto dest:transM)
show ?thesis using AC_Pi_rel Pi_rel _char H by auto
qed
then
obtain f where [ type:f € Pi_rel(M,?cdlty,?inQ) f € Pi(?cdlty,?in@) and
M(f)
by auto
moreover
define Cb where Cb = A\_€Pow_rel(M,G)-%cdlty. b
moreover from <beGy «M(?cdlty)y <M(G)»
have Cb € Pow_rel(M,G)-?cdlty — G M(Cb)
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using lam__closed[of A_.b Pow_rel(M,G)-?cdlty]
tag_replacement transM[OF <be G)]
unfolding Cb_ def by auto
moreover
note <Card_rel(M,y))
ultimately
have f U Cb : (][ z€Pow_rel(M,G). ?in@Q(z) U G) using
fun__Pi_disjoint_Un] of f 2edlty 2in@ Cb Pow_rel(M,G)-%cdlty A_.G]|
Diff _partition[of {Z€Pow_rel(M,G).|Z|M<~} Pow_rel(M,G), OF Collect_subset]
by auto
moreover
have ?inQ(z) U G = G for z by auto
moreover from calculation
have f U Cb : Pow_rel(M,G) — G
using function__space_rel char by simp
ultimately
have f U Cb : Pow_rel(M,G) =M @
using function_space_rel _char <M(f)) <M(Cb)» Pow_rel_closed <M(G)»
by auto
define S where S=la€ny. rec_constr(f U Cb, «)
from <f U Cb: Pow_rel(M,G) =™ Gy «Card_rel(M ) <M(y)> «<M(G)
have S : v — G M(f U Cb)
unfolding S def
using Ord_in_ Ord[OF Card_rel_is_Ord] rec__constr_type lam__type transM|OF
_M(v)]
function__space__rel__char
by auto
moreover from (fUCb € _—M Gy «Card_rel(My)y <M(y)> <M(G)> «M(f U
Ch)y «Ord(~)»
have M (S)
unfolding S def
using lambda__rec__constr_closed
by simp
moreover
have Vaey. Vey. a< f — <S8 ‘a, § ‘ >€Q
proof (intro balll implI)
fix a 8
assume [€y
with «Card_rel(My)y <M(S) <M(v)»
have SCy M(S“B) M(B) {Sz . x € B} = {restrict(S,0)‘c . v € [}
using transM[OF «S€vy <M(v)] image__closed Card_rel_is_Ord OrdmemD
by auto
with «Be_» «Card_rel(M,y)) <M(v)»
have {rec_constr(f U Cb, z) . z€f} = {Sc . z € B}
using Ord_trans|OF _ __ Card_rel _is_Ord, of _ [ ~]
unfolding S _def
by auto
moreover from Sy S : v = G <Card_rel(M,y)) <M(v)) <M(S“B)»
have {Sz .z € 8} C G M({Sz .z € (})
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using Ord_trans|OF __ __ Card_rel _is_Ord, of _ [ 7]
apply_type[of S v A_. G]
by (auto,simp add:image_fun__subset|OF <S€_» «SC_)])
moreover from «Card_rel(My)) <Beyy <S€_» STy «<M(S) «M(B)y <M(G)>
M(v)»
have [{Sz .z € B}M <~
using
Sz . zeB} = {restrict(S5,8) ‘@ . x€B} [symmetric]
cardinal_rel_RepFun__apply_le[of restrict(S,8) B G,
OF restrict_type2[of S v A_.G B] restrict_closed]
Ord_in_Ord Ord__cardinal_rel
It_transifof |{Sc . z € B}M |B|M 4]

Card_rel_lt iff[THEN iffD2, of 8 ~v, OF _ _ __ __ lt]
Card_rel _is Ord
by auto
moreover
have VzeB. <Sz, f ‘{Sz .z € B}> € Q
proof -

from calculation and f_type
have f ‘ {Sz . z € B} € {aeG. VzeB. <Sz,a>€Q}
using apply__typelof f cdlty ?inQ {S‘c . x € B}]
Pow_rel_char[OF «M(G)]
by simp
then
show ?thesis by simp
qged
moreover
assume a€y a < f
moreover from this
have a€p using ItD by simp
moreover
note €y «Cb € Pow_rel(M,G)-?cdlty — G»
ultimately
show <S ‘«, § ‘ f>€Q
using fun_ disjoint_applyl[of {Sz . z € B} Cb f]
domain__of _fun[of Cb] ltD[of « B]
by (subst (2) S_def, auto) (subst rec__constr_unfold, auto)
qed
moreover
note «M(G)» <M(v)»
ultimately
show ?thesis using function_ space_rel char by auto
qged

The following basic result can, in turn, be proved by a bounded-cardinal_ rel
selection.

lemma Infinite_iff lepoll_rel_nat: M(Z) = Infinite(Z) +— w SM A
proof
define Distinct where Distinct = {<z,y> € ZxZ . x#y}
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have Distinct = {xy € ZxZ . Ja b. zy = (a, b) A\ a # b} (is _=7%A)
unfolding Distinct _def by auto
moreover
assume Infinite(Z) M(Z)
moreover from calculation
have M (Distinct)
using cardinal_lib__assms6 separation__dist by simp
from <Infinite(Z)y «M(Z)»
obtain b where bcZ
using Infinite_not__empty by auto
{
fix Y
assume |Y|M < w M(Y)
then
have Finite(Y)
using Finite_cardinal_rel_iff ' ItD nat_into_ Finite by auto
with <Infinite(Z)»
have Z # Y by auto
}
moreover
have (A\W. M(W) = |W|M <w= W C Z = JacZ.VseW. <s,a>€Distinct)
proof -
fix W
assume M(W) |[WIM <w W C Z
moreover from this
have Finite_rel(M,W)
using
cardinal_rel_closed|OF «<M(W)y] Card_rel_nat
It_Card_rel _imp_lesspoll_rel[of w,simplified,OF _ (WM < w)]
lesspoll_rel_nat_is_Finite_rellof W]
egpoll_rel_imp__lepoll_rel eqpoll_rel_sym|[OF cardinal_rel_egpoll_rel,of W]
lesspoll_rel_transi[of W |W|M w] by auto
moreover from calculation
have - ZCW
using equalityl <Infinite(Z)» by auto
moreover from calculation
show JaeZ. Vse W. <s,a>€ Distinct
unfolding Distinct_def by auto
qed
moreover from <beZy «M(Z)) «M(Distinct)y this
obtain S where S : w —M Z M(S) Vacw. Vpew. a < f — <S‘a,50> €
Distinct
using bounded__cardinal_rel_selection|OF _ <beZ» Card_rel_nat,of Distinct]
by blast
moreover from this
have o e w = f € w = a# = S‘a # S5 for a
unfolding Distinct_def
by (rule_tac lt_neq_symmetry[of w Aa . S‘a # SB])
auto
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moreover from this «<Se_» «(M(Z)»
have S€inj(w,Z) using function_space_rel_char unfolding inj def by auto
ultimately
show w <M 7
unfolding lepoll_rel def using inj rel_char <M(Z)> by auto
next
assume w <M 7 M(Z)
then
show Infinite(Z) using lepoll_rel nat_imp_Infinite by simp
qed

lemma Infinite_InfCard_rel_cardinal_rel: Infinite(Z) = M(Z) = InfCard_rel(M,|Z|M)
using lepoll_rel_eq trans eqpoll rel _sym lepoll rel _nat_imp_ Infinite
Infinite_iff lepoll_rel_nat Inf Card_rel_is InfCard_rel cardinal__rel eqpoll_rel
by simp

lemma (in M_ trans) mem_F__bound?2:
fixes F' A
defines F = A\__ z. if M(z) then A-“{z} else 0
shows z€F(A,c) = ¢ € (range(f) U range(A))
using apply 0 unfolding F_def
by (cases M(c), auto simp:F_def drSR_Y _def dC_F _def)

lemma Finite__to_one_rel_surj rel _imp_ cardinal _rel_eq:
assumes F € Finite_to_one_rel(M,Z,Y) N surj_rel(M,Z,Y) Infinite(Z) M(Z)
M(Y)
shows |Y|M = |z|M
proof -
have sep_ true: separation(M, M) unfolding separation_def by auto
note <M(Z)» «<M(Y)»
moreover from this assms
have M(F) Fe Z - Y
unfolding Finite to_ one_rel def
using function__space__rel_char by simp_all
moreover from this
have z € (if M (i) then F -* {i} else 0) = M(i) for = i
by (cases M(7)) auto
moreover from calculation
interpret M_replacement lepoll M A__ x. if M(x) then F-‘{z} else 0
using lam__replacement_inj _rel mem__F _bound2 cardinal_lib__assms3
lam__replacement_vimage_sing _fun
lam__replacement_if [OF _
lam__replacement__constant[OF nonempty|,where b=M] sep__true
by (unfold_locales, simp__all)
(rule lam__Least_assumption__general[where U=X_. range(F')], auto)
have w € (if M(y) then F-“{y} else 0) = M(y) for w y
by (cases M(y)) auto
moreover from (Fe_N_»
have 0:Finite(F-‘{y}) if yeY for y
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unfolding Finite to_ one_rel def
using vimage_fun_sing <FeZ—Y)» transM[OF that <M (Y )] transM[OF __
(M(Z)»] that by simp
ultimately
interpret M__cardinal _UN__lepoll _ Ny. if M(y) then F-*{y} else 0 Y
using cardinal_lib__assms8 lepoll _assumptions
by unfold_locales (auto dest:transM simp del:mem__inj _abs)
from (FeZ—Y)
have Z = (JyeY. {z€Z . F'z = y})
using apply_type by auto
then
show ?thesis
proof (cases Finite(Y))
case True
with «Z = (JyeY. {z€Z . F'z = y})» and assms and <FE€EZ—Y)
show ?thesis
using Finite_ RepFun|THEN [2] Finite_ Union, of Y Ay. F-‘{y}] 0 vimage__fun__sing|OF
(FeZ—Y)|
by simp
next
case Fulse
moreover from this <M(Y)»
have v <M |y M
using cardinal_rel__eqpoll_rel eqpoll_rel__sym eqpoll_rel _imp_lepoll_rel by
auto
moreover
note assms
moreover from (Fe _N_»
have Finite({zcZ . F'x = y}) M(F-‘{y}) if yeY for y
unfolding Finite_to_one_rel def
using transM|[OF that <M(Y)] transM[OF _ <M(Z)»] vimage__fun__sing[OF
«(FeZ—Y)] that
by simp__all
moreover from calculation
have |{z€Z . Fo = y}|M € wif yeY for y
using Finite_cardinal_rel_in_ nat that transM|[OF that <M(Y)] vimage__fun__sing[OF
«(FeZ—Y)] that
by simp
moreover from calculation
have [{zeZ . F'z = y}|M < |Y|M if yeY for y
using Infinite_imp_nats_lepoll _rel[ THEN lepoll_rel imp_ cardinal_rel_le,
of _{z€Z . Fiz = y}M
that cardinal_rel_idem transM[OF that <M(Y))] vimage_fun__sing[OF
(FeZ—Y))
by auto
ultimately
have |JyeY. {z€Z . F'x = y}M < |Y|M
using legpoll_rel _imp_ cardinal _rel UN__le
Infinite_InfCard_rel _cardinal_rel[of Y] vimage fun_sing[OF «<FEZ—Y)]
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by (auto simp add:transM[OF _ <M (Y)])
moreover from «F € Finite_to_one_rel(M,Z,Y) N surj_rel(M,Z,Y )y «<M(Z)»
M(F)y «<M(Y)
have |Y|M < |7|M
using surj_rel implies cardinal_rel le by auto
moreover
note <Z = (JyeY. {z€Z . F'x = y})»
ultimately
show ?thesis
using le_anti_sym by auto
qed
qed

