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Abstract

We formalize the theory of forcing in the set theory framework
of Isabelle/ZF. Under the assumption of the existence of a countable
transitive model of ZFC', we construct a proper generic extension and
show that the latter also satisfies ZFC'
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1 Introduction

We formalize the theory of forcing. We work on top of the Isabelle/ZF
framework developed by Paulson and Grabczewski [4]. Our mechanization
is described in more detail in our papers [1] (LSFA 2018), [2], and [3] (IJCAR
2020).

Release notes

We have improved several aspects of our development before submitting it
to the AFP:

1. Our session Forcing depends on the new release of ZF-Constructible.
2. We streamlined the commands for synthesizing renames and formulas.

3. The command that synthesizes formulas produces the lemmas for them
(the synthesized term is a formula and the equivalence between the
satisfaction of the synthesized term and the relativized term).

4. Consistently use of structured proofs using Isar (except for one coming
from a schematic goal command).

A cross-linked HTML version of the development can be found at https:
//cs.famaf.unc.edu.ar/~pedro/forcing/.

2 Forcing notions

This theory defines a locale for forcing notions, that is, preorders with a
distinguished maximum element.

theory Forcing Notions
imports ZF-Constructible. Relative
begin

2.1 Basic concepts

We say that two elements p, ¢ are compatible if they have a lower bound in
P

definition compat_in :: i=i=i=i=0 where


https://cs.famaf.unc.edu.ar/~pedro/forcing/
https://cs.famaf.unc.edu.ar/~pedro/forcing/

compat_in(A,r,p,q) = FdeA . {(d,p)er A {d,q)er

definition
is_compat_in :: [i=0,4,i,i,i]] = o where
is_compat_in(M,A,r,p,q) = Fd[M]. deA A (3 dp[M]. pair(M,d,p,dp) A\ dper A
(3 dq[M]. pair(M,d,q,dq) A dgeT))

lemma compat_inl :
[ deA s (dp)er; (d.g)er | = compat_in(A,r,p.g)
(proof )

lemma refl _compat:
[ refl(A,r) 5 (p,q) € 7| p=q | (¢,p) € r; p€A; q€A] = compat_in(A,r,p,q)
(proof)

lemma chain__compat:
refl(A,r) = linear(A,r) = (VpeA.N qeA. compat_in(A,r,p,q))
(proof )

lemma subset_fun_image: f:N—P — f*NCP
(proof )

lemma refl_monot_domain: refl(B,r) = ACB = refl(A,r)
(proof )

locale forcing notion =
fixes P leq one

assumes one_in_P: one € P
and leq preord: preorder_on(P,leq)
and one_max: V peP. (p,one)Eleq
begin

abbreviation Leq :: [i, i] = o (infix] < 50)
where z < y = (z,y)€legq

lemma refi_leq:
reP — r<r

{proof)

A set D is dense if every element p € P has a lower bound in D.

definition
dense :: i=0 where
dense(D) = VpeP. 3deD . d=<p

There is also a weaker definition which asks for a lower bound in D only for
the elements below some fixed element g¢.

definition
dense__below :: i=i=0 where
dense__below(D,q) =V peP. p=Xq — (3deD. deP A d=p)



lemma P_dense: dense(P)
{proof)

definition
increasing :: i=o0 where
increasing(F) =VzeF. VY p € P. 2=3p — pEF

definition
compat :: i=i=0 where
compat(p,q) = compat__in(P,leq,p,q)

lemma leq transD: a<b —=— b<c =— a € P— b € P— ¢ € P— a=<c
(proof)

lemma leq transD": ACP — a=<b— bXc=—=>a € A — b€ P— c € P—
a=c
(proof)

lemma compatD[dest!]: compat(p,q) = FdeP. d=<p N d=q
{proof)

abbreviation Incompatible :: [i, i] = o (infix] L 50)
where p L ¢ = — compat(p,q)

lemma compatl[introl]: deP — d=<p — d=q = compat(p,q)

{proof)

lemma denseD [dest]: dense(D) = peP = 3deD. d=p
{proof)

lemma densel [intro]: [ Ap. p€ P = 3deD. d< p | = dense(D)
{proof)

lemma dense_belowD [dest]:
assumes dense_below(D,p) q€P q=p
shows 3deD. deP N d=<q

{proof)

lemma dense_belowl [intro!]:
assumes M\ q. ¢¢P = q=<p = IdeD. deP A d=q
shows dense__below(D,p)

{proof)

lemma dense_below_cong: pe P = D = D' = dense__below(D,p) +— dense__below(D’,p)
(proof )

lemma dense_below_cong”: pe P = [A\x. 1€eP = Q(z) +— Q'(z)] =
dense__below({qeP. Q(q)},p) +— dense_below({geP. Q'(q)},p



{proof)

lemma dense__below__mono: p€ P = D C D' = dense__below(D,p) => dense__below(D’,p)
(proof)

lemma dense below _under:
assumes dense__below(D,p) peP q€P ¢=p
shows dense__below(D,q)

{proof)

lemma ideal dense_below:
assumes M\ q. ¢¢P = ¢=<p = ¢€D
shows dense_below(D,p)
{proof)

lemma dense below _dense__below:
assumes dense_below({qeP. dense_below(D,q)},p) peP
shows dense_below(D,p)

{proof)

A filter is an increasing set G with all its elements being compatible in G.

definition
filter :: i=0 where
filter(G) = GCP A increasing(G) A (VpeG. V qeG. compat_in(G,leq,p,q))

lemma filterD : filter(G) —= 2 € G = z € P

{proof)

lemma filter legD : filter(G) = z2€ G —= y€ P = 11Xy =y € G
(proof )

lemma filter _imp_compat: filter(G) = peG = ¢ G = compat(p,q)

{proof)

lemma low_bound_ filter: — says the compatibility is attained inside G
assumes filter(G) and peG and ¢€G
shows 3reG. r=p A r=¢q

{proof)

We finally introduce the upward closure of a set and prove that the closure
of A is a filter if its elements are compatible in A.

definition
upclosure :: i=1 where
upclosure(A) = {peP.JacA. a=<p}

lemma upclosurel [intro] : pe P = a€ A = a=p = pEupclosure(A)

{proof)

lemma upclosureE [elim] :



pEupclosure(A) = (Az a. z€P = a€Ad = a=z = R) = R
{proof)

lemma upclosureD [dest] :
pEupclosure(A) = Ja€A.(a=p) N peP
{proof)

lemma upclosure__increasing :
assumes ACP
shows increasing(upclosure(A))

{proof)

lemma upclosure_in_P: A C P = upclosure(A) C P
(proof)

lemma A_sub_upclosure: A C P = ACupclosure(A)

{proof)

lemma elem_upclosure: ACP — €A = z€upclosure(A)
(proof)

lemma closure_compat_ filter:
assumes ACP (VpeA.Y qeA. compat_in(A,leq,p,q))
shows filter(upclosure(A))

{proof)

lemma auz RSI: f € N - P = neN = f‘n € upclosure(f “N)

{proof)

lemma decr succ decr:
assumes f € nat — P preorder_on(P,leq)
Vnenat. (f “succ(n), f ‘n) € leq
menat
shows nenat = n<m = (f ‘m, f ‘n) € legq
(proof)

lemma decr seq linear:
assumes refl(P,leq) f € nat — P
Vnenat. (f ‘ succ(n), f‘n) € leq
trans[P](leq)
shows linear(f * nat, leq)

(proof)

end

2.2 Towards Rasiowa-Sikorski Lemma (RSL)

locale countable_generic = forcing _mnotion +
fixes D

10



assumes countable_subs_of P: D € nat— Pow(P
and  seq of denses: Vn € nat. dense(D ‘n)

begin

definition
D__generic :: i=0 where
D__generic(G) = filter(G) N (¥ nenat.(Dn)NG#0)

The next lemma identifies a sufficient condition for obtaining RSL.

lemma RS sequence imp _rasiowa__sikorski:
assumes
pEP f:nat—Pf‘0=0p
An. nenat = f “ suce(n)=<X f ‘n A f ‘succ(n) € D ‘n
shows
3G. peG A D_generic(G)
(proof)

end

— TODO: already in ZF Library
lemma Pi rangeD:
assumes f€Pi(A,B) b € range(f)
shows Ja€A. fa=1
{proof)

Now, the following recursive definition will fulfill the requirements of lemma
RS sequence__imp_rasiowa__sikorski

primrec
RS seq(0,P,leq,p,enum,D) = p
RS seq(succ(n),P,leq,p,enum,D) =
enum(u m. {(enumm, RS _seq(n,P,leq,p,enum,D)) € leqg A\ enum‘m € D ‘n)

context countable_generic
begin

lemma countable RS sequence__auz:
fixes p enum
defines f(n) = RS_seq(n,P,leq,p,enum,D)
and Q(g,k,m) = enum‘m= ¢ A enumm € D ‘k
assumes nenat pe P P C range(enum) enum:nat— M
Nz k. 2€P = kénat = JqeP. gz N qeD ‘k
shows
f(suce(n)) € P A f(suce(n))=X f(n) A f(suce(n)) € D “n
(proof )

lemma countable RS sequence:
fixes p enum

11



defines f = An€nat. RS_seq(n,P,leq,p,enum,D)
and Q(g,k,m) = enum‘m= ¢ A enum‘m € D ‘k
assumes nenat pe P P C range(enum) enum:nat— M
shows
f0 = p fisucc(n)= f'n A fésuce(n) € D “n fisucc(n) € P
(proof )

lemma RS seq type:
assumes n € nat pe P P C range(enum) enum:nat— M
shows RS_seq(n,P,leq,p,enum,D) € P

{proof)

lemma RS seq funtype:
assumes peP P C range(enum) enum:nat—M
shows (An€nat. RS_seq(n,P,leq,p,enum,D)): nat — P

(proof )

lemmas countable rasiowa sikorski =
RS_sequence_imp_rasiowa__sikorskilOF _ RS_seq funtype countable_ RS _sequence(1,2)]

end

end

3 A pointed version of DC

theory Pointed_DC imports ZF.AC

begin
This proof of DC is from Moschovakis "Notes on Set Theory”

consts dc_witness :: i = i = 1= 1= 1= 1
primrec
wit0 : de_witness(0,A,a,8,R) = a
witrec :dc_witness(succ(n),A,a,8,R) = s{x€A. (dc_witness(n,A,a,s,R),z)ER }

lemma witness_into_ A [TC]:
assumes a€A
(VX . X£0 A XCA —» s°XeX)
VyeA. {z€A. (y,z)eR } # 0 nenat
shows dc_witness(n, A, a, s, R)€A
(proof)

lemma witness related :
assumes a€A
(VX . X#0 A XCA — s‘X€X)
VyeA. {z€A. (y,z)eR } # 0 nenat
shows (dc_witness(n, A, a, s, R),dc_witness(succ(n), A, a, s, R))ER
(proof)

12



lemma witness_funtype:
assumes a€A
(VX . X£0 N XCA — s°XeX)
VyeA. {z€A. (yx)eR } # 0
shows (An€nat. dc_witness(n, A, a, s, R)) € nat - A (is of € _ — )
(proof)

lemma witness to_fun: assumes a€A
(VX . X#£0 N XCA — sXeX)
VyecA. {z€A. (y,x)eR } # 0
shows 3f € nat—A. Vnenat. f‘n =dc_witness(n,A,a,s,R)

{proof)

theorem pointed DC
assumes (VzeA. FyeA. (z,y)€ R)
shows VacA. (Af € nat—A. f0=a A (Vn € nat. {f'n,f'succ(n))ER))

(proof)

lemma aux_DC _on_AzNat2 : ¥V z€Axnat. JyeA. (z,(y,succ(snd(z)))) € R =
VzeAxnat. JycAxnat. (z,y) € {(a,b)eR. snd(b) = succ(snd(a))}

{proof)

lemma infer _snd : c€ AxB = snd(c) = k = c¢=(fst(c),k)
{proof)

corollary DC _on A x nat :

assumes (Vz€Axnat. JycA. (z,(y,succ(snd(z)))) € R) acA

shows 3f € nat—A. f0=a A (Vn € nat. ({f'n,n),(f'succ(n),succ(n)))eR) (is
dze .?P(z))
(proof)

lemma auz_sequence_DC' :
assumes Vz€A. Vnenat. JycA. (z,y) € S‘n
R={{{z,n),(y,m)) € (Axnat)x(Axnat). {z,y)€Sm }
shows V z€Axnat . JycA. (x,(y,succ(snd(z)))) € R
(proof)

lemma aux_sequence DC2 : Y z€A. Vnenat. JycA. (z,y) € S‘n =
VzeAxnat. JyeA. (z,(y,succ(snd(x)))) € {{{z,n),{y,m))e(Axnat)x (Axnat).
(z,yyeSm }
(proof)

lemma sequence_ DC"
assumes Vz€A. Vnenat. JycA. (z,y) € S‘n
shows VacA. (3f € nat—A. f0=a N (Vn € nat. {fn,f'succ(n)yeS‘succ(n)))

(proof )

end

13



4 The general Rasiowa-Sikorski lemma

theory Rasiowa_ Sikorski imports Forcing Notions Pointed_ DC begin

context countable_generic
begin

lemma RS relation:
assumes pcP nenat
shows 3yeP. (p,y) € (Amenat. {{z,y)ePxP. y=x A yeD (pred(m))})‘n

(proof)

lemma DC imp RS sequence:
assumes peP
shows 3f. f: nat—=P AN f‘0=pA
(Vnenat. f ¢ succ(n)= f‘n A f‘succ(n) € D ‘n)

(proof)

theorem rasiowa_sikorski:
peP = 3G. peG AN D_generic(G)
(proof )

end

end

5 Auxiliary results on arithmetic
theory Nat_Miscellanea imports ZF begin

Most of these results will get used at some point for the calculation of arities.

lemmas nat_succl = Ord_succ_mem__iff [THEN iffD2,0F nat_into_ Ord]

lemma nat succD : m € nat = succ(n) € succ(m) = n € m
{proof)

lemmas zero_in_succ = ItD [OF nat_0_le]

lemma in n in nat: m € nat = n € m — n € nat
(proof)

lemma in_succ_in_nat : m € nat = n € succ(m) = n € nat
(proof)

lemma lt] neg:rzenit = j<r=—=j#or=—j<z

{proof)

lemma succ_pred_eq : m € nat = m # 0 = succ(pred(m)) = m
{proof)

14



lemma succ_ItI : succ(j) < n=j<n
{proof)

lemma succ_In : n € nat = succ(j) En = j € n

{proof)

lemmas succ_leD = succ_leE[OF lel]

lemma succpred_lel : n € nat = n < succ(pred(n))

{proof)

lemma succpred_n0 : succ(n) € p = p#0
{proof)

lemmas natEin = natE [OF lt_nat_in_nat]

lemma succ_in : succ(z) <y =z €y
{proof )

lemmas Un_least_lt_iffn = Un_least_lt_iff [OF nat_into_Ord nat_into__Ord]

lemma pred type : m € nat = n < m = n€nat
(proof)

lemma pred_le : m € nat = n < succ(m) = pred(n) < m

{proof)

lemma pred le2 : n€ nat = m € nat = pred(n) < m = n < succ(m)
{proof)

lemma Un_leD1: Ord(i)= Ord(j)= Ord(k)— iU j< k= i<k
{proof)

lemma Un_leD2 : Ord(i)= Ord(j)= Ord(k)= iU j<k=j<k
{proof)

lemma gtl :ne€nat = ien=—=1# 0= 1 # 1 = 1<i
{proof )

lemma pred_mono : m € nat = n < m = pred(n) < pred(m)

{proof)

lemma succ_mono : m € nat = n < m = succ(n) < succ(m)
{proof)

lemma union__absi :
[i<j]l=iUj=]}
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{proof)

lemma union abs2 :
[i<jl=jui=j
(proof)

lemma ord _un_maz : Ord(i) = Ord(j) = i U j = maz(i,j)

{proof)

lemma ord_max_ty : Ord(i) = Ord(j) = Ord(max(,j))
{proof)

lemmas ord_simp__union = ord_un_max ord_maz_ty max_ def
lemma le_succ : z€nat = x<succ(z) (proof)

lemma le_pred : z€nat = pred(z)<z
{proof)

lemma Un_le_compat: 0 < p = ¢ < r = Ord(o) = Ord(p) = Ord(q) =
Ord(r) = oUq¢<pUr
(proof)

lemma Un_le:p<r— ¢<r—=
Ord(p) = Ord(q) = Ord(r) =
pUg<r
(proof)

lemma Un_lel?:0<r=p<r= q¢<r—
Ord(0) = Ord(p) = Ord(q) = Ord(r) =
oUpUgq<Tr
(proof )

lemma diff mono :
assumes m € nat n€nat p € nat m < n p<m
shows m#-p < n#-p

(proof)

lemma pred Un:
z € nat = y € nat = Arith.pred(succ(z) U y) = z U Arith.pred(y)
T € nat = y € nat = Arith.pred(z U succ(y)) = Arith.pred(z) U y
{proof)

lemma le natl : j < n = n € nat = jenat

{proof)

lemma le _natE : nenat = j < n = jen

(proof)
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lemma leD : assumes nenat j < n
shows j<n|j=n
{proof )

5.1 Some results in ordinal arithmetic

The following results are auxiliary to the proof of wellfoundedness of the
relation frecR

lemma maz_cong :
assumes z < y Ord(y) Ord(z)
shows maz(z,y) < maz(y,z)

(proof)

lemma maz_commutes :
assumes Ord(z) Ord(y)
shows maxz(z,y) = maz(y,z)

{proof)

lemma maz_cong?2 :
assumes z < y Ord(y) Ord(z) Ord(x)
shows max(z,z) < maz(y,z)

(proof )

lemma max D1 :
assumes z = y w < z Ord(z) Ord(w) Ord(z) maz(z,w) = maz(y,z)
shows z2<y

(proof)

lemma maz D2 :

assumes w =y V w = zz < y Ord(z) Ord(w) Ord(y) Ord(z) max(z,w) =
maz(y,z)

shows z<w

(proof)

lemma oadd_lt _mono2 :
assumes Ord(n) Ord(a) Ord(f) a < fr<ny<n0<n
shows n #x a +4+ z < n *xf3 ++ y