lemma cardinal_rel_map_Un:
assumes Infinite(X) Finite(b) M(X) M(d)
shows [{a U b.ac X}M = |x|M
proof -
have (Aa€X. a U b) € Finite_to_one_rel(M,X,{faUb.a€ X})
(Aa€X. a U b) € suri relM,X{aUb.ac X})
M{aUb.ae€ X})
unfolding def surj_rel
proof
fix d
have Finite({a € X . a U b = d}) (is Finite(?Y(b,d)))
using <Finite(b)»
proof (induct arbitrary:d)
case 0
have {a € X . a U 0 = d} = (if deX then {d} else 0)
by auto
then
show ?case by simp
next
case (cons c b)
from <«c ¢ b
have ?Y (cons(c,b),d) C (if ced then 2Y(b,d) U 2Y(b,d-{c}) else 0)
by auto
with cons
show “case
using subset_ Finite
by simp
qed
moreover
assume d € {z U b .z € X}
ultimately
show Finite({a € X . M(a) A (Az€X. 2 U b) ‘a = d})
using subset Finite[of {a € X . M(a) AN (Az€X. 2 U b) ‘a = d}
{a e X . (AzeX. zU D) ‘a = d}] by auto
next
note «(M(X)» «<M(b)>
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moreover
show M(Aa€X. a U b)
using lam__closed[of X z . 2Ub,OF _ «M(X)»] Un__closed|OF transM[OF __
(M(X)] «<M(b)]
tag_union__replacement[OF <M (b)»]
by simp
moreover from this
have {a Ub.a€ X} = (AzeX. zUb) “X
using image_lam by simp
with calculation
show M({a U b . a € X}) by auto
moreover from calculation
show (MacX. aUb) € X =M {aUb.a € X}
using function__space_rel_char by (auto intro:lam__funtype)
ultimately
show (Ma€X. a U b) € suriM(X{aUb.aec X}) M{{aUb.ac X})
using surj rel char function__space_rel char
unfolding surj def by auto
next
qged (simp add:«M(X)»)
moreover from assms this
show ?thesis
using Finite_to_one_rel _surj rel _imp cardinal_rel _eq by simp
qed

21.5 Results on relative cardinal exponentiation

lemma cexp_rel egpoll rel cong:

assumes
A~M A" B~M B M(A) M(A") M(B) M(B’)

shows
ATB,M: AWB’,M

unfolding cexp_rel def using cardinal_rel eqpoll_rel_iff
function__space__rel__eqpoll_rel _cong assms

by simp

lemma cexp_rel cexp rel cmult:
assumes M (k) M(v1) M(v2)
shows (kTV1LM)w2M _ (fv2 QM y1,M
proof -
have (kTVLMYW2M — (5,7 M ytv2,M
using cardinal_rel _egpoll rel
by (intro cexp_rel _eqpoll_rel_cong) (simp__all add:assms cexp__rel_def)
also from assms
have ... = g2 xvLM
unfolding cexp_rel def using curry_eqpoll_rel[ THEN cardinal_rel _cong] by
blast
also

have ... = x1V? oM v1M
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using cardinal _rel_eqpoll_rel[ THEN eqpoll_rel__sym)
unfolding cmult_rel_def by (intro cexp_rel eqpoll_rel cong) (auto simp
add:assms)
finally
show ?thesis .
qed

lemma cardinal_rel_Pow_rel: M(X) = |Pow_rel(M,X)|M = 215M __ Perhaps
it’s better with |X]
using cardinal_rel_eqpoll_rel iff[THEN iffD2,
OF __ __ Pow_rel_egpoll_rel_function__space_rel]
unfolding cexp rel def by simp

lemma cantor_cexp_ rel:
assumes Card_rel(M,v) M(v)
shows v < 2Tv:M
using assms Card_rel_is Ord Card_rel cexp_ el
proof (intro not_le iff W[THEN iffD1] notl)
assume 27"M <
with assms
have \Powirel(M,y)|M <v
using cardinal_rel_Pow_rellof v] by simp
with assms
have Pow_rel(M,v) <M v
using cardinal_rel _eqpoll _rel iff Card_rel _le imp_lepoll_rel Card_rel cardinal el eq
by auto
then
obtain g where g € inj_rel(M,Pow_rel(M,v), v)
by blast
moreover
note <M (v)»
moreover from calculation
have M(g) by (auto dest:transM)
ultimately
show Fulse
using cantor_inj rel by simp
qed simp

lemma countable iff le rel Aleph rel one:
notes iff _trans[trans]
assumes M(C)
shows countableM(C) «— |C|M <M ;M
proof -
have countableM(C) +— C <M M
using assms lesspoll _rel_csucc_rellof w C| Aleph_rel succ Aleph_rel zero
unfolding countable rel def by simp
also from assms
have ... +— |C|M <My M
using cardinal _rel_eqpoll_rel[ THEN eqpoll_rel _sym, THEN eq_lesspoll rel trans)
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by (auto intro:cardinal_rel__eqpoll_rel[THEN eq_lesspoll_rel trans|)
finally
show ?thesis .
qed

end — M_ cardinal_library

lemma (in M__cardinal_library) countable_fun_imp_ countable image:
assumes f:C =M B countableM(C) N\e. ce C = countableM(fc)
M(C) M(B)
shows countableM (| (f<C))
using assms function__space_rel _char image_ fun|of f]
cardinal_rel_RepFun__apply_le[of f C' B]
countable__rel_iff _cardinal_rel_le_nat[THEN iffD1, THEN [2] le_trans, of _

]
countable__rel_iff cardinal_rel le_nat
by (rule_tac countable rel union__countable rel)
(auto dest:transM del:imageE)

end

22 The Delta System Lemma, Relativized

theory Delta_System__Relative
imports
Cardinal__Library_ Relative
begin

definition
delta__system :: i = o where
delta__system(D) = 3r.VAeD.VBeD. A#B — ANB=r

lemma delta_ systeml|introl:
assumes VAeD.VBeD. A#B — ANB=r
shows delta__system(D)
using assms unfolding delta_system__def by simp

lemma delta_systemD]dest]:
delta_system(D) = 3r.VAeD.VBeD. A# B — ANB=r
unfolding delta_ system__def by simp

lemma delta_system__root_eq Inter:

assumes delta__system(D)

shows VAeD.VBeD. A#B— AnNB=D
proof (clarify, intro equalityl, auto)

fix A’B'z C

assume hyp:A'eD B'e D A’AB’ x€ A’ zeB’' CeD
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with assms

obtain r where delta:v AcD.VBeD. A# B — ANB=r
by auto

show z € C

proof (cases C=A")
case True
with hyp and assms
show ?thesis by simp

next
case Fulse
moreover
note hyp
moreover from calculation and delta
have r = C N A’ A’ N B’ = r zer by auto
ultimately
show ?thesis by simp

qed

qed

relativize functional delta_system delta_system__rel external

locale M _delta = M__cardinal_library +
assumes
countable__lepoll _assms:
M(G) = M(A) = M(b) = M(f) = separation(M, \y. JzcA.
y =z, pi z€if range F_else_ F(A\z. {za € G . z € za},

b, f, ©)))
begin

lemmas cardinal _replacement = lam__replacement__cardinal__rel[unfolded lam__replacement__def]

lemma disjoint_separation: M(c) = separation(M, X\ z. 3a. 3b. z={a,b) A a N
b=c)
using separation__pair separation__eq lam__replacement__constant lam__replacement__Int
by simp

lemma insnd_ball: M(G) = separation(M, A\p. Vz€G. z € snd(p) «— fst(p) €
x)
using separation_ball separation_iff ' lam_replacement_ fst lam__replacement snd
separation__in lam__replacement__hcomp
by simp

lemma (in M_trans) mem_F _bound6:
fixes F' G
defines F = \__ z. Collect(G, (€)(x))
shows z€F(G,c) = ¢ € (range(f) U U G)
using apply 0 unfolding F_def
by (cases M(c), auto simp:F _def)
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lemma delta__system__Aleph_ rell:
assumes YV AcF. Finite(A) F ~M XM M(F)
shows 3D[M]. D C F A delta_system(D) A D =M R, M
proof -
have M(G) = M(p) = M({AeG .p e A}) for G p
proof -
assume M(G) M(p)
have {AeG . p € A} = G N (Memrel({p} U G) “{p})
unfolding Memrel def by auto
with <M(G)» <M(p)>
show ?thesis by simp
qed
from «M(F)»
have M(\AcF. |A|M)
using cardinal_replacement
by (rule_tac lam__closed) (auto dest:transM)

Since all members are finite,

with <V AeF. Finite(A)> <M (F)»
have (\AcF. [AM) . F =M o (is Zcards : )
by (simp add:mem__function_space_rel__abs, rule_tac lam__type)
(force dest:transM)
moreover from this
have a:?cards - {n} = { AcF . |[A/M = n } for n
using vimage_lam by auto
moreover
note «F ~M &, M, (M(F),
moreover from calculation

there are uncountably many have the same cardinal:

obtain n where ncw |?cards - {n}|M = 8 ;M
using egpoll_rel_Aleph_rell__cardinal_rel_vimage|of F ?cards] by auto
moreover
define G where G = ?cards -* {n}
moreover from calculation and <M (?cards)»
have M(G) by blast
moreover from calculation
have G C F by auto
ultimately

Therefore, without loss of generality, we can assume that all elements of the
family have cardinality n € w.
have AcG = |A|M = n and G ~" X;M and M(G) for A
using cardinal_rel Card_rel _eqpoll _rel iff by auto
with «new>