(proof)
end

6 Various results missing from ZF.

theory ZF Miscellanea
imports
ZF
Nat__Miscellanea
begin
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definition
SepReplace :: [i, i=1, i= o] = i where
SepReplace(A,b,Q) = {y . z€A, y=b(z) A Q(x)}

syntax

__SepReplace :: [i, pttrn, i, 0l = ¢ ((1{_ ../ _€_,_}))
translations

{b .. z€A, Q} => CONST SepReplace(A, \z. b, Az. Q)

le<rnma>Sep7and7Replace: {b(z) .. z€A, P(z) } = {b(z) . ze{ycA. P(y)}}
proof

lemma SepReplace_subset : ACA'=— {b .. z€ A, Q}C{b .. zeA’, Q}
(proof)

1e<mma >SepReplaceiiﬁ [simp]: ye{b(x) .. z€A, P(x)} +— (Fz€A. y=b(x) & P(z))
proof

lemma SepReplace__dom__implies :
E/\ xf>w €A = b(z) = b'(x))= {b(z) .. z€A, Q(x)}={b'(z) .. z€A, Q(x)}
proo

lemma SepReplace__pred implies :
?’w. ?g:zr)—> b(z) = b'(z)= {b(z) .. z€A, Q(z)}={b'(z) .. z€A, Q(z)}
proo,

lemma funcl : f € A—-B=ac€ A= b=f‘a= (a, by €f

{proof)

lemma vimage fun__sing:
assumes f€eA—B beB
shows {acA . fla=b} = f-“{b}
(proof)

lemma image_fun_subset: SEA—B — CCA=— {S ‘z . z€ C} = S“C
(proof )

lemma subset_Diff Un: X C A= A= (A-X)UX (proof)

lemma Diff bij:
assumes VAeF. X C A shows (MeF. A-X) € bij(F, {A-X. AeF})
{proof)

lemma function__space_nonempty:

assumes beB
shows (AzcA. b): A — B

(proof )

lemma vimage_lam: (A\z€A. f(z)) -“ B ={z€A . f(z) € B}

18



{proof)

lemma range fun__subset__codomain:
assumes h:B — C
shows range(h) C C

{proof)

lemma Pi_ rangeD:
assumes f€Pi(A,B) b € range(f)
shows Ja€A. fa=1

{proof)

lemma Pi _range_eq: f € Pi(A,B) = range(f) = {f ‘z .z € A}
(proof )

lemma Pi_vimage subset : f € Pi(A,B) = f-“C C A
(proof )

definition
minimum :: 1 = ¢ = 1 where
minimum(r,B) = THE b. first(b,B,r)

lemma minimum,__in: [ well_ord(A,r); BCA; B#0 | = minimum(r,B) € B
{proof)

lemma well ord_surj imp_inj inverse:

assumes well _ord(A,r) h € surj(A,B)

shows (AbeB. minimum(r, {a€A. h‘a=b})) € inj(B,A)
(proof)

lemma well _ord _surj imp_lepoll:
assumes well _ord(A,r) h € surj(A,B)
shows B<A

(proof)

lemma surj_imp_well ord:
assumes well_ord(A,r) h € surj(A,B)
shows Js. well ord(B,s)

{proof)

lemma Pow_sing : Pow({a}) = {0,{a}}
(proof)

lemma Pow cons:
shows Pow(cons(a,A)) = Pow(A) U {{a} U X . X: Pow(A)}
{proof)

lemma app nm :
assumes nenat menat feEn—m x € nat
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shows fx € nat
(proof)

lemma Upair_eq cons: Upair(a,b) = {a,b}
{proof)

lemma converse__apply eq : converse(f) ‘z = J(f-* {z})
{proof)

end

7 Some enhanced theorems on recursion

theory Recursion_Thms
imports ZF.FEpsilon ZF-Constructible. Datatype__absolute

begin

We prove results concerning definitions by well-founded recursion on some
relation R and its transitive closure R %
lemma fld_restrict_eq: a € A = (r N AxA)-‘“{a} = (r-“{a} N A)

(proof )

lemma fld_restrict_mono : relation(r) = A C B = r N AxA C r N BxB

{proof)

lemma fld_restrict _dom :
assumes relation(r) domain(r) C A range(r)C A
shows rn AxA =r

(proof )

definition tr_down :: [i,i] =
where tr_down(r,a) = (r™+)-‘“{a}

lemma tr_downD : z € tr_down(r,a) => (z,a) € 7"+

{proof)

lemma pred down : relation(r) = r-“{a} C tr_down(r,a)

(proof )

lemma tr_down__mono : relation(r) = z € r-“{a} = tr_down(r,x) C tr_down(r,a)
(proof)

lemma rest_eq :
assumes relation(r) and r-‘{a} C Band a € B
shows r-‘{a} = (rNBxB)-‘{a}

(proof)

lemma wfrec_restr_eq : v’ = r N AxA = wfrec[A|(r,a,H) = wfrec(r’,a,H)
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{proof)

lemma wfrec_restr :
assumes rr: relation(r) and wfr:wf(r)
shows a € A = tr_down(r,a) C A = wfrec(r,a,H) = wfrec[A](r,a,H)

(proof)

lemmas wfrec_tr_down = wfrec_restr|OF __ __ _ subset_refl]

lemma wfrec_trans_restr : relation(r) = wf(r) = trans(r) = r-‘{a}CA =
a € A=

wfrec(r, a, H) = wfrec[A](r, a, H)

(proof)

lemma field trancl : field(r™+) = field(r)
(proof)

definition
Rrel :: [i=i=0,i] = i where
Rrel(R,A) = {z€AxA. Jx y. 2 = (z, y) N R(z,y)}

lemma Rrell : x € A = y € A = R(z,y) = (z,y) € Rrel(R,A)
(proof)

lemma Rrel _mem: Rrel(mem,x) = Memrel(z)

{proof)

lemma relation_ Rrel: relation(Rrel(R,d))
{proof)

lemma field Rrel: field(Rrel(R,d)) C d
(proof)

lemma Rrel _mono : A C B = Rrel(R,A) C Rrel(R,B)
{proof)

lemma Rrel restr_eq : Rrel(R,A) N BxB = Rrel(R,ANB)
(proof)

lemma field _Memrel : field(Memrel(A)) C A

{proof)

lemma restrict trancl Rrel:
assumes R(w,y)
shows restrict(f,Rrel(R,d)-‘“{y}) ‘w
= restrict(f,(Rrel(R,d) +)-‘“{y}) ‘w
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(proof)

lemma restrict_trans_eq:
assumes w € y
shows restrict(f,Memrel(eclose({x}))-“{y}) ‘w
= restrict(f,(Memrel(eclose({z})) +)-‘“{y}) ‘w
(proof)

lemma wf eq trancl:

assumes A fy . H(y,restrict(f,R-‘{y})) = H(y,restrict(f,R™+-‘{y}))

shows wfrec(R, z, H) = wfrec(R™+, =, H) (is wfrec(?r,_, ) = wfrec(?r’,_, ))
(proof )

lemma transrec__equal on_ Ord:
assumes
Nz f . Ord(z) = foo(x,f) = bar(z,f)
Ord(a)
shows
transrec(a, foo) = transrec(ca, bar)
(proof)
lemma (in M__eclose) transrec__equal_on__M:
assumes
Ao f . M(z) = M(f) = foo(s,f) = bar(s.f)
N\B. M(8) = transrec_replacement(M ,is_foo,) relation2(M,is_foo,foo)
strong__replacement(M, Az y. y = (z, transrec(z, foo)))
YV z[M]. V¥ g[M]. function(g) — M (foo(x,g))
M(«) Ord(w)
shows
transrec(a, foo) = transrec(c, bar)

(proof)

lemma ordermap_restr_eq:
assumes well _ord(X,r)
shows ordermap(X, r) = ordermap(X, r N XxX)

(proof)

end
theory Utils

imports ZF-Constructible. Formula
begin

This theory encapsulates some ML utilities

(ML)

end
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8 Automatic synthesis of formulas

theory Synthetic_ Definition

imports ZF-Constructible. Formula Utils

keywords
synthesize :: thy decl % ML
and
synthesize__notc :: thy _decl % ML
and
generate__schematic :: thy decl % ML
and
arity__theorem :: thy decl % ML
and
manual__schematic :: thy goal stmt % ML
and
manual__arity :: thy_goal stmt % ML
and
from__schematic
and
for
and
from__definition
and
assuming
and
intermediate

begin

named__theorems fm_ definitions Definitions of synthetized formulas.
named__theorems iff sats Theorems for synthetising formulas.
named__theorems arity Theorems for arity of formulas.