So we prove the result by induction on this n and generalizing G, since
the argument requires changing the family in order to apply the inductive
hypothesis.
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have 3D[M]. D C G A delta_system(D) A D ~M %M
proof (induct arbitrary: Q)
case ( — This case is impossible
then
have G C {0}
using cardinal_rel_0 _iff 0 by (blast dest:transM)
with «G =M X, M, (M(G)»
show ?case
using nat_It__Aleph_rell subset_imp_le_ cardinal _rellof G {0}]
It_trans2 cardinal_rel__Card_rel_eqpoll_rel iff by auto
next
case (succ n)
have Va€G. Finite(a)
proof
fix a
assume a € G
moreover
note <M(G)» <ncw>
moreover from calculation
have M (a) by (auto dest: transM)
moreover from succ and <a€G)>
have |a|M = succ(n) by simp
ultimately
show Finite(a)
using Finite_ cardinal_rel_iff’ nat_into_ Finite[of succ(n)]
by fastforce
qed
show 3D[M]. D C G A delta_system(D) A D =M R;M
proof (cases Ap[M]. {AcG . p € A} =M R M)
case True — the positive case, uncountably many sets with a common element

then
obtain p where {AcG . p € A} =M XM M(p) by blast
moreover
note I=(M(G)» <M(G) = M(p) = M({A€G . p € A}) singleton_ closed] OF
«M(p)]

moreover from this
have M({z - {p} .z € {r € G .p € z}})
using RepFun__closed|OF lam__replacement_Diff |[THEN
lam__replacement_imp_ strong _replacement]]
Diff closed[OF transM[OF __ 1(2)]] by auto
moreover from I
have M(converse(Aze{z € G . p € z}. z - {p})) (is M(converse(?h)))
using converse__closed[of ?h] lam__closed|OF diff _Pair_replacement]
Diff _closed[OF transM[OF __ 1(2)]]
by auto
moreover from calculation
have {A-{p} . Ac{XeG. peX}} ~M ¥ ,M (is 2F =M )
using Diff bij rellof {A€G . p € A} {p}, THEN
comp__bij_rel|OF bij _rel converse_bij _rel, where C:NIM,
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THEN bij_rel_imp__eqpoll_rel, of _ __ ?F]]
unfolding eqpoll_rel def
by (auto simp del:mem__bij _abs)

Now using the hypothesis of the successor case,

moreover from (\A. AcG = |A|M=succ(n)) ~acG. Finite(a)
and this <M(G)»
have pcA = AcG = |A - {p}|M = n for A
using Finite_imp_succ__cardinal_rel_Diff[of _ p| by (force dest: transM)
moreover
have V a€ ?F. Finite(a)
proof (clarsimp)
fix A
assume peA AeG
with (NA.pe A= Ac G = |A-{p}|M =m and (new M(G)
have Finite(|A - {p}|™)
using nat_into_ Finite by simp
moreover from (pcd) <AcG) (M(G)»
have M(A - {p}) by (auto dest: transM)
ultimately
show Finite(A - {p})
using Finite_ cardinal_rel_iff ' by simp
qed
moreover

we may apply the inductive hypothesis to the new family {A - {p} . A €
{XeG.pe X}

note (N\A. A ¢ 2F = |[AM = n) = 2F =M N\, M — M(?2F) =
3ID[M]. D C 2F A delta_system(D) A D ~M R;M,
moreover
note I=(M(G)» <M(G) = M(p) = M({A€G . p € A}) singleton__closed]OF
M(p))]
moreover from this
have M({z - {p} .z € {zr € G . p € z}})
using RepFun__closed|OF lam__replacement_Diff |[THEN
lam__replacement__imp__strong_replacement]]
Diff _closed[OF transM[OF __ 1(2)]] by auto
ultimately
obtain D where DC{A-{p} . Ac{X€G. pcX}} delta_system(D) D ~M R ;M
M(D)
by auto
moreover from this
obtain r where VAeD. VBeD. A# B — ANB=r
by fastforce
then
have VAeD.V BeD. AU{p} # BU{p}—(A U {p}) N (B U {p}) = rU{p}
by blast
ultimately
have delta_system({B U {p} . BeD}) (is delta_system(?D))
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by fastforce
moreover from <M (D)) <M(p)»
have M(?D)
using RepFun__closed un__Pair_replacement transM[of __ D] by auto
moreover from D ~™ X;M, (M(D),
have Infinite(D) |D|M = X;M
using uncountable rel iff subset_eqpoll rel Aleph rell|[THEN iffD2,
THEN uncountable_rel_imp__Infinite, of D]
cardinal__rel_eqpoll_rel_iff[of D N1M} «<M(D)» <D ~M w M,
by auto
moreover from this <M(?D)y <M(D)» <M(p)>
have 7D ~M N, M
using cardinal _rel_map_ Un[of D {p}| naturals_It_nat
cardinal__rel__eqpoll _rel_iff[THEN iffD1] by simp
moreover
note <D C {A-{p} . Ae{XeG. peX}}
have ?D C G
proof -
{
fix A
assume AcG peA
moreover from this
have A = 4 - {p} U {p}
by blast
ultimately
have A -{p} U {p} € G
by auto

}
with <D C {A-{p} . Ae{XeG. peX}}
show ?thesis
by blast
qed
moreover
note <M (?D)»
ultimately
show 3D[M]. D C G A delta_system(D) A D ~M XM by auto
next
case Fulse
note (- (Ip[M]. {A € G .pec Ay =M R;M), — the other case
M(G) <A\p. M(G) = M(p) = M({AeG . p € A})
moreover from <G ~M R, M, and this
have M(p) = {Ac G.pec Ay MM (is = 2G(p) <M ) for p
by (auto introl:lepoll_rel _eq_trans[OF subset_imp_lepoll rel] dest:transM)
moreover from calculation
have M(p) = ?G(p) <™ X;M for p
using «(M(G) = M(p) = M({AeG . p e A})p
unfolding lesspoll _rel def by simp
moreover from calculation
have M(p) = ?G(p) <M w for p
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using lesspoll_rel _Aleph_rel succlof 0] Aleph_rel_zero by auto
moreover
have {A € G. SN A# 0} = (UpeS. ?G(p)) for S
by auto
moreover from calculation
have M(S) = i€ S = M({zx € G.ic z}) fori S
by (auto dest: transM)
moreover
have M(S) = countable_rel(M,S) = countable_rel(M{A € G.SN A
# 0}) for S
proof -
from «M(G)»
interpret M_replacement lepoll M A__ z. Collect(G, (€)(z))
using countable_lepoll assms lam__replacement_inj rel separation__in_rev
lam__replacement__Collect|OF __ __ insnd_ball] mem__F_bound6[of _ G]
by unfold_locales
(auto dest:transM intro:lam__Least_assumption__generallof
Union])
fix S
assume M(S)
with <M(G)) <A\i. M(S) = i€ S= M({z € G .1i€ z})p
interpret M cardinal UN_lepoll _ ?G S
using lepoll _assumptions
by unfold_locales (auto dest:transM)
assume countable_rel(M,S)
with «(M(S)» caleulation(6) caleulation(7,8)[of S]
show countable_rel(M,{A € G.SnNA#0})
using InfCard_rel _nat Card_rel _nat
le_Card_rel iff[THEN iffD2, THEN |[3] legpoll_rel _imp_cardinal_rel UN_le,
THEN [4] le_Card_rel iff[THEN ffD1], of w] j.UN_closed
unfolding countable_rel_def by (auto dest: transM)
qed
define Disjoint where Disjoint = {<A,B> € GxG . BN A = 0}
have Disjoint = {v € GxG . 3 a b. z=<a,b> A aNb=0}
unfolding Disjoint_def by force
with «M(G)»
have M(Disjoint)
using disjoint__separation by simp

For every countable_ rel subfamily of G there is another some element
disjoint from all of them:

have 3AcG. ¥ SeX. <8, A>€Disjoint if | X|M < ¥;M X € ¢ M(X) for X
proof -

note «ncwy <M(G)»

moreover from this and (\NA. AcG = |A|M = succ(n)»

have |A|M= succ(n) M(A) if AcG for A

using that Finite__cardinal_rel_eq cardinal[of A] Finite__cardinal_rel _iff of

4
nat_into_Finite transM[of A G] by (auto dest:transM)
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ultimately
have Ac G = Finite(A) for A
using cardinal_rel _Card_rel_eqpoll_rel_iff[of succ(n) A
Finite__cardinal_rel_eq cardinal[of A] nat_into_ Card_rel[of succ(n)]
nat_into__MJof n] unfolding Finite_def eqpoll_rel _def by (auto)
with «XCGy «M(X)»
have Ac X = countable_rel(M,A) for A
using Finite_imp__countable_rel by (auto dest: transM)
moreover from M (X))
have M(|J X) by simp
moreover
note (| X|M < X, M, (M(X)
ultimately
have countable_rel(M,|J X)
using Card_rel_nat[THEN cardinal_rel_lt_csucc_rel _iff, of X]
countable__rel_union__countable__rel[of X]
countable__rel_iff cardinal _rel_le_nat[of X] Aleph_rel succ
Aleph__rel_zero by simp
with <M (U X)» «<M(_) = countable_rel(M, ) = countable_rel(M,{A
eG._ NA#0})
have countable_rel(M . {A € G . (JX) N A # 0}) by simp
with «G ~M ¥, M, (M(G)»
obtain B where BeGB ¢ {Aec G. (UX) N A # 0}
using nat_ It _Aleph_rell cardinal_rel_Card_rel_eqpoll rel iff[of N,M

uncountable _rel _mnot_subset__countable rel
[of {Ae G.(UX)N A# 0} G
uncountable__rel iff nat_lt cardinal rellof G]
by force
then
have 3 4€G. VSeX. AN S = 0 by auto
with «(XCG)»
show JA€G. VSeX. <S,A>€Disjoint unfolding Disjoint__def
using subsetD by simp
qed
moreover from «G ~M ¥, M, (M(G)
obtain b where be G
using uncountable__rel iff subset__eqpoll_rel Aleph_rell
uncountable _rel _not _empty by blast
ultimately

Hence, the hypotheses to perform a bounded-cardinal selection are satisfied,

obtain S where S:N;M MG aeR M — ger M — a<f = <S‘a, SB6>
€ Disjoint
for a g
using bounded__cardinal_rel_selection[of R;™ G Disjoint] «M(Disjoint)
by force
moreover from this <n€w> <M (G)»
have inM:M(S) M(n) Nz. 2 € XM = S ‘2 € G A\z. 2 € ;M — M(x)
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using function__space_rel_char by (auto dest: transM)

ultimately

have a € N,M — g e N\, M — o8 = S‘a N S8 = 0 for a
unfolding Disjoint_def
using lt_neq_symmetry|of R, M N\a B. S‘an S8 = 0] Card_rel_is_Ord
by auto (blast)

and a symmetry argument shows that obtained S is an injective N IM-
sequence of disjoint elements of G.