(ML)

The synthetic_def function extracts definitions from schematic goals. A
new definition is added to the context.

end

9 Aids to internalize formulas

theory Internalizations
imports
ZF-Constructible. DPow__absolute
Synthetic_ Definition
begin
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notation Member (¢ €/ _9)
notation Equal (¢ =/ _9)
notation Nand (¢='(_ A/ _")9)
notation And (¢_ N/ _»)
notation Or (¢_ V/ _9)
notation Iff (¢ +/ _9)
notation Implies (¢__ —/ )
notation Neg (¢—_ )

notation Forall (</(-V(/_)-"))
notation Exists (</(-3(/_)-"))

notation subset_fm (¢ C/ )
notation succ_fm (¢-succ’(_') is _9)
notation empty_fm (¢_ is empty")
notation fun_apply _fm (¢_*_is_»)
notation big_union_fm (¢\J_ is _»)
notation upair_fm (¢{_,_} is__ )
notation ordinal _fm (¢__ is ordinal-))

/—
/—

abbreviation
fm__surjection :: [i,i,i] = i (¢_ surjects __ to _-) where
fm__surjection(f,A,B) = surjection_ fm(A,B,f)

abbreviation
fm_typedfun :: [i,id] = ¢ (¢ : _ — _ ) where
fm_typedfun(f,A,B) = typed_function__fm(A,B,f)

We found it useful to have slightly different versions of some results in ZF-
Constructible:

lemma nth closed :
assumes envelist(4) 0€A
shows nth(n,env)€A

{proof)

lemma mem__model_iff sats [iff sats]:
[| 0 € A; nth(i,env) = z; env € list(A)]]
==> (z€A) +— sats(A, Exists(Equal(0,0)), env)
(proof )

lemma not_mem_model iff sats [iff _sats]:
[| 0 € A; nth(i,env) = z; env € list(A)|]
==> (V z .z ¢ A) +— sats(A, Neg(Ezxists(Equal(0,0))), env)
(proof )

lemma top_iff sats [iff _sats]:
env € list(A) = 0 € A = sats(A, Exists(Equal(0,0)), env)
{proof)

lemma prefizl__iff _sats[iff _sats]:
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assumes
z € nat env € list(A) 0 € Aa€ A

shows
a = nth(z,env) «— sats(A, Equal(0,x#+1), Cons(a,env))
nth(z,env) = a «— sats(A4, Equal(z#+1,0), Cons(a,env))
a € nth(z,env) <— sats(A, Member(0,z#+1), Cons(a,env))
nth(z,env) € a «— sats(A, Member(z#+1,0), Cons(a,env))

{proof)

lemma prefiz2_iff _sats[iff _sats]:
assumes
z € nat env € list(A) 0 € Aac Abe A

shows
b = nth(z,env) «— sats(A, Equal(1,2#+2), Cons(a,Cons(b,env)))
nth(z,env) = b «— sats(A, Fqual(z#+2,1), Cons(a,Cons(b,env)))
b € nth(x,env) <+— sats(A, Member(1,x#+2), Cons(a,Cons(b,env)))
nth(z,env) € b <— sats(A, Member(z#+2,1), Cons(a,Cons(b,env)))

{proof)

lemma prefizd_iff _sats[iff _sats]:
assumes
z € nat env € list(A) 0 € Aa€e AbcAce A

shows
¢ = nth(z,env) <— sats(A, Equal(2,2#+3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) = c +— sats(A, Equal(x#+3,2), Cons(a,Cons(b,Cons(c,env))))
¢ € nth(z,env) «— sats(A, Member(2,2#+3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) € ¢ «— sats(A, Member(z#+3,2), Cons(a,Cons(b,Cons(c,env))))

{proof)

lemmas FOL_sats iff = sats_Nand__iff sats _Forall iff sats_Neqg iff sats _And__iff
sats__Or_iff sats Implies iff sats Iff iff sats Fxists iff

lemma nth_ConsI: [nth(n,l) = z; n € nat] = nth(succ(n), Cons(a,l)) = z
(proof)

lemmas nth rules = nth__0 nth__Consl nat_0I nat_succl
lemmas sep rules = nth_0 nth__Consl FOL__iff sats function_iff sats
fun_plus_iff sats successor iff sats
omega__iff sats FOL_sats_iff Replace iff sats

Also a different compilation of lemmas (termsep rules) used in formula

synthesis
lemmas fm_ defs =

omega__fm__def limit_ordinal_fm__ def empty_fm_ def typed function_fm_ def
pair_fm__def upair_fm__def domain__fm__def function_fm_ def succ_fm_ def
cons_fm__def fun__apply _fm__defimage_fm__def big _union_fm__ def union_ fm_ def
relation__fm__def composition__fm__def field_fm__def ordinal _fm__ def range_ fm__def
transset__fm__def subset_fm_ def Replace_ fm__def
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lemmas formulas_def [fm__definitions] = fm__defs

is_iterates_fm_ def iterates MH fm_ def is_wfrec_fm_ def is_recfun_fm__def
is_transrec_fm__def

is_nat_case_fm_ def quasinat_fm__def numberl_fm_ def ordinal_fm__ def finite__ordinal__fm__def
cartprod__fm__def sum__fm__def Inr_fm_ def Inl_fm_ def

formula__functor_fm__def

Memrel__fm__def transset__fm,__def subset_fm,__def pre_image_fm__def restriction_ fm__ def
list_functor_fm_ def tl_fm_ def quasilist_fm__def Cons_fm__def Nil_fm_ def

lemmas sep_rules’ [iff _sats] = nth__0nth_ConsI FOL_iff _sats function__iff _sats
fun__plus_iff sats omega__iff sats FOL_ sats iff

end

10 The binder Least

theory Least
imports
Internalizations

begin

We have some basic results on the least ordinal satisfying a predicate.

lemma Least Ord: (u . R(a)) = (n a. Ord(a) A R(«))
(proof)

lemma Ord_Least_cong:
assumes Ay. Ord(y) = R(y) +— Q(y)
shows (u a. R(a)) = (p a. Q(«)

(proof)

definition
least :: [i=-0,i=>0,i] = o where
least(M,Q,i) = ordinal(M,i) A (
(empty(M,i) A (VY b[M]. ordinal(M,b) — —=Q(D)))
V (Q(7) A (VB[M]. ordinal(M,b) A bei— —Q(D))))

definition
least_fm :: [i,i] = i where
least_fm(q,i) = And(ordinal_fm(%),
Or(And(empty_ fm(i),Forall(Implies(ordinal__fm(0),Neg(q)))),
And(Ezists(And(q,Equal(0,succ(?)))),
Forall(Implies(And(ordinal_fm(0),Member(0,succ(7))),Neg(q))))))

lemma least_fm_type[TC] :i € nat = qE€formula = least_fm(q,i) € formula

{proof)

lemmas basic_fm__simps = sats_subset_fm’ sats_transset_fm’' sats_ordinal_fm’
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lemma sats least fm :
assumes p_iff sats:
Na. a € A = P(a) +— sats(4, p, Cons(a, env))
shows
[y € nat; env € list(A) ; 0€A]
= sats(A, least_fm(p,y), env) +—
least(##A, P, nth(y,env))

{proof)

lemma least_iff _sats [iff _sats]:
assumes is () _iff sats:
Na. a € A = is_Q(a) «— sats(4, q, Cons(a,env))
shows
[nth(j,env) = y; j € nat; env € list(A); 0€A4]
= least(#H#A, is_Q, y) +— sats(A, least_fm(q,j), env)
(proof)

lemma least_conj: ae M = least(## M, Ax. zeM N Q(x),a) «— least(##M,Q,a)
(proof )

context M trivial
begin

10.1 Uniqueness, absoluteness and closure under Least

lemma unique_least:
assumes M(a) M(b) least(M,Q,a) least(M,Q,b)
shows a=b

(proof)

lemma least abs:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) A Ord(y) M(a)
shows least(M,Q,a) +— a = (p z. Q(x))
(proof)

lemma Least closed:
assumes Az. Q(z) = Ord(z) = Fy[M]. Q(y) N Ord(y)
shows M(u z. Q(x))
(proof)

Older, easier to apply versions (with a simpler assumption on Q).

lemma least abs”:
assumes Az. Q(z) = M(z) M(a)
shows least(M,Q,a) +— a = (p z. Q(z))
{proof)

lemma Least_closed:
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assumes Az. Q(z) = M(x)
shows M(p z. Q(z))
{proof)

end

end

11 Fully relational versions of higher order construct

theory Higher Order__Constructs
imports
ZF-Constructible. Relative
ZF-Constructible. Datatype__absolute
Recursion__ Thms

Least
begin
syntax
_sats =i, 4,1 = o ((_, _E_) [36,36,56] 25)
translations

(M,env = @) = CONST sats(M ,p,env)

definition
is_If :: [i=0,0,i,i,i]] = o where
is_If(M,b,t,f,r) = (b — r=t) A (b — r=f)

lemma (in M_trans) If abs:
is_If(M,b,t.f,r) «— r = If(b,t.f)
(proof)

definition
is _If fm :: [i,i,4,i]] = i where
is _If fm(p,t.f,r) = Or(And(p,Equal(t,r)),And(Neg(p), Equal(f,r)))

lemma is_If fm_type [TC]: ¢ € formula = t € nat = f € nat = r € nat
—

is _If fm(p,t.f,r) € formula
(proof )

lemma sats _is If fm:

assumes Qsats: Q <— A, env = ¢ env € list(A)

shows is If(##A, Q, nth(t, env), nth(f, env), nth(r, env)) +— A, env |
is_If fm(p,t.f,r)