moreover from this and (\A. AcG = |A|M = succ(n)y inM
S XM MGy MG
have S € inj_rel(M XM, @)
using def _inj rel|OF Aleph_rel_closed <M(G)», of 1]
proof (clarsimp)
fix waz
from inM
havea€N1M:>bENJM:>a7éb:>S‘a7ES‘bf0rab
using (\A. Ac G = |A|M = succ(n)y[THEN (4] cardinal_rel_succ_not_0| THEN

[4]
Int_eq zero_imp_not_eq[OF calculation, of XM \z. z],
of A_.n], OF _ _ __ _ apply closed] by auto
moreover
assume w e R, Mz e XM Gy =96y
ultimately
show w = z by blast

qed
moreover from this <M(G)»
have range(S) ~M R, M
using inj_rel_bij rel _range eqpoll _rel _sym unfolding egpoll rel def
by (blast dest: transM)
moreover
note <M (G)»
moreover from calculation
have range(S) C G
using inj_rel_is fun range_fun_ subset__codomain
by (fastforce dest: transM)
moreover
note <M(S)
ultimately
show 3 D[M]. D C G A delta__system(D) A D ~M N M
using inj rel is_fun ZF _Library.range_eq_image[of S XM G]
image_ function|OF fun_is_function, OF inj_rel_is_fun, of S ¥;M @]
domain_ of fun[OF inj_rel is_fun, of S R;M G] apply_replacement|of S|
by (rule_tac z=5R;M in rexl) (auto dest:transM intro!:RepFun_ closed)

This finishes the successor case and hence the proof.

qed
qed
with «G C F»
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show ?thesis by blast
qed

lemma delta__system__uncountable rel:
assumes V A€ F. Finite(A) uncountable_rel(M,F) M(F)
shows 3D[M]. D C F A delta_system(D) A D =M x M
proof -
from assms
obtain S where S C F § ~M XM p(89)
using uncountable_rel iff _subset_eqpoll_rel_Aleph_rell[of F| by auto
moreover from v A€F. Finite(A)> and this
have V AcS. Finite(A) by auto
ultimately
show ?thesis using delta_ system__Aleph_ rell[of S|
by (auto dest:transM)
qed

end — M _delta

end

23 Relative DC

theory Pointed DC _Relative
imports
Cardinal__Library_ Relative

begin

consts dc_witness :: 1 = 1= 1= 1= 1= 1
primrec
witd : dc_witness(0,A,a,8,R) = a
witrec : dc_witness(suce(n),A,a,s,R) = s{zcA. (dc_witness(n,A,a,s,R),z)ER}

lemmas dc_witness def = dc__witness _nat__def

relativize functional dc_witness dc__witness _rel
relationalize dc_witness _rel is _dc__witness

schematic__goal sats is dc_witness_fm__auto:
assumes na < length(env) e < length(env)
shows
ne € w =

A€Eew=—=

a6 €Ew—

S € w—

Rew=—

e cw—

env € list(Aa) =
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0 € A —
is_dc_witness(## Aa, nth(na, env), nth(4, env), nth(a, env), nth(s, env),
nth(R, env), nth(e, env)) <—
Aa, env |E ?fm(nat, A, a, s, R, e)
unfolding is dc_witness def is_recursor_def
by (rule is_transrec_iff sats | simp__all)
(rule iff _satsis_nat_case_iff satsis_eclose_iff sats sep_rules | simp add:assms)+

synthesize is _dc witness from__schematic

manual__arity for is dc_ witness_fm
unfolding is dc_witness_fm_ def apply (subst arity transrec_ fm)
apply (simp add:arity) defer 3
apply (simp add:arity) defer
apply (subst arity_is_nat_case_fm)
apply (simp add:arity del:arity_transrec_fm) prefer 5
by (simp add:arity del:arity_transrec_fm)+

dewit_body(A,a,9,R) = Ap. snd(p) = dc_witness(fst(p), 4, a, g, R)

relativize functional dcwit body dcwit body rel
relationalize dcwit_body rel is dcwit_body

synthesize is_dcwit_body from__definition assuming nonempty
arity__theorem for is dcwit_body fm

context M replacement
begin

lemma dc_witness__closed[intro,simp]:
assumes M(n) M(A) M(a) M(s) M(R) nEnat
shows M (dc_witness(n,A,a,s,R))
using (nenat»
proof(induct)
case ()
with <M (a)»
show ?Zcase
unfolding dc_ witness def by simp
next
case (succ x)
with assms
have M(dc_witness(z,A,a,s,R)) (is M(%b))
by simp
moreover from this assms
have M(({?b}xA)NR) (is M(?X)) by auto
moreover
have {z€A. (?b,z)eR} = {snd(y) . y?X} (is _ = ?Y)
by (intro equalityl subsetl,force,auto)
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moreover from calculation
have M(?Y)
using lam__replacement__snd lam__replacement__imp__strong replacement RepFun_ closed
snd__closed[OF transM |
by auto
ultimately
show ?case
using <M (s)> apply_ closed
unfolding dc_witness def by simp
qed

lemma dc_witness _rel char:
assumes M(A)
shows dc_witness_rel(M,n,A,a,s,R) = dc_witness(n,A,a,s,R)
proof -
from assms
have {z € A . (rec, z) € R} = {x € A. M(z) A (rec, z) € R} for rec
by (auto dest:transM)
then
show ?thesis
unfolding dc_witness def dc_witness_rel _def by simp
qged

lemma (in M_ basic) first_section_ closed:
assumes
M(A) M(a) M(R)
shows M({z € A . (a, z) € R})
proof -
have {z € A . (a, ) € R} = range({a} x range(R) N R) N A
by (intro equalityl) auto
with assms
show ?thesis
by simp
qed

lemma witness_into_A [TC]:
assumes a€ A
VX[M]. X£0 A XCA — s'XeA
VyeA. {z€A. (y,z)€R } # 0 nenat
M(A) M(a) M(s) M(R)
shows dc_witness(n, A, a, s, R)eA
using «n€nat)
proof(induct n)
case ()
then show ?case using <a€A> by simp
next
case (succ )
with succ assms(1,3-)
show ?Zcase
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using nat_into_ M first section_ closed
by (simp, rule_tac rev_subsetD, rule_tac assms(2)[rule_format])
auto
qed

end — M _replacement

locale M__DC = M_trancl + M__replacement + M __eclose +
assumes
separation_is_dcwit_body:
M(A) = M(a) = M(9) = M(R) = separation(M is_dcwit_body(M, A,
a, g, R))
and
dcwit__replacement: Ord(na) =
M(nae) =
M(A) =
M(a) =
M(s) =
M(R) =
transrec__replacement
(M, An f nte.
is_nat_case
(M, a,
Am bmfm.
3 fm[M]. 3 cp[M].
is_apply(M, f, m, fm) A
is_Collect(M, A, Ax. 3 fmz[M]. (M (z) A fmz € R) A pair(M, fm,
x, fmzx), cp) A
is_apply(M, s, cp, bmfm),
n, ntc),na)
begin

lemma is dc_witness_iff:
assumes Ord(na) M(na) M(A) M(a) M(s) M(R) M(res)
shows is_dc_witness(M, na, A, a, s, R, res) <— res = dc_ witness_rel(M, na,
A, a, s, R)
proof -
note assms
moreover from this
have {r € A. M(z) N {f,z) e R} ={z € A . (f, z) € R} for f
by (auto dest:transM)
moreover from calculation
have M(fm) = M({zx € A. M(z) A (fm, z) € R}) for fm
using first_section_ closed by (auto dest:transM)
moreover from calculation
have M(z) = M(z) = M(mesa) =
(Fya[M]. pair(M, z, ya, z) A
is_wfrec(M, An f. is_nat_case(M, a, Am bmfm. 3 fm[M]. is_apply(M, f, m,
fm) A
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is_apply(M, s, {x € A . (fm, ) € R}, bmfm), n), mesa, x, ya))
—
(Fy[M]. pair(M, z, y, z) A
is_wfrec(M, An f. is_nat_case(M, a,
Am bmjfm.
I fm[M]. 3 ep[M]. is_apply(M, f, m, fm) A
is_Collect(M, A, Ax. M(z) A {fm, z) € R, cp) N is_apply(M, s, cp,
bmfm) ),
mesa, z, y)) for z z mesa by simp
moreover from calculation
show ?thesis
using assms dewit_replacement[of na A a s R)
unfolding is dc_witness def dc_witness rel def
by (rule_tac recursor__abs) (auto dest:transM)
qed

lemma dcwit _body abs:

fst(z) € w = M(A) = M(a) = M(g) = M(R) = M(z) =
is_dcwit_body(M,A,a,9,R,x) +— decwit_body(A,a,q,R,x)

using pair_in_ M __iff apply_closed transM|[of __ A
is_dc_witness__iff[of fst(x) A a g R snd(z)]
fst_snd_closed dc_witness_closed

unfolding dcwit body def is _dcwit_body _def

by (auto dest:transM simp:absolut dc_witness_rel__char del:bexl intro!:bexl)

lemma separation__eq dc_witness:
M(A) =
M(a) =
M(g) =
M(R) = separation(M \p. fst(p)ew — snd(p) = dc_witness(fst(p), A, a,
9, R))
using separation__is dcwit_body dcwit_body _abs unfolding is dcwit_body__ def
oops

lemma Lambda dc witness closed:
assumes g € Pow™(A)-{0} - A acAVycA. {z € A.(y,z) € R} # 0
M(g) M(4) M(a) M(R)
shows M (An€nat. dc_witness(n,A,a,9,R))
proof -
from assms
have (An€nat. dc_witness(n,A,a,g,R)) = {p € w x A . is_dcwit_body(M,A,a,q,R,p)}
using witness_into_Alof a A g R]
Pow_rel__char apply__type[of g {x € Pow(A) . M(z)}-{0} \_.A]
unfolding lam _ def split_def
apply (intro equalityl subsetl)
apply (auto)
by (subst dcwit_body__abs, simp__all add:transM[of __ w] dewit_body__def,
subst (asm) dewit_body__abs, auto dest:transM simp:dcwit__body__def)

329



with assms

show ?thesis

using separation_is_dcwit_body dc__witness_rel_char unfolding split_def by
stmp
qed

lemma witness related:
assumes a€A
VX[M]. X£0 N XCA — s'XeX
VyeA. {z€A. (y,x)€R } # 0 nEnat
M(a) M(A) M(s) M(R) M(n)
shows (dc_witness(n, A, a, s, R),dc_witness(succ(n), A, a, s, R))ER
proof -
note assms
moreover from this
have (VX[M]. X#0 N XCA — s'X€A) by auto
moreover from calculation
have dc_witness(n, A, a, s, R)€A (is %z € A)
using witness_into_Alof _ __ s R n] by simp
moreover from assms
have M({z € A . (dc_witness(n, A, a, s, R), ) € R})
using first_section_ closed[of A dc_witness(n, A, a, s, R)]
by simp
ultimately
show ?thesis by auto
qged

lemma witness _funtype:
assumes a€A
VX[M]. X£A0N XCA — sX € A
VyeA. {z€A. (y,x)eR} # 0
M(A) M(a) M(s) M(R)
shows (An€nat. dc_witness(n, A, a, s, R)) € nat - A (is ?f € _ — _)
proof -
have ?f € nat — {dc_witness(n, A, a, s, R). n€nat} (is _ € _ — ?B)
using lam__ funtype assms by simp
then
have B C A
using witness into_A assms by auto
with (?f €
show ?thesis
using fun_weaken__type
by simp
qed

lemma witness _to_ fun:
assumes acA
VX[M]. X£0 N XCA — s‘Xe€A
VyeA. {z€A. (y,x)eR } # 0
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M(A) M(a) M(s) M(R)
shows 3f € nat—A. Vnenat. f'n =dc_witness(n,A,a,s,R)
using assms bezl[of _ An€nat. dc_witness(n,A,a,s,R)] witness_funtype
by simp

end — M _DC

locale M library DC = M_library + M_DC
begin

lemma AC_M_func:
assumes A\z. 2 € A = (3y. y € ) M(A)
shows 3f ¢ A =M |J(A). Ve € A. frcx
proof -
from <M (A)>
interpret mpiA:M__Pi_assumptions _ A Azx. x
using Pi_replacement Pi__separation lam__replacement _identity
lam__replacement__Sigfun| THEN lam__replacement__imp__strong_replacement]
by unfold_locales (simp__all add:transM|of __ A])
from «M(A)»
interpret mpic_ A:M_Pi_assumptions choice _ A \x. x
apply unfold_locales
using lam__replacement__constant lam__replacement__identity
lam__replacement__identity[ THEN lam,__replacement__imp__strong_replacement]
lam__replacement_minimum|[THEN [5] lam__replacement__hcomp?2]
unfolding lam__replacement__def[symmetric]
by auto
from «M(A)»
interpret mpi2:M__Pi_assumptions2 _ A X _.|JA lz. z
using Pi_replacement Pi_separation lam__replacement constant
lam__replacement__Sigfun[ THEN lam__replacement__imp__strong__replacement,
of A_.UA] Pi_replacementifof _ |JA] transM|[of __ A]
by unfold_locales auto
from assms
show ?thesis
using mpi2.Pi_rel_type apply_type mpiA.mem__Pi_rel _abs mpi2.mem__ Pi_rel_abs
function__space__rel__char
by (rule_tac mpic_A.AC_Pi_rel[THEN rexE], simp, rule_tac z=x in bexl)
(auto, rule_tac C=Az. z in Pi_type, auto)
qed

lemma non__empty_family: || 0 ¢ A; z € A||==>3Jy.ycz
by (subgoal_tac z # 0, blast+)

lemma AC_M_func0: 0 ¢ A= M(A) = 3Ifc A M J(A).Vzc A frecx
by (rule AC_M_ func) (simp__all add: non__empty_ family)

lemma AC_M_func_ Pow_rel:

331



assumes M(C)
shows 3f € (PowM(C)-{0}) =M C.Vz € PowM(C)-{0}. fz € x
proof -
have 0¢ Pow™(C)-{0} by simp
with assms
obtain f where f € (Pow™(C)-{0}) =M |J (Pow™(C)-{0}) Vz € PowM(C)-{0}.
frex
using AC_M_funcO[OF <0¢_>] by auto
moreover
have zCC if z € PowM(C) - {0} for =
using that Pow _rel char assms
by auto
moreover
have | J (Pow™(C) - {0}) C C
using assms Pow_rel char by auto
ultimately
show ?thesis
using assms function__space__rel _char
by (rule_tac bexl,auto,rule_tac Pi_weaken type,simp_ all)
qed

theorem pointed DC:
assumes VzeA. FycA. (z,y)e R M(A) M(R)
shows VacA. 3f € nat—M A. f0 = a A (Vn € nat. (fn,fsucc(n))ER)
proof -
have 0:.VycA. {r € A . (y, z) € R} # 0
using assms by auto
from <M (A)>
obtain g where I: g € Pow™(A)-{0} - AVX[M]. X #0ANXCA—g‘X
e X
M(g)
using AC_M__func_Pow_rel[of A] mem__Pow_rel _abs
function__space_rel_char[of PowM(A)-{0} A] by auto
then
have 2VX[M]. X #0ANX C A — g ‘X € A by auto
{
fix a
assume a€A
let ?f =\nenat. de_witness(n,A,a,9,R)
note (acA>
moreover from this
have f0: ?f‘0 = a by simp
moreover
note <acA> «M(g)» <M(A)> <M(R)>
moreover from calculation
have (?f ‘n, ?f  succ(n)) € R if n€nat for n
using witness_related[OF <a€Ay __ 0, of g n] 1 that
by (auto dest:transM)
ultimately
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have 3f[M]. fenat = AN f 0= a A (Vnenat. (f ‘n, f‘ succ(n)) € R)
using 0 I <a€_»
by (rule_tac x=(Ancw. dc_witness(n, A, a, g, R)) in rexl)
(stmp__all, rule_tac witness__funtype,
auto introl: Lambda_ dc_witness closed dest:transM)
}
with <M (A)»
show ?thesis using function_ space_rel char by auto
qed

lemma aux_DC _on_AzNat2 : Vz€Axnat. 3ycA. (z,(y,succ(snd(z)))) € R =
VazeAxnat. JycAxnat. (z,y) € {(a,b)eR. snd(b) = succ(snd(a))}
by (rule balll, erule tac x=x in ballE, simp__all)

lemma infer_snd : c€ AxB = snd(c) = k = c={(fst(c),k)
by auto

corollary DC _on_ A x nat :
assumes (Vze€Axnat. 3ycA. (z,(y,succ(snd(z)))) € R) acA M(A) M(R)
shows 3f € nat—=MA. f0 = a A (Vn € nat. ((fn,n),(fsucc(n),succ(n)))ER) (is
Jze .?P(z))
proof -
let ?R'={(a,b)eR. snd(b) = succ(snd(a))}
from assms(1)
have VzeAxnat. 3yc Axnat. (z,y) € ?R’
using aux_DC _on_AzxzNat2 by simp
moreover
note <a€_ «M(A)»
moreover from this
have M(A x w) by simp
have lam__replacement(M, Az. succ(snd(fst(z))))
using lam_ replacement_ fst lam__replacement__snd lam__replacement__hcomp
lam__replacement__hcomplof _ Ax. succ(snd(z))]
lam__replacement__succ by simp
with <M (R)»
have M(?R’)
using separation__eq lam__replacement_fst lam__replacement__snd
lam__replacement__succ lam__replacement__hcomp lam__replacement_identity
unfolding split _def by simp
ultimately
obtain f where
F:fenat—M Axw f <0 = (a,0) Ynenat. (f “n, f < succ(n)) € ?R’
using pointed__DC[of Axnat ?R’] by blast
with <M (A)»
have M(f) using function_space_rel char by simp
then
have M(Azenat. fst(fz)) (is M(?f))
using lam_ replacement_ fst lam__replacement__hcomp
lam__replacement__constant lam__replacement__identity
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lam__replacement__apply
by (rule_tac lam__replacement iff lam_ closed| THEN iffD1, rule_ format))
auto
with F <M(A)»
have ?fenat—M A ?f “ 0 = a using function_space_rel char by auto
have I:n€ nat = f‘n= (?f‘n, n) for n
proof(induct n set:nat)
case (
then show ?case using F by simp
next
case (succ x)
with <M (A)>
have (f‘z, fsucc(z)) € ?R’ f'x € Axnat fsucc(x)EAxnat
using F function__space_rel _char[of w Axw] by auto
then
have snd(f‘succ(x)) = succ(snd(f‘z)) by simp
with succ <fze_»
show ?case using infer _snd[OF «f‘succ(__)€_>] by auto
qed
have ((?f‘n,n),(?f‘succ(n),succ(n))) € R if n€nat for n
using that 1[of succ(n)] 1[OF <ne_>] F(3) by simp
with f0=(a,0)
show ?thesis
using rev_bexI[OF «?f€_>] by simp
qed

lemma auz_sequence_DC :
assumes Vz€A. Vnenat. JycA. (z,y) € S‘n
R={{{z,n),(y,m)) € (Axnat)x(Axnat). (z,y)eS‘m }
shows V z€Axnat . JyeA. (z,(y,succ(snd(z)))) € R
using assms Pair_fst_snd_eq by auto

lemma aux_sequence_DC2 : ¥V z€A. ¥ nenat. JycA. (z,y) € S'n =
VzeAxnat. JycA. (z,(y,succ(snd(x)))) € {{{z,n),{y,m))E(Axnat)x (Axnat).
(z,y)€S'm }
by auto

lemma sequence_DC"
assumes Vz€A. Vnenat. JycA. (z,y) € Sn M(A) M(S)
shows VacA. (3f € nat—=M A. f0=a A (V1 € nat. (fn,f'succ(n))€S succ(n)))
proof -
from «M(S5)»
have lam_ replacement(M, Az. S ¢ snd(snd(z)))
using lam__replacement__snd lam__replacement__hcomp
lam__replacement__hcomplof _ Az. S‘snd(z)] lam__replacement _apply by simp
with assms
have M({z € (A x w) X A x w. (A{{z,n),y,m). (z, y) € S “m)(x)})
using lam_ replacement_ fst lam__replacement__snd
lam__replacement_Pair] THEN [5] lam__replacement__hcomp2,
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of Az. fst(fst(x)) Az. fst(snd(z)), THEN [2] separation__in,
of Ax. S ¢ snd(snd(x))] lam__replacement__apply[of S|
lam__replacement__hcomp unfolding split_def by simp
with assms
show ?thesis
by (rule_tac balll) (drule auz_sequence DC2, drule DC'_on_A_x_nat, auto)
qed

end — M_library _DC

end

24 Cohen forcing notions

theory Partial _Functions_Relative
imports
FiniteFun__Relative
Cardinal__Library__Relative
begin

definition
Fn :: [4,4,i] = ¢ where
Fn(k,1,J) = U{y . d € Pow(I), y=(d—J) N d=<k}

lemma domain_ function_ lepoll :
assumes function(r)
shows domain(r) < r
proof -
let ?f=Azcdomain(r) . <z, THE y . <z,y> € r>
have I:Az. z € domain(r) = Ily. <z,y> € r
using assms unfolding domain__def function_def by auto
then
have ?f € inj(domain(r), r)
using thel[OF 1]
by (rule_tac lam__injective,auto)
then
show ?thesis unfolding lepoll def
by force
qed

lemma function_ lepoll:
assumes r:d—.J
shows r < d
proof -
let ?f=Azer . fst(z)
note assms Pi_iff[THEN iffD1,0F assms]
moreover from this
have I:Az. x € domain(r) = Ily. <z,y> € r
unfolding function_def by auto
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moreover from calculation