(proof )

lemma is_If fm__iff sats [iff _sats]:
assumes Qsats: Q «— A, env = ¢ and
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nth(t, env) = ta nth(f, env) = fa nth(r, env) = ra

t € nat f € nat r € nat env € list(A)
shows is_If(##A,Q,ta,.fa,ra) «— A, env = is_If fm(p,t.f,r)
{proof)

lemma arity is If fm [arity]:
p € formula = t € nat = f € nat = r € nat =
arity(is_If fm(p, t, f, r)) = arity(p) U succ(t) U succ(r) U succ(f)
{proof)

definition
is_The :: [i=>0,i=0,i] = o where
is_The(M,Q,i) = (Q() A (3a[M]. Q@) A (Vy[M]. Q(y) —> y = 2))) v
(~@z[M]. Q(z) A (Vy[M]. Qly) — y = 2))) N empty(M,i)

lemma (in M_trans) The__abs:

assumes Az. Q(z) = M(z) M(a)

shows is_The(M,Q,a) +— a = (THE z. Q(z))
(proof)

definition
is_recursor :: [i=0,i,[i,i,i]]=0,i,i] =0 where
is_recursor(M,a,is_bk,r) = is_transrec(M, An f ntc. is_nat_case(M,a,
Am bmfm.
Ifm[M]. fun_apply(M.f,m,fm) A is_b(m,fm,bmfm),n,ntc),k,r)

lemma (in M__eclose) recursor_abs:
assumes Ord(k) and
types: M(a) M(k) M(r) and
b_iff: Am fomf. M(m) = M(f) = M(bmf) = is_b(m,f,bmf) <+— bmf
= b(m,f) and
b_closed: Am fbmf. M(m) = M(f) = M(b(m,f)) and
repl: transrec_replacement(M, An f ntc. is_nat_case(M, a,
Am bmfm. 3 fm[M]. fun_apply(M, f, m, fm) A is_b( m, fm, bmfm), n, ntc),
)
shows
is_recursor(M,a,is_b,k,r) «<— 1 = recursor(a,b,k)
(proof )
definition
is_wfrec_on :: [i=>0,[i,i,i|=>0,i,i,i, ] => o where

is_wfrec_on(M,MH A,ra,z) == is_wfrec(M,MH,r,a,z)

lemma (in M_ trancl) trans_wfrec_on__abs:
[lwf(r); trans(r); relation(r); M(r); M(a); M(z);
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wfrec__replacement(M,MH r); relation2(M,MH H);

YV z[M]. V g[M]. function(g) — M(H(z,9));

r-“{a}CA; a € Al
==> is_wfrec_on(M,MH, A,r a,z) «— z=wfrec[A](r,a,H)
(proof )

end

12 Automatic relativization of terms and formulas.

Relativization of terms and formulas. Relativization of formulas shares
relativized terms as far as possible; assuming that the witnesses for the
relativized terms are always unique.

theory Relativization
imports ZF-Constructible. Formula
ZF-Constructible. Relative
ZF-Constructible. Datatype__absolute
Higher Order__Constructs

keywords
relativize :: thy_decl % ML
and
relativize__tm :: thy_decl % ML
and
reldb__add :: thy decl % ML
and
reldb_rem :: thy decl % ML
and
relationalize :: thy decl % ML
and
rel_closed :: thy_goal_stmt % ML
and
is_iff rel :: thy goal stmt % ML
and
univalent :: thy_goal_stmt % ML
and
absolute
and
Sfunctional
and
relational
and
external
and
for

begin
(M)
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lemmas relative abs =
M __trans.empty_abs
M __trans.pair_abs
M __trivial.cartprod__abs
M __trans.union__abs
M _trans.inter _abs
M __trans.setdiff _abs
M _trans.Union__abs
M _trivial.cons__abs

M _trivial.successor__abs
M __trans.Collect__abs

M __trans.Replace__abs

M __trivial.lambda__abs2
M__trans.image__abs

M trivial.nat_case abs

M __trivial.omega__abs
M _basic.sum__abs

M __trivial.Inl_abs

M _trivial.Inr _abs
M basic.converse _abs
M __basic.vimage__abs
M _trans.domain__abs
M __trans.range__abs

M __basic.field _abs

M __basic.composition__abs
M __trans.restriction__abs
M _trans.Inter _abs

M __trivial.bool _of o _abs
M trivial.not__abs

M trivial.and__abs

M _trivial.or _abs

M __trivial. Nil_abs

M trivial. Cons _abs

M trivial.list _case abs

M _trivial.hd__abs

M trivial.tl _abs

M __trivial.least__abs’

M _eclose.transrec__abs
M__trans.If abs

M _trans.The__abs

M __eclose.recursor__abs
M__trancl.trans_wfrec__abs



M __trancl.trans _wfrec__on__abs

lemmas datatype abs =
M __datatypes.list_N__abs
M__datatypes.list_abs
M __datatypes.formula_ N__abs
M __datatypes.formula__abs
M eclose.is _eclose_n__abs
M eclose.eclose__abs
M __datatypes.length__abs
M __datatypes.nth__abs
M _trivial. Member _abs
M __trivial. Equal__abs
M trivial. Nand__abs
M __trivial. Forall _abs
M __datatypes.depth__abs
M __datatypes.formula__case__abs

declare relative__abs[absolut)]
declare datatype_abs[absolut]

(1)
declare relative_abs|Rel]
declare datatype__abs|Rel]
()

end
theory Discipline Base
imports
ZF-Constructible. Rank
ZF  Miscellanea
Relativization

begin
declare [[syntax__ambiguity warning = false]]

Discipline of Relativization of basic concepts.

definition
is_singleton :: [i=0,i,i] = o where
is_singleton(A,x,z) = I c[A]. empty(A,c) A is_cons(A,x,c,z)
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lemma (in M_ trivial) singleton__abs[simp] :
[ M(z); M(s) | = is_singleton(M,z,s) <— s = {z}
{proof)

(ML)

lemma (in M__trivial) singleton__closed [simp]:
M(z) = M({z})
{proof)

lemma (in M_trivial) Upair_closed[simp]: M(a) = M(b) = M (Upair(a,b))
{proof)

lemma (in M_trivial) upair_closed[simp] : M(z) = M(y) = M{z,y})
{proof)

The following named theorems gather instances of transitivity that arise
from closure theorems

named__theorems trans_closed

definition
is_hcomp :: [i=o0,i=i=0,i=i=>0,i,i] = o where
is_hcomp(M is_f,is_g,a,w) = F2[M]. is_g(a,2) A is_f(z,w)

lemma (in M_trivial) is_hcomp__abs:

assumes
is_f abs:\a z. M(a) = M(z) = is_f(a,z) +— z = f(a) and
is_g_abs:N\a z. M(a) = M(2) = is_g(a,z) +— z = g(a) and
g_closed:\a. M(a) = M(g(a))
M(a) M(w)

shows
is_hcomp(M,is_f,is _g,a,w) <— w = f(g(a))

(proof)

definition
hcomp__fm :: [i=i=i,i=i=1,i,i] = i where
heomp_fm(pf,pg,a,w) = Exists(And(pg(succ(a),0),pf(0,suce(w)))

lemma sats _hcomp_ fm:
assumes

fiff _sats:\a b z. a€nat = benat — 2e M —
is_f(nth(a,Cons(z,env)),nth(b,Cons(z,env))) <— sats(M,pf(a,b),Cons(z,env))

and

g_iff_sats:\a b z. a€nat = benat = 2eé M =
is_g(nth(a,Cons(z,env)),nth(b,Cons(z,env))) +— sats(M,pg(a,b), Cons(z,env))

and
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a€nat wenat envelist(M)
shows
sats(M hcomp__fm(pf,pg,a,w),env) <— is_hcomp(F##M is_f,is_g,nth(a,env),nth(w,env))
(proof )

definition
hecomp_r :: [i=0,[i=0,i,i]=0,[i=>0,i,i]]=>0,i,i] = o where
heomp_r(Mis_f,is_g,a,w) = 32[M]. is_g(M,a,2) A is_f(M,z,w)

definition
is_hcomp2_2:: [i=0,[i=0,i,i,i]]=>0,[i=>0,i,i,i|=0,[i=>0,i,i,i]]=>0,i,i,i]| = o where
is_hcomp2_2(M,is_f,is_gl,is ¢2,a,b,w) = I glab[M]. 3 g2ab[M].
is_gl1(M,a,b,glab) A is_g2(M,a,b,g2ab) A is_f(M,g1lab,g2ab,w)

lemma (in M_t¢rivial) hcomp__abs:
assumes
is_f abs:\a z. M(a) M(z) = is_f(M,a,z) <— z = f(a) and
is_g abs:N\a z. M(a) M(z) = is_g(M,a,2) «— z = g(a) and
g_closed:\a. M(a) = M(g(a))

=
=

M(a) M(w)
shows
hcomp_r(M,is_f,is _g,a,w) «— w = f(g(a))
(proof)
lemma hcomp_uniqueness:
assumes
uniq_is_f:
Ardd. M(r) = M(d) = M(d) = is f(M,r,d) = is_f(M,r, d) =
d=d'
and
uniq_is_g:
Nrdd. M(r)y= M(d) = M({d) = is_g(M,r,d) = is_g(M, r,d) =
d=d'
and

M(a) M(w) M(w’)
hcomp_r(M,is_f,is_g,a,w)
hcomp_r(M,is_f,is_g,a,w’)
shows
w=w’
(proof)

lemma hcomp_witness:
assumes
wit_is_f: Ar. M(r) = 3d[M]. is_f(M,r,d) and
wit_is_g: Ar. M(r) = 3d[M]. is_g(M,r,d) and
M(a)
shows
Jw[M]. hcomp_r(M,is_f,is_g,a,w)
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(proof)

lemma (in M__trivial) hcomp2 2 _abs:
assumes
is_f_abss\r1 12 z. M(rl) = M(r2) = M(z2) = is_f(M,rl,r2,z) +— z =
f(r1,r2) and
is_gl_abssA\rl 12 z. M(rl) = M(r2) = M(z) = is_gl(M,r1,r2,z) <—
z = g1(r1,r2) and
is g2 abs:\rl r2 z. M(rl) = M(r2) = M(2) = is_g2(M,rl,r2,z) <—
z = g2(r1,r2) and
types: M(a) M(b) M(w) M(g1(a,b)) M(g2(a,b))
shows
is_hcomp2_ 2(M,is_f,is_gljis g¢2,a,b,w) «— w = f(g1(a,b),92(a,b))
{proof)

lemma hcomp2 2 uniqueness:
assumes
uniq_is_f:
Arlr2dd. M(rl) = M(r2) = M(d) = M(d) =
is f(M,r1,r2,d) = is_ f(M,rl, r2, d) = d=d’
and
uniq_1s_gl:
Arl r2 d d'. M(rl) = M(r2)=— M(d) = M(d") = is_gl(M, r1,r2, d)
= is_gI(M, r1,r2, d") =
d=d’
and
uniq_is_g2:
Arl r2 d d'. M(rl) = M(r2)=— M(d) = M(d") = is_g2(M, r1,r2, d)
= is_g2(M, r1,r2, d') =
d=d’
and
M(a) M(b) M(w) M(w’)
is_hcomp2_ 2(M,is_f,is_gljis_g2,a,b,w)
is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w’)
shows
w=w'

(proof)

lemma hcomp2 2 witness:
assumes
wit_is f: Arlr2. M(rl) = M(r2) = 3d[M]. is_f(M,r1,r2,d) and
wit_is_gl: Arl r2. M(rl) = M(r2) = 3d[M]. is_gl(M,r1,r2,d) and
wit_is_g2: \rl r2. M(rl) = M(r2) = 3d[M]. is_g2(M,r1,r2,d) and

M(a) M(b)
shows
Jw[M]. is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w)
{proof)

lemma (in M_trivial) extensionality trans:
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ailsllzt;;e/s\ (Vz[M]. zed <— P(x))
M(@d") A (Va[M]. zed’ +— P(x))
shows
d=d’
(proof)

definition
It_rel :: [i=0,i,i] = o where
It_rel(M,a,b) = a€b A ordinal(M,b)

lemma (in M__trans) lt__abs[absolut]: M(a) = M(b) = lt_rel(M,a,b) «+— a<b
{proof)

definition
le_rel :: [i=0,i,i] = o where
le_rel(M,a,b) = 3 sb[M]. successor(M,b,sb) A lt_rel(M,a,sb)

lemma (in M _trivial) le_abs[absolut]: M(a) = M(b) = le_rel(M,a,b) +—
a<b
{proof)

12.1 Discipline for Pow

definition
is_Pow :: [i=0,i,i]] = o where
is_Pow(M,A,z) = M(z) AN (Vz[M]. z € z <— subset(M,z,A))

definition
Pow_rel :: [i=0,i] = i ((Pow—"(__")») where
Pow_rel(M,r) = THE d. is_Pow(M,r,d)

abbreviation
Pow_r_set :: [i,i] = i ((Pow—"(_"))) where
Pow_r_set(M) = Pow_rel(##M)

context M basic
begin

lemma is Pow uniqueness:
assumes
M(r)
is_Pow(M,r,d) is_Pow(M,r,d’)
shows
d=d’
(proof)

lemma is Pow_witness: M(r) = 3d[M]. is_Pow(M,r,d)
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{proof)

lemma is Pow closed : [ M(r);is_Pow(M,r,d) | = M(d)
{proof)

lemma Pow_rel_closed[intro,simp|: M(r) = M(Pow_rel(M,r))
(proof)

lemmas trans_Pow_rel_closed[trans_closed] = transM[OF _ Pow_rel_closed]

The proof of f rel iff lemma is schematic and it can reused by copy-paste
replacing appropriately.
lemma Pow_rel iff:
assumes M(r) M(d)
shows is_Pow(M,r,d) «— d = Pow_rel(M,r)
(proof)

The next ”def " result really corresponds to YA € Pow(?B) <— ?A C 7B

lemma def Pow_rel: M(A) = M(r) = A€Pow_rel(M,r) «+— AC r
{proof)

lemma Pow_rel char: M(r) = Pow_rel(M,r) = {A€Pow(r). M(A)}
(proof)

lemma mem_ Pow_rel_abs: M(a) = M(r) = a € Pow_rel(M,r) «— a €
Pow(r)
{proof)

end

12.2 Discipline for PiP

definition
PiP_rel:: [i=o0,i,i]=0 where
PiP_rel(M,A,f) = 3df[M]. is_domain(M.,f,df) A subset(M,A,df) A
is_function(M,f)

context M _basic
begin

lemma def PiP _rel:
assumes
M(A4) M(f)
shows
PiP_rel(M,A.f) «— A C domain(f) A function(f)
(proof)

end
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definition — FIX THIS: not completely relational. Can it be?
Sigfun :: [i,i=i]=17 where
Sigfun(z,B) = |JyeB(z). {{z,y)}

lemma Sigma_ Sigfun: Sigma(A,B) = |J {Sigfun(z,B) . z€A}
(proof )

definition — FIX THIS: not completely relational. Can it be?
is_Sigfun :: [i=o0,i,i=1,i]=0 where
is_Sigfun(M,z,B,Sd) = M(Sd) A (3 RB[M]. is_Replace(M,B(x),\y z. z={(z,y)},RB)
A big_union(M,RB,Sd))

context M trivial
begin

lemma is _Sigfun_abs:
assumes
strong_replacement(M,\y z. z={(z,y)})
M(z) M(B(z)) M(Sd)
shows
is_Sigfun(M,z,B,Sd) +— Sd = Sigfun(z,B)
(proof )

lemma Sigfun_ closed:
assumes
strong__replacement(M, Ay z. y € B(z) A z = {{z, y)})
M(z) M(B(z))
shows
M(Sigfun(z,B))
(proof )

lemmas trans_Sigfun__closed[trans__closed| = transM[OF __ Sigfun__closed)]
end
definition
is_Sigma :: [i=0,i,i=1,i]=0 where
is_Sigma(M,A,B,S) = M(S) A (3 RSf[M].
is_Replace(M,A\z z. z=Sigfun(z,B),RSf) N big_union(M,RSf,S))
locale M Pi = M _basic +

assumes
Pi_separation: M(A) = separation(M, PiP_rel(M,A))
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and
Pi__replacement:
M(z) = M(y) =
strong__replacement(M, Aya z. ya € y A z = {{z, ya)})
M(y) =
strong_replacement(M, Az z. z = (| za€y. {{z, za)}))

locale M Pi_assumptions = M__Pi +
fixes A B
assumes
Pi_assumptions:
M(A)
Nz. €A = M(B(x))
VaeA. strong_replacement(M, Ay z. y € B(z) A z = {(z, y)})
strong__replacement(M Az z. z=Sigfun(z,B))
begin

lemma Sigma__abs|[simp]:
assumes
M(S)
shows
is_Sigma(M,A,B,S) «+— S = Sigma(A,B)
(proof)

lemma Sigma__closed[intro,simpl: M (Sigma(A,B))
(proof)

lemmas trans_Sigma__closed[trans_closed] = transM[OF __ Sigma__closed)

end

12.3 Discipline for P:

definition
is_Pi :: [i=o0,i,i=1,i]]=0 where
is_Pi(M,A,B, 1) = M(I) A (3S[M]. 3 PS[M]. is_Sigma(M,A,B,S) A
is_Pow(M,S,PS) A
is_ Collect(M,PS,PiP_rel(M,A),I))

definition
Pi_rel :: [i=o,ii=i] = i ((Pi—'(_,_")) where
Pi_rel(M,A,B) = THE d. is_Pi(M,A,B,d)
abbreviation

Pi_r_set :: [i,ii=1i] = i ((Pi—'(_,_")) where
Pi_r_set(M,A,B) = Pi_rel(##M,A,B)

context M Pi assumptions
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begin

lemma is Pi uniqueness:
assumes
is_Pi(M,A,B,d) is_Pi(M,A,B,d")
shows
d=d’
(proof)

lemma is_Pi_witness: 3d[M]. is_Pi(M,A,B,d)
(proof)

lemma is Pi_closed : is_Pi(M,A,B,d) = M(d)
{proof)

lemma Pi_rel_closed[intro,simp): M(Pi_rel(M,A,B))
(proof)

lemmas trans_Pi_rel_closed[trans_closed] = transM[OF __ Pi_rel_closed]

lemma Pi rel iff:

assumes M (d)

shows is_ Pi(M,A,B,d) +— d = Pi_rel(M,A,B)
(proof)

lemma def Pi rel:
Pi_rel(M,A,B) = {fePow_rel(M,Sigma(A,B)). ACdomain(f) N function(f)}
(proof)

lemma Pi_rel_char: Pi_rel(M,A,B) = {fePi(A,B). M(f)}
(proof )

lemma mem_Pi rel abs:
assumes M (f)
shows f € Pi_rel(M,A,B) +— f € Pi(A,B)
(proof )

end

The next locale (and similar ones below) are used to show the relationship
between versions of simple (i.e. Ele , H1ZF ) concepts in two different transitive
models.
locale M__N_Pi assumptions = M:M__Pi_assumptions + N:M__Pi_assumptions
N for N +

assumes

M_imp_N:M(z) = N(x)

begin
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lemma Pi_rel_transfer: PiM(A,B) C PiV(A,B)
{proof)

end

locale M Pi assumptions 0 = M__Pi_assumptions __ 0
begin

This is used in the proof of AC_Pi_rel

lemma Pi_rel_emptyl[simp]: PiM(0,B) = {0}
{proof)