have (THE u . <fst(z),u> € r) = snd(z) if zer for z
using that subsetD[of r dxJ x| thel[OF 1]
by (auto,rule_tac the__equality2| OF 1],auto)

moreover from calculation

have A\z. 2 er = <fst(z),THE y . <fst(z),y> € r> =z
by auto

ultimately

have ?feinj(r,d)
by (rule_tac d= Au . <u,THE y . <u,y> € r> in lam__injective,force,simp)

then

show ?thesis
unfolding lepoll def
by auto

qed

lemma function__eqpoll :

assumes r:d—J

shows r =~ d

using assms domain__of _fun domain__function_lepoll Pi_iff[THEN iffD1,0F
assms]

eqpolll[OF function_lepoll[OF assms|| subset_imp_lepoll

by force

lemma Fn__char : Fn(k,I,J) = {f € Pow(IxJ) . function(f) A f < k} (is ?L=2R)
proof (intro equalityl subsetl)
fix z
assume z € 7R
moreover from this
have domain(z) € Pow(I) domain(z) < z z2< K
using domain__function__lepoll
by auto
ultimately
show z € 7L
unfolding Fn_ def
using lesspoll_transl Pi_iff
by (auto,rule_tac rev_bexI[of domain(z) — J],auto)
next
fix z
assume z € 7L
then
obtain d where z:d—J d € Pow(I) d<k
unfolding Fn_ def
by auto
moreover from this
have z<k
using function__lepoll| THEN lesspoll_transl] by auto
moreover from calculation
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have z € Pow(IxJ) function(z)
using Pi_iff by auto
ultimately
show z € 7R by simp
qed

lemma zero in_ Fn:
assumes (0 < kK
shows 0 € Fn(k, I, J)
using It Card_imp_lesspoll assms zero__lesspoll
unfolding Fn_ def
by (simp,rule_tac t=0—J in bexl, simp)
(rule Replacellof _ 0],simp_all)

lemma Fn_nat_eq FiniteFun: Fn(nat,I,J) = I -||> J
proof (intro equalityl subsetl)
fix z
assume z € [ -||> J
then
show z € Fn(nat,I,J)
proof (induct)
case emptyl
then
show ?case
using zero_in_ Fn Ilt]
by simp
next
case (consl a b h)
then
obtain d where h:d—J d<nat dCI
unfolding Fn_ def by auto
moreover from this
have Finite(d)
using lesspoll _nat_is Finite by simp
ultimately
have h: d -||> J
using fun_ FiniteFunl Finite_into_ Fin by blast
note <h:d—.J»
moreover from this
have domain(cons({a, b), h)) = cons(a,d) (is domain(?h) = 2d)
and domain(h) = d
using domain_of fun by simp_ all
moreover
note consl
moreover from calculation
have cons({a, b), h) € cons(a,d) — J
using fun_extend3 by simp
moreover from <Finite(d)>
have Finite(cons(a,d)) by simp
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moreover from this
have cons(a,d) < nat using Finite_imp_lesspoll _nat by simp
ultimately
show ?case
unfolding Fn_ def
by (simp,rule_tac x=%d—J in bexI)
(force dest:app_fun)+
qed
next
fix z
assume z € Fn(nat,I,J)
then
obtain d where 2:d—J d € Pow(I) d<nat
unfolding Fn_ def
by auto
moreover from this
have Finite(d)
using lesspoll _nat_is Finite by simp
moreover from calculation
have d € Fin(I)
using Finite_into_Fin|of d] Fin_mono by auto
ultimately
show z € I -||> J using fun_ FiniteFunl FiniteFun_mono by blast
qed

lemma Fn_nat_subset_Pow: Fn(k,I,J) C Pow(Ix.J)
using Fn__char by auto

lemma Fnl:
assumes p:d - JdCld=<«k
shows p € Fn(k,I,J)
using assms
unfolding Fn_def by auto

lemma FnD|[dest]:
assumes p € Fn(k,I,J)
shows dd. p:d > JANdCINd<EK
using assms
unfolding Fn_def by auto

lemma Fn_is function: p € Fn(k,I,J) = function(p)
unfolding Fn_ def using fun_is function by auto

lemma Fn_ csucc:
assumes Ord(k)
shows Fn(csuce(k),I,J) = U{y . d € Pow(I), y=(d—J) N d<k}
using assms
unfolding Fn_ def using lesspoll_csucc by (simp)
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definition
FnleR :: i = i = o (infix]l <D» 50) where
f29=9¢<f

lemma FnleR__iff subset [iff]: f 2 g«— g C f
unfolding FhnleR_ def ..

definition
Fnlerel :: i = i where
Fnlerel(A) = Rrel(Ax y. z 2 y,A)

definition
Fnle :: [i,i,i] = { where
Fnle(k,1,J) = Fnlerel(Fn(k,1,J))

lemma Fnlel[intro]:
assumes p € Fn(k,1,J) q € Fn(k,1,J) p D ¢
shows (p,q) € Fnle(k,I,J)
using assms unfolding Fnlerel def Fnle def FnleR__def Rrel def
by auto

lemma FnleD[dest]:
assumes (p,q) € Fnle(k,I,J)
shows p € Fn(k,I,J) q € Fn(k,I,J) p D q
using assms unfolding Fnlerel def Fnle_def FnleR__def Rrel def
by auto

definition PFun_Space_Rel :: [i,i=>0, 1] = i (_——_)

where A =M B = {f € Pow(AxB) . M(f) A function(f)}

lemma (in M_library) PFun_Space__subset_Powrel :
assumes M(A) M(B)
shows A =M B = {f € PowM(AxB) . function(f)}
using Pow_rel_char assms
unfolding PFun_ Space Rel def
by auto

lemma (in M_ library) PFun_ Space_closed :
assumes M(A) M(B)
shows M(A —M B)
using assms PFun_ Space subset_Powrel separation_is_function
by auto

lemma Un_ filter fun_ space_ closed:
assumes G C I - J A fg.feG= g6G = 3del—-J.dDfANdDy
shows | J G € Pow(IxJ) function( G)
proof -
from assms
show |J G € Pow(IxJ)
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using Union_ Pow__iff
unfolding Pi def
by auto
next
show function( G)
unfolding function_ def
proof(auto)
fix BB zyvy'
assume B € G (z,y) € BB € G (z,y) € B’
moreover from assms this
have Be I - JB' el - J
by auto
moreover from calculation assms(2)[of B B
obtain d where d O B d D B'del — J (z,y) € d (z,y) € d
using subsetD[OF <«GC )]
by auto
then
show y=y’
using fun_is_function[OF <d€_)]
unfolding function_ def
by force
qed
qed

lemma Un_ filter is fun :
assumes G C I - J A\ fg.feG@ = geG = Fdel— J . dDf N dDg G#£0
shows JG €I — J
using assms Un_ filter fun_space_ closed Pi_iff
proof(simp__all)
show ICdomain(|J G)

proof -
from «G#£0»
obtain f where fC|J G feG
by auto
with «GC
have fel—J by auto
then

show ?thesis
using subset_trans[OF __ domain_mono[OF <fC|J G»],of I]
unfolding Pi def by auto
qed
qed

context M cardinals
begin

lemma mem__function__space__relD:

assumes f € function__space_rel(M,A,y) M(A) M(y)
shows f € A — y and M(f)
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using assms function__space_rel char by simp_ all

lemma pfunl :
assumes CCA f € ¢ =M B M(C) M(B)
shows fe A ~M B
proof -
from assms
have f € C—B M(f)
using mem__function__space_relD
by simp__all
with assms
show ?thesis
using Pi_iff
unfolding PFun_ Space Rel def
by auto
qed

lemma zero in_ PFun_rel:
assumes M (1) M(J)
shows 0 € I =M J
using pfunl|of 0] nonempty mem__function__space_rel_abs assms
by simp

lemma pfun_subsetl :
assumes f € A =M B ¢Cf M(g)
shows ge A =M B

using assms function__subset
unfolding PFun_Space Rel def
by auto

lemma pfun_is_function :
f e A~M B — function(f)
unfolding PFun_Space Rel def by simp

lemma pfun_ Un_ filter _closed:
assumes G CI—~M J A\ fg.feG = gcG = IdeI—~M J . dDf A dDg
shows | J G € Pow(IxJ) function( G)
proof -
from assms
show |J G € Pow(IxJ)
using Union_ Pow iff
unfolding PFun_ Space Rel def
by auto
next
show function( G)
unfolding function_ def
proof(auto)
fix BB zyy’
assume B € G (z, y) € BB' € G (z,y") € B’

341



moreover from calculation assms

obtain d where d € I =M J function(d) (z, y) € d (z, y") € d
using pfun_is_function
by force

ultimately

show y=y’
unfolding function_def
by auto

qed
qed

lemma pfun_ Un_ filter_closed’":
assumes G CI—~M J A\ fg.feG = geG = IdeG . dOf A dDg
shows | J G € Pow(IxJ) function( G)
proof -
from assms
have A\ fg.feG = geG = IdeI—-M J . dDf A dDyg
using subsetD[OF assms(1),THEN [2] bezl|
by force
then
show |J G € Pow(IxJ) function( G)
using assms pfun_ Un_ filter_closed
unfolding PFun_Space Rel def
by auto
qed

lemma pfun_ Un_ filter_closed’:
assumes G CI—~M J A fg.feG = geG = Ide@G . dDf A dDg M(G)
shows |G € I=-M J
using assms pfun_ Un_ filter closed’
unfolding PFun_ Space Rel def
by auto

lemma pfunD :
assumes f € A~M" B
shows 3C[M]. CCAA f € C—B
proof -
note assms
moreover from this
have fe Pow(Ax B) function(f) M(f)
unfolding PFun_ Space Rel def
by simp__all
moreover from this
have domain(f) C A f € domain(f) — B M(domain(f))
using assms Pow__iff[of f AXB] domain__subset Pi_iff
by auto
ultimately
show ?thesis by auto
qed
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lemma pfunD_closed :
assumes f € A—~M" B
shows M(f)
using assms
unfolding PFun_Space Rel def by simp

lemma pfun_singletonl :
assumes ¢ € A b€ B M(A) M(B)
shows {(z,b)} € A—~M B
using assms transM|[of x A] transM[of b B|
unfolding PFun_Space Rel def function_ def
by auto

lemma pfun_unionl :
assumes f € A—~M B g ¢ A~M B domain(f)Ndomain(g)=0
shows fUg ¢ A~M B
using assms
unfolding PFun_ Space_ Rel def function__def
by blast

lemma (in M_library) pfun_restrict _eq imp__compat:
assumes f € [—~M Jge 1-M JM(J)
restrict(f, domain(f) N domain(g)) = restrict(g, domain(f) N domain(g))
shows f U g e I—~M J
proof -
note assms
moreover from this
obtain C D where f: C - JCCIDCIM(C)M(D)g:D—J
using pfunDlof f] pfunD|of g] by force
moreover from calculation
have fug € CUD — J
using restrict_eq _imp_Un_into_Pi'|OF <feC—_» <geD—_ ]
by auto
ultimately
show ?thesis
using pfunl[of CUD __ fUg] Un__subset_iff pfunD__closed function__space_rel_char
by auto
qed

lemma FiniteFun_pfunl :
assumes f € A-||> B M(A) M(B)
shows f ¢ A =M B
using assms(1)
proof(induct)
case emptyl
then
show Zcase
using assms nonempty mem__function__space__rel__abs pfunI[OF empty subsetl,
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of 0]
by simp
next
case (consl a b h)
note consl
moreover from this
have M(a) M(b) M(h) domain(h) C A
using transM[OF _ «M(A)] transM[OF __ «M(B)»]
FinD
FiniteFun__domain_ Fin
pfunD_closed
by simp__all
moreover from calculation
have {a}Udomain(h)CA M({a}Udomain(h)) M(cons(<a,b>,h)) domain(cons(<a,b>,h))
= {a}Udomain(h)
by auto
moreover from calculation
have cons(<a,b>,h) € {a}Udomain(h) — B
using FiniteFun_is_fun[OF FiniteFun.consl, of a A b B h]
by auto
ultimately
show cons(<a,b>,h) € A ~M B
using assms mem__ function__space_rel__abs pfunl
by simp__all
qed

lemma PFun_FiniteFunl :
assumes f € A =M B Finite(f)
shows f € A-||> B
proof -
from assms
have feFin(AxB) function(f)
using Finite_ Fin Pow iff
unfolding PFun_Space_ Rel def
by auto
then
show ?thesis
using FiniteFunl by simp
qed

end
definition
Fn_rel = [i=o0,i,i,i) = i («Fn—"(_,_, ")) where
Fn_rel(M,s,1,J) = {f € I=M J . |fi]M <M g}
context M _library

begin
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lemma Fn_rel subset PFun_rel : FnM(H,I,J) cr—-My
unfolding Fn_rel def by auto

lemma Fn__rell[intro|:
assumes f : d — Jd C I [f|]M <M x M(d) M(J) M(f)
shows [ € Fn_rel(M,x,1,J)
using assms pfunl mem,__ function__space_rel_abs
unfolding Fn_rel def
by auto

lemma Fn_ relD[dest]:
assumes p € Fn_rel(M,x,1,J)
shows 3C[M]. CCI Ap: C — JA [pM <Mk
using assms pfunD
unfolding Fn_rel def
by simp

lemma Fn_rel_is _function:
assumes p € Fn_rel(M,x,I,J)
shows function(p) M(p) |p|™ <™ k pe I—
using assms
unfolding Fn_rel def PFun_Space Rel def by simp__all

Mg

lemma Fn_rel _mono:
assumes p € Fn_rel(M,x,1,J) K <M M(k) M(k")
shows p € Fn_rel(M,x'I1,J)
using assms lesspoll_rel trans|OF _ assms(2)] cardinal_rel closed
Fn_rel_is_function(2)[OF assms(1)]
unfolding Fn_rel def
by simp

lemma Fn_rel _mono”
assumes p € Fn_rel(Mk,1,J) k <M k" M(k) M ()
shows p € Fn_rel(M,x'1,J)
proof -
note assms
then
consider k <M x’ | K =M K’
using lepoll_rel iff legpoll rel
by auto
then
show ?thesis
proof(cases)
case I
with assms show ?thesis using Fn_rel _mono by simp
next
case 2
then show ?thesis
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using assms cardinal_rel_closed Fn_rel_is_function|OF assms(1)]
lesspoll__rel__eq trans
unfolding Fn_rel def
by simp
qed
qed

lemma Fn_csucc:
assumes Ord(k) M(k)
shows Fn_rel(M,(s")M1,0) = {pec I=-M J . |p|M <Mk} (is ?L=7?R)
using assms
proof(intro equalityl)
show 7L C ?R
proof(intro subsetl)
fix p
assume pe ?L
then
have |p|M <M csucc_rel(M,x) M(p) pc =M J
using Fn_rel is_function by simp__all

then
show pe?R
using assms lesspoll _rel csucc__rel by simp
qed
next
show ?RC?L
proof(intro subsetl)
fix p
assume peE ?R
then

have pc [~M J |pM <My
using assms lesspoll _rel_csucc__rel by simp__all

then

show pe?L
using assms lesspoll _rel__csucc_rel pfunD__closed
unfolding Fn_rel def
by simp

qed
qed

lemma Finite_imp_ lesspoll nat:
assumes Finite(A)
shows A < nat
using assms subset _imp_ lepoll[OF naturals _subset _nat] eq_lepoll trans
n__lesspoll_nat eq lesspoll trans
unfolding Finite def lesspoll def by auto

lemma FinD_Finite :
assumes a€Fin(A)
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shows Finite(a)
using assms
by (induct,simp__all)

lemma Fn_rel nat eq FiniteFun:
assumes M (I) M(J)
shows I -||> J = Fn_rel(M,w,I,J)
proof(intro equalityl subsetl)
fix p
assume pel -||> J
with assms
have pe I =M J Finite(p)
using FiniteFun_ pfunl FinD_ Finite[OF subsetD]OF FiniteFun.dom__subset,OF
(pe_]]
by auto
moreover from this
have [p|M <M w
using Finite_cardinal_rel _in_nat pfunD_closed|of p] n_lesspoll_rel nat
by simp
ultimately
show pe Fn_ rel(Mw,I,J)
unfolding Fn_rel def by simp
next
fix p
assume p€ Fn_rel(Mw,I,J)
then
have pc I =M J |p|M <M,
unfolding Fn_rel def by simp_all
moreover from this
have Finite(p)
using Finite cardinal_rel Finite lesspoll_rel_nat_is Finite rel pfunD_ closed
cardinal_rel__closed[of p| Finite__cardinal_rel_iff |[THEN iffD1]
by simp
ultimately
show pel -||> J
using PFun_ FiniteFunl
by simp
qed

lemma Fn_ nat abs:
assumes M(I) M(J)
shows Fn(nat,I,J) = Fn_rel(Mw,I,J)
using assms Fn_rel_nat_eq FiniteFun Fn_nat_eq FiniteFun
by simp
end

lemma (in M_library) Fn_rel_singletonl:

assumes z € Ij € J InfCard™ (k) M (k) M(I) M(J)
shows {(z,j)} € Fn™(k,1,J)
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using assms pfun__singletonl transM|of z | transM|of j]
cardinal_rel__singleton
It_Card_rel_imp_lesspoll_rel tI[OF nat_into_ InfCard_rel]
Card_rel_cardinal_rel Card_rel_is Ord InfCard_rel_is Card_rel

unfolding Fn_ rel def

by auto

definition
Fnle_rel :: [i=o0,i,i,i]] = i (<Fnle="(_, , ')») where
Fnle_rel(M,x,I,J) = Fnlerel(FnM(ff,I,J))

abbreviation
Fn_r_set: [i,d,5,i) = 1 («FPn—"(_,_, ')») where
Fn_r_set(M) = Fn_rel(##M)

abbreviation
Fnle_r_set :: [ii,4,0] = i (<Fnle="(_,_, ")) where
Fnle_r_set(M) = Fnle_rel(##M)

context M_library
begin

lemma Fnle_rell[intro):
assumes p € Fn_rel(M,x,1,J) q € Fn_rel(M,x,1,J) p 2 ¢
shows <p,q> € Fnle_rel(M,x,1,J)
using assms unfolding Fnlerel def Fnle_rel def FnleR__def Rrel def
by auto

lemma Fnle_relD[dest]:
assumes <p,q> € Fnle_rel(M,k,1,J)
shows p € Fn_rel(M,x,1,J) ¢ € Fn_rel(M,x,1,J) p D q
using assms unfolding Fnlerel def Fnle_rel def FnleR__def Rrel def
by auto

end

context M_ library
begin

lemma Fn_ rel_closed[intro,simp]:
assumes M (k) M(I) M(J)
shows M(FnM(k,1,J))
using assms separation,__cardinal__rel lesspoll rel PFun__Space__closed
unfolding Fn_rel def
by auto

lemma Fn_rel subset_ Pow:
assumes M (k) M(I) M(J)
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shows FnM(k,I,J) € Pow(Ix.J)
unfolding Fn_rel def PFun_ Space Rel def
by auto

lemma Fnle_rel_closed[intro,simpl:
assumes M (k) M(I) M(J)
shows M(FnleM(k,1,J))
unfolding Fnle rel def Fnlerel def Rrel def FnleR_ def
using assms supset__separation Fn__rel closed
by auto

lemma zero _in_ Fn_rel:
assumes 0<x M(k) M(I) M(J)
shows 0 € FnM(k, I, J)
unfolding Fn_rel def
using zero_in_ PFun_ rel zero_lesspoll rel assms
by simp

lemma zero__top_ Fn_ rel:
assumes pcFnM(x, I, J) 0<k M(x) M(I) M(J)
shows (p, 0) € FnleM(k, I, J)
using assms zero__in_ Fn_ rel unfolding preorder on_ def refi_def trans_on__def
by auto

lemma preorder_on_ Fnle rel:
assumes M (k) M(I) M(J)
shows preorder_on(Fn™(k, I, J), FaleM(k, I, J))
unfolding preorder on__def refi__def trans_on__def
by blast

end — M_library

end

theory M _Basic_No_ Repl
imports ZF-Constructible. Relative

begin

This locale is exactly M basic without its only replacement instance.