end

context M Pi_assumptions
begin

12.4 Auxiliary ported results on P rel, now unused

lemma Pi el iff":
assumes types: M (f)
shows
f € Pi_rel(M,A,B) +— function(f) A f C Sigma(A,B) A A C domain(f)
(proof )

lemma lam_ type M:
assumes M(A) Az. z€¢ A = M(B(xz))
Nz. z € A = b(z)eB(z) strong_replacement(M Az y. y=(z, b(x)))
shows (Azc€A. b(z)) € Pi_rel(M,A,B)
(proof)

end

locale M Pi assumptions2 = M__Pi _assumptions +
PiC: M_Pi_assumptions _ __ C for C
begin

lemma Pi_rel_type:
assumes f € PiM(A,C) \z. z € A = fz € B(x)
and types: M(f)
shows f € PiM(A,B)
(proof)

lemma Pi rel weaken_ type:
assumes f € PiM(A,B) N\z. z € A = B(z) C C(z)
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and types: M(f)
shows f € PiM(4,0)
{proof)

end

end

13 Arities of internalized formulas

theory Arities
imports
Nat_ Miscellanea
Internalizations
Discipline__Base
begin

declare arity_And arity_Or arity_Implies arity_Iff arity FEzists [arity)
declare pred_ Un__distrib [arity]

lemma arity upair_fm [arity] : [ t1€nat ; t2€nat ; upEnat | =
arity(upair_fm(t1,t2,up)) = |J {succ(t1),succ(t2),succ(up)}
{proof)

lemma arity_pair_fm [arity] : [ t1€nat ; t2€nat ; pEnat | =
arity(pair_fm(t1,62,p)) = |J {succ(t1),succ(t2),succ(p)}
{proof )

lemma arity_composition__fm [arity] :

[ renat ; s€nat ; tenat | = arity(composition__fm(r,s,t)) = J {suce(r), succ(s),
suce(t)}

(proof)

lemma arity_domain_fm [arity] :
[ renat ; z€nat | = arity(domain__fm(r,z)) = suce(r) U suce(z)

{proof)

lemma arity_range_fm [arity] :
[ renat ; zenat | = arity(range_fm(r,z)) = succ(r) U succ(z)

(proof)

lemma arity union_fm [arity] :

[ z€nat ; yenat ; z€nat | = arity(union_fm(z,y,2)) = |J {succ(z), succ(y),
suce(z)}

{proof)
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lemma arity image_fm [arity] :

[ z€nat ; yenat ; z€nat | = arity(image__fm(z,y,2)) = |J {suce(z), succ(y),
suce(z)}

{proof)

lemma arity pre image_fm [arity] :

[ zenat ; yenat ; z€nat | = arity(pre_image_fm(z,y,2)) = J {succ(x), succ(y),
suce(z)}

(proof )

lemma arity big union_fm [arity] :
[ zenat ; yenat | = arity(big_union_fm(z,y)) = succ(z) U succ(y)
{proof)

lemma arity_fun__apply_fm [arity] :
[ z€nat ; yenat ; fenat | =

arity(fun__apply_fm(f,z,y)) = succ(f) U succ(z) U succ(y)
(proof )

lemma arity_field _fm [arity] :
[ renat ; z€nat | = arity(field_fm(r,z)) = suce(r) U succ(z)
(proof)

lemma arity_empty_fm [arity]:
[ renat | = arity(empty_fm(r)) = suce(r)
(proof )

lemma arity cons_fm [arity] :
[z€nat;yenat;z€nat] = arity(cons_fm(x,y,2)) = succ(z) U succ(y) U suce(z)

(proof )

lemma arity succ_fm [arity] :
[z€nat;yenat] = arity(succ_fm(z,y)) = succ(z) U suce(y)
{proof)

lemma arity_numberl__fm [arity] :
[ renat | = arity(numberl_fm(r)) = succ(r)
(proof)

lemma arity_function_fm [arity] :
[ renat | = arity(function_fm(r)) = succ(r)

{proof)

lemma arity relation_fm [arity] :
[ renat | = arity(relation_fm(r)) = succ(r)

(proof )

lemma arity restriction_fm [arity] :
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[ r€nat ; zenat ; Acnat | = arity(restriction_fm(A,z,r)) = succ(A) U suce(r)
U suce(z)
{proof)

lemma arity_typed_function_fm [arity] :
[ zenat ; yenat ; fenat | =
arity(typed_function_fm(f,z,y)) = U {succ(f), succ(z), succ(y)}
(proof)

lemma arity_subset_fm [arity] :
[xenat ; yeEnat] = arity(subset_fm(z,y)) = succ(z) U succ(y)

{proof)

lemma arity_transset_fm [arity] :
[xenat] = arity(transset_fm(z)) = succ(z)

{proof)

lemma arity_ordinal_fm [arity] :
[zenat] = arity(ordinal_fm(z)) = succ(z)

(proof)

lemma arity limit _ordinal_fm [arity] :
[z€nat] = arity(limit_ordinal_fm(z)) = succ(z)
(proof)

lemma arity_finite__ordinal_fm [arity] :
[xenat] = arity(finite_ordinal_fm(z)) = succ(z)
{proof )

lemma arity_omega__fm [arity] :
[xenat] = arity(omega_fm(z)) = succ(z)

{proof)

lemma arity_cartprod_fm [arity] :
[ Aenat ; Benat ; z€nat | = arity(cartprod_fm(A,B,z)) = succ(A) U succ(B)
U suce(z)

{proof)

lemma arity_singleton_fm [arity] :
[zenat ; tenat] = arity(singleton_ fm(z,t)) = succ(z) U suce(t)
(proof)

lemma arity Memrel _fm [arity] :
[z€nat ; tenat] = arity(Memrel _fm(z,t)) = suce(z) U succ(t)
{proof)

lemma arity__quasinat_fm [arity] :
[xenat] = arity(quasinat_fm(z)) = succ(x)
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{proof)

lemma arity_is_recfun_fm [arity] :
[peformula ; venat ; neEnat; Zenat;i€nat] = arity(p) = i =
arity(is_recfun__fm(p,v,n,Z)) = succ(v) U suce(n) U suce(Z) U pred(pred(pred(pred(7))))
(proof)

lemma arity_is_wfrec_fm [arity] :
[peformula ; venat ; neEnat; Zenat ; i€nat] = arity(p) = | =
arity(is_wfrec_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(pred(pred(pred(i)))))
(proof )

lemma arity is nat_case_fm [arity] :
[peformula ; vEnat ; nEnat; Zenat; i€nat] = arity(p) = i =
arity(is_nat__case_fm(v,p,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(7))
(proof )

lemma arity iterates MH _fm [arity] :
assumes isF€formula vEnat nEnat genat zEnat i€Enat
arity(isF) = i
shows arity(iterates_ MH_fm(isF,v,n,9,2)) =
suce(v) U suce(n) U suce(g) U suce(z) U pred(pred(pred(pred(i))))
(proof)

lemma arity_is_iterates_fm [arity] :
assumes peformula vEnat neEnat Zenat i€nat
arity(p) = i
shows arity(is_iterates_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U
pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(pred(i)))))))))))
(proof)

lemma arity_eclose_n__fm [arity] :

assumes Aenat z€nat t€nat

shows arity(eclose_n_fm(A,z,t)) = succ(A) U suce(x) U suce(t)
(proof )

lemma arity_mem__eclose_fm [arity] :

assumes rcnat t€nat

shows arity(mem,__eclose_fm(z,t)) = suce(x) U suce(t)
(proof)

lemma arity_is_eclose_fm [arity] :
[xenat ; tenat] = arity(is_eclose_fm(z,t)) = succ(z) U succ(t)

{proof)

lemma arity_Collect_fm [arity] :
assumes z € nat y € nat peformula
shows arity(Collect_fm(z,p,y)) = suce(x) U suce(y) U pred(arity(p))
(proof)
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schematic__goal arity least fm’:

assumes
i € nat q € formula
shows
arity(least_fm(q,i)) = %ar
(proof)

lemma arity_least_fm [arity] :
assumes
i € nat q € formula
shows
arity(least_fm(q,i)) = succ(i) U pred(arity(q))
(proof )

lemma arity_Replace_fm [arity] :
[peformula ; veEnat ; nEnat; i€nat] = arity(p) = i =
arity(Replace_fm(v,p,n)) = succ(n) U (succ(v) U Arith.pred(Arith.pred(7)))
(proof)

lemma arity_lambda__fm [arity] :
[p€formula; veEnat ; nEnat; i€nat] = arity(p) = i =
arity(lambda__fm(p,v,n)) = succ(n) U (succ(v) U Arith.pred( Arith.pred( Arith.pred(7))))
(proof)

lemma arity_transrec_fm [arity] :
[p€formula ; vEnat ; nEnat; i€nat] = arity(p) = i =
arity(is_transrec_fm(p,v,n)) = succ(v) U succ(n) U (pred”8(7))
(proof)

end
theory Discipline_Function
imports

ZF  Miscellanea
ZF-Constructible. Rank
Relativization
Internalizations
Discipline__Base
Synthetic_ Definition
Arities

begin

Discipline for fst (ML)
definition
is_fst :: (i=0)=i=i=>0 where
is_fst(M,x,t) = (3 2[M]. pair(M,t,z,x)) V
(=(32[M]. 3w[M]. pair(M,w,z,x)) N empty(M,t))
(ML)
notation fst_fm (¢fst'(__") is _»)
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(ML)

definition fst_rel :: [i=o0,i] = { where
fst_rel(M,p) = THE d. M(d) A is_fst(M,p,d)

(ML)

definition
is_snd :: (i=0)=i=i=0 where
is_snd(M,z,t) = (3 z[M]. pair(M,z,t,x)) V
(=(32[M]. Iw[M]. pair(M,z,w,z)) A empty(M,t))

(ML)

notation snd_fm (¢snd’(_") is _»)

(ML)

definition snd_rel :: [i=0,i] = i where

snd_rel(M,p) = THE d. M(d) A is_snd(M,p,d)

(ML)

context M trans
begin

lemma fst snd_closed:
assumes M(p)
shows M(fst(p)) A M(snd(p))

{proof)

lemma fst_closed[intro,simp]: M(z) = M (fst(z))
(proof )

lemma snd_closed[intro,simp]: M(z) = M(snd(z))
{proof)

lemma fst_abs [absolut]:
[M(p); M(z) | = is_fst(M,p,z) «— = = fst(p)
{proof )

lemma snd_abs [absolut]:

[M(p); M(y) | = is_snd(M,p,y) «— y = snd(p)

{proof)
lemma empty_rel_abs : M(z) = M(0) = z = 0 <— = = (THE d. M(d) A
empty(M, d))

{proof)

lemma fst_rel abs:
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[M(p) | = fst(p) = fst_rel(M,p)
(proof)

lemma snd_rel abs:
[M(p) | = snd(p) = snd_rel(M,p)
{proof)

end

(ML)
context M trans
begin

lemma minimum__closed[simp,introl:
assumes M(A)
shows M (minimum(r,A))

{proof)

lemma first _abs :
assumes M (B)
shows first(z,B,r) «— first_rel(M,z,B,r)
{proof )
lemma minimum__abs:
assumes M (B)
shows minimum(r,B) = minimum__rel(M,r,B)

(proof)

end

13.1 Discipline for A\A B. A —+ B

definition
is_function__space :: [i=>0,i,i,i] = o where
is_function__space(M,A,B,fs) = M(fs) A is_funspace(M,A,B,fs)

definition
function__space_rel :: [i=0,i,i] = ¢ where

function__space_rel(M,A,B) = THE d. is_function__space(M,A,B,d)
(ML)
abbreviation
function_space_r :: [iyi=0,i] = { (_ —— _) [61,1,61] 60) where
A—-Mp= function__space_rel(M,A,B)
abbreviation

function__space_r_set :: [i,ii]| = i (< —— _ [61,1,61] 60) where
function__space_r_set(A,M) = function__space_rel(#4#M,A)
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context M Pi
begin

lemma is_function__space__uniqueness:
assumes
M(r) M(B)
is_function__space(M,r,B,d) is_function_ space(M,r,B,d")
shows
d=d’
(proof )

lemma is_function_space_witness:
assumes M(A) M(B)
shows 3 d[M]. is_function_space(M,A,B,d)
(proof)

lemma is_function_space_ closed :
is_function__space(M,A,B,d) = M(d)
(proof)

lemma function__space_rel closed[intro,simp]:
assumes M(z) M(y)
shows M (function__space_rel(M,x,y))

(proof)
lemmas trans_function__space__rel_closed[trans__closed] = transM[OF __ function__space_rel_closed)]

lemma function_space_rel iff:
assumes M (z) M(y) M(d)
shows is_ function_space(M,z,y,d) +— d = function__space_rel(M,z,y)

(proof)

lemma def function_space_ rel:

assumes M(A) M(y)

shows function_space_rel(M,A,y) = Pi_rel(M,A\_. y)
(proof)

lemma function_space_rel_char:

assumes M(A) M(y)

shows function_space_rel(M,Ay) = {f € A — y. M(f)}
(proof)

lemma mem_ function__space__rel abs:
assumes M(A) M(y) M(f)
shows [ € function_space_rel(M,Ayy) +— fe€ A —y
(proof)

end
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locale M N Pi= M:M Pi+ N:M PiN for N +
assumes
M _imp N:M(z) = N(x)
begin

lemma function__space_rel_transfer: M(A) = M(B) =
function__space_rel(M,A,B) C function_space_rel(N,A,B)
(proof)

end

abbreviation

is_apply = fun__apply

— It is not necessary to perform the Discipline for is_apply since it is absolute
in this context

13.2 Discipline for Collect terms.

We have to isolate the predicate involved and apply the Discipline to it.

definition
ingP_rel:: [i=>0,i,i]=0 where
ingP_rel(M,A,f) = Yw[M]. Va[M]. ¥ fw[M]. V fx[]M]. weA N z€A N
is_apply(M.,f,w,fw) A is_apply(M.f,z.fr) A\ fu=fr— w=z

(ML)

context M basic
begin

— I'm undecided on keeping the relative quantifiers here. Same with surjP below.
It might relieve from changing ?P(%z) — Jx. ?P(x)
(Az. ?P(z)) = Vuz. ?P(z) to [?P(%z); ?M(%z)] = Jz[?M]. ?P(z)
(Az. ?M(z) = ?P(z)) = Vz[?M]. ?P(z) in some proofs. I wonder if this
escalates well. Assuming that all terms appearing in the "def ” theorem are in M
and using [%y € %z; M(%z)] = M(?y), it might do.
lemma def injP_rel:
assumes
M(A) M(f)
shows
ingP_rel(M,A,f) +— (Yw[M]. Vz[M]. weA N z€A N fu=fc — w=xz)
(proof )

end

50



13.3 Discipline for inj
term function_ space_ rel
(ML)
definition
is_inj :: [i=o0,i,i,i]=0 where

is_inj(M,A,B, 1) = M(I) N (3 F[M]. is_function_space(M,A,B,F) A
is_Collect(M,F,injP_rel(M,A),I))

declare typed function_iff sats Collect_iff sats [iff _sats]

(ML)
notation is_function_space_fm (¢__ — __ is _9)
(ML)
notation is_inj fm (¢ing'(_,_ ") is _ )
(ML)
lemma arity is _inj fm[arity]:

A € nat =

B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U succ(B) U
suce(I)

(proof)

definition

ing_rel :: [i=0,4,i] = i (¢ing—'(_, ")) where
inj_rel(M,A,B) = THE d. is_inj(M,A,B,d)

abbreviation
inj_r_set: [i,0,4] = i (anj—'(_,
inj_r_set(M) = inj_rel(##M)

")y) where

locale M inj = M_Pi +
assumes
injP__separation: M(r) = separation(M ,injP_rel(M, r))
begin

lemma is inj uniqueness:
assumes
M(r) M(B)
is_inj(M,r,B,d) is_inj(M,r,B,d’)
shows
d=d’
(proof )

lemma is_inj witness: M(r) = M(B)= 3 d[M]. is_inj(M,r,B,d)
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{proof)

lemma is _inj closed :
is_inj(M,z,y,d) = M(d)
(proof)

lemma inj _rel closed[intro,simp]:
assumes M(z) M(y)
shows M (inj_rel(M,z,y))
{(proof)

lemmas trans_inj rel closed|trans closed] = transM[OF __ inj rel closed)

lemma inj rel iff:

assumes M(z) M(y) M(d)

shows is_inj(M,z,y,d) «— d = inj_rel(M,z,y)
(proof)

lemma def inj rel:
assumes M(A) M(B)
shows inj_rel(M,A,B) =
{f € function_space_rel(M,A,B). YV w[M]. Va[M]. weA N z€A N f'w =
fo — w=z}
(is _ = Collect(_,?P))
(proof)

lemma inj rel char:

assumes M(A) M(B)

shows inj rel(M,A,B) = {f € inj(A,B). M(f)}
(proof)

end

locale M N _inj = M:M_inj + N:M_inj N for N +
assumes
M_imp_ N:M(z) = N(z)
begin

lemma inj rel transfer: M(A) = M(B) = inj_rel(M,A,B) C inj_rel(N,A,B)
{proof)

end
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definition
surjP_rel:: [i=o0,i,i,i]=0 where
surjP_rel(M,A,B,f) =
Vy[M]. Fz[M]. I fz[M]. ye¢B — x€A A is_apply(M f,x,.fx) A fr=y

(ML)

context M basic
begin

lemma def surjP_rel:
assumes
M(A) M(B) M(f)
shows
surjP_rel(M,A,B.f) +— (Vy[M]. 3z[M]. y¢B — z€A A fo=y)
(proof )

end

13.4 Discipline for surj

definition
is_surj :: [i=o0,i,i,i]=0 where
is_surj(M,A,B,I) = M(I) A (3 F[M]. is_function__space(M,A,B,F) A
is__Collect(M ,F ,surjP_rel(M,A,B),I))

(M)
notation is_surj fm (¢surj'(_,_") is _»)
definition

surj_rel = [i=0,i,i] = @ («surj—'(_,__")) where

surj_rel(M,A,B) = THE d. is_surj(M,A,B,d)

abbreviation
surj_r_set :: [i,i,4] = ¢ («surj—'(_,__")) where
surji_r_set(M) = surj_rel(##M)

locale M_surj = M__Pi +
assumes
surjiP__separation: M(A)=—> M (B)=>separation(M \z. surjP_rel(M,A,B,z))
begin

lemma is_surj uniqueness:
assumes
M(r) M(B)
is_surj(M,r,B,d) is_surj(M,r,B,d’)
shows
d=d’
(proof)
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lemma is_surj witness: M(r) = M(B)== 3d[M]. is_surj