locale M basic_no_repl = M__trivial +
assumes Inter__separation:
M(A) ==> separation(M, Az. Vy[M]. y€A — z€y)
and Diff separation:
M(B) ==> separation(M, A\z. x ¢ B)
and cartprod__separation:
[| M(A); M(B) |]
==> separation(M, \z. Jz[M]. xz€A & (3y[M]. yeB & pair(M,z,y,2)))
and image__separation:
[ M(A); M(r) |
==> separation(M, \y. Ip[M]. per & (Fz[M]. z€A & pair(M,z,y,p)))
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and converse_separation:
M(r) ==> separation(M,
Az. Ap[M]. per & (Fz[M]. Fy[M]. pair(M,z,y,p) & pair(M,y,z,2)))
and restrict__separation:
M(A) ==> separation(M, \z. Jz[M]. z€ A & (Fy[M]. pair(M,z,y,2)))
and comp_separation:
[ M(r); M(s) |
==> separation(M, Azz. Ix[M]. Iy[M]. I 2[M]. Fzy[M]. Tyz[M].
pair(M,z,z,22) & pair(M,z,y,zy) & pair(M,y,z,yz) &
zy€s & yzer)
and pred__separation:
[| M(r); M(z) || ==> separation(M, \y. 3p[M]. per & pair(M,y,z,p))
and Memrel separation:
separation(M, Xz. Fz[M]. Iy[M]. pair(M,z,y,2) & x € y)
and is_recfun_ separation:
— for well-founded recursion: used to prove is_recfun__equal
[| M(r); M(f); M(g); M(a); M(D) ||
==> separation(M,
Az. Fza[M]. I zb[M].
pair(M,xz,a,2a) & za € r & pair(M,z,b,xb) & zb € r &
(3 fz[M]. 3 gz[M]. fun_apply(M.f,z.fx) & fun_apply(M,g,z,92) &
fr # gz))

and power_az: power_ax(M)

lemma (in M_ basic_no_repl) cartprod__iff:
I M(A); M(B); M(C) |
==> cartprod(M,A,B,C) +—
(Ip1[M]. A p2[M]. powerset(M,A U B,pl) & powerset(M,pl,p2) &
C ={z€ p2 Jz€A. JyeB. z = <z,y>})
apply (simp add: Pair_def cartprod__def, safe)
defer 1
apply (simp add: powerset__def)
apply blast

Final, difficult case: the left-to-right direction of the theorem.

apply (insert power _az, simp add: power _ax_def)

apply (frule_tac z=A U B and P=M\z. rex(M,Q(z)) for Q in rspec)
apply (blast, clarify)

apply (drule_tac z=z and P=M\z. rex(M,Q(z)) for Q in rspec)
apply assumption

apply (blast intro: cartprod_iff _lemma)

done

lemma (in M_basic_no_repl) cartprod__closed_lemma:
[| M(A); M(B) || ==> 3 C[M]. cartprod(M,A,B,C)
apply (simp del: cartprod__abs add: cartprod__iff)
apply (insert power _az, simp add: power _ax_def)
apply (frule_tac z=A U B and P=M\z. rex(M,Q(z)) for Q in rspec)
apply (blast, clarify)
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apply (drule_tac z=2z and P=MAz. rex(M,Q(z)) for Q in rspec, auto)
apply (intro rexl conjl, simp+)

apply (insert cartprod__separation [of A B, simp)

done

All the lemmas above are necessary because Powerset is not absolute. 1
should have used Replacement instead!

lemma (in M_basic_no_repl) cartprod_closed [intro,simp):
[| M(A); M(B) || ==> M(AxB)
by (frule cartprod__closed_lemma, assumption, force)

lemma (in M_basic_no_repl) sum__closed [intro,simp):
[| M(A); M(B) |] ==> M(A+B)
by (simp add: sum__def)

lemma (in M_basic_no_repl) sum__abs [simp):
[| M(A); M(B); M(Z) || ==> is_sum(M,A,B,Z) «— (Z = A+B)
by (simp add: is_sum__def sum__def singleton_ 0 nat_into_ M)

lemma (in M_ basic_no_repl) M__converse__iff:

M(r) ==>

converse(r) =

e UWUM) * UUM).

dper. Iz[M]. 3y[M]. p = (z,y) & z = (y,2)}

apply (rule equalityl)
prefer 2 apply (blast dest: transM, clarify, simp)
apply (simp add: Pair_def)
apply (blast dest: transM)
done

lemma (in M__basic_no__repl) converse_closed [intro,simp]:
M(r) ==> M/(converse(r))

apply (simp add: M__converse__iff)

apply (insert converse _separation [of r], simp)

done

lemma (in M_basic_no_repl) converse__abs [simpl:
[| M(r); M(2) |] ==> is_converse(M,r,z) «<— z = converse(r)

apply (simp add: is__converse__def)
apply (rule iff)

prefer 2 apply blast
apply (rule M__equalityl)

apply simp

apply (blast dest: transM )+
done

24.0.1 image, preimage, domain, range

lemma (in M__basic_no__repl) image__closed [intro,simp]:
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[| M(A); M(r) || ==> M(r“A)
apply (simp add: image__iff Collect)
apply (insert image_separation [of A r|, simp)
done

lemma (in M_basic_no_repl) vimage__abs [simp):
[| M(r); M(A); M(2) || ==> pre_image(M,r,A,z) «— z = r-“A
apply (simp add: pre_image__def)
apply (rule iffT)
apply (blast introl: equalityl dest: transM, blast)
done

lemma (in M_basic_no_repl) vimage_ closed [intro,simp]:
[| M(A); M(r) [] ==> M(r-"A)
by (simp add: vimage__def)

24.0.2 Domain, range and field

lemma (in M_basic_no__repl) domain__closed [intro,simp]:
M(r) ==> M(domain(r))

apply (simp add: domain__eq vimage)

done

lemma (in M_basic_no_repl) range_ closed [intro,simp):
M(r) ==> M(range(r))

apply (simp add: range__eq _image)

done

lemma (in M_ basic_no_repl) field abs [simp]:
[| M(r); M(2) || ==> is_field(M,r,z) <— z = field(r)
by (simp add: is_field_def field_def)

lemma (in M_basic_no_repl) field closed [intro,simp]:
M(r) ==> M(field(r))
by (simp add: field def)

24.0.3 Relations, functions and application
lemma (in M_basic_no_repl) apply closed [intro,simp]:

(1M (f); M(a)]] ==> M(f‘a)
by (simp add: apply_def)

lemma (in M__basic_no__repl) apply__abs [simp]:

[| M(f); M(z); M(y) || ==> fun_apply(M.f,z,y) «— fz =1y
apply (simp add: fun_apply def apply def, blast)
done

lemma (in M__basic_no__repl) injection__abs [simp):

(| M(A); M(f) || ==> injection(M,4,B.f) s f € inj(A,B)
apply (simp add: injection__def apply iff inj_def)
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apply (blast dest: transM [of _ A])
done

lemma (in M_basic_no_repl) surjection__abs [simp]:
[| M(A); M(B); M(f) || ==> surjection(M,A,B.f) «<— f € surj(A,B)
by (simp add: surjection__def surj_def)

lemma (in M_basic_no_ repl) bijection__abs [simp]:
(| M(A); M(B); M(f) || ==> bijection(M,A,B.f) «— f € bij(A,B)
by (simp add: bijection__def bij _def)

24.0.4 Composition of relations

lemma (in M_basic_no_repl) M__comp_iff:

1 M(r); M(s) |

==>7r0s=

{zz € domain(s) * range(r).
Jz[M]. Fy[M]. I2[M]. 2z = (2,2) & (z,y) € s & (y,2) € r}

apply (simp add: comp__def)
apply (rule equalityl)
apply clarify
apply simp
apply (blast dest: transM)+
done

lemma (in M_basic_no__repl) comp__closed [intro,simp):
| M(r); M(s) || ==> M(r O s)

apply (simp add: M__comp__iff)

apply (insert comp__separation [of r s], simp)

done

lemma (in M__basic_no__repl) composition__abs [simp]:
[| M(r); M(s); M(t) |] ==> composition(M,r,s,t) «— t =1 O s
apply safe
Proving composition(M, r, s, r O s)
prefer 2
apply (simp add: composition__def comp__def)
apply (blast dest: transM)
Opposite implication

apply (rule M__equalityl)
apply (simp add: composition__def comp__def)
apply (blast del: allE dest: transM )+

done

no longer needed

lemma (in M_ basic_no__repl) restriction_is_function:
[| restriction(M,f,A,z); function(f); M(f); M(A); M(z) |]
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==> function(z)
apply (simp add: restriction__def ball_iff _equiv)
apply (unfold function__def, blast)
done

lemma (in M_ basic_no__repl) restrict_closed [intro,simpl:
[| M(A); M(r) || ==> M(restrict(r,A))

apply (simp add: M_ restrict_iff)

apply (insert restrict_separation [of A, simp)

done

lemma (in M_basic_no_repl) Inter_closed [intro,simp]:
M(A) ==> M(((A))
by (insert Inter_separation, simp add: Inter_def)

lemma (in M__basic_no__repl) Int_closed [intro,simp):
| M(A); M(B) || ==> M(A 1\ B)

apply (subgoal tac M({A,B}))

apply (frule Inter_closed, force+)

done

lemma (in M_basic_no__repl) Diff closed [intro,simp]:
[[M(A); M(B)|] ==> M(A-B)
by (insert Diff _separation, simp add: Diff _def)

24.0.5 Some Facts About Separation Axioms

lemma (in M_ basic_no__repl) separation__conj:
[|separation(M,P); separation(M,Q)|] ==> separation(M, Az. P(z) & Q(z))
by (simp del: separation__closed
add: separation__iff Collect_Int_Collect _eq [symmetric])

lemma (in M_basic_no_repl) separation__ disj:
[|separation(M,P); separation(M,Q)|] ==> separation(M, A\z. P(z) | Q(z))
by (simp del: separation__closed
add: separation_iff Collect_Un__ Collect_eq [symmetric])

lemma (in M_basic_no_ repl) separation_neg:
separation(M,P) ==> separation(M, Az. ~P(z))
by (simp del: separation__closed
add: separation_iff Diff _Collect_eq [symmetric))

lemma (in M_basic_no_repl) separation__imp:
[|separation(M,P); separation(M,Q)|]
==> separation(M, Az. P(z) — Q(z))
by (simp add: separation_neg separation__disj not_disj_iff imp [symmetric])

This result is a hint of how little can be done without the Reflection Theorem.
The quantifier has to be bounded by a set. We also need another instance
of Separation!
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lemma (in M_basic_no_repl) separation__rall:
[(|M(Y); Yy[M]. separation(M, Xx. P(z,y));
V z[M]. strong_replacement(M, Az y. y = {u € z . P(u,z)})|]
==> separation(M, \z. Vy[M]. ye¢Y — P(z,y))
apply (simp del: separation__closed rall _abs
add: separation__iff Collect rall_eq)
apply (blast intro!: RepFun_ closed dest: transM)
done

24.0.6 Functions and function space

lemma (in M_basic_no_repl) succ_fun__eq2:
IM(B); M(n>B)|] ==>
succ(n) -> B =
U{z. p € (n->B)xB, 3f[M]. 3b[M]. p = <f,b> & z = {cons(<n,b>, f)}}
apply (simp add: succ_fun__eq)
apply (blast dest: transM)
done

lemma (in M_basic_no_repl) list_case’ _closed [intro,simp):
IM(K); M(a); ¥ a[M). ¥ y[M]. M(b(a,p))]] ==> M(list_case'(a,b,}))
apply (case_tac quasilist(k))
apply (simp add: quasilist_def, force)
apply (simp add: non__list_case)
done

lemma (in M_basic_no_repl) tl’_closed: M(z) ==> M(#l'(z))
apply (simp add: tl’_def)

apply (force simp add: quasilist__def)

done

end
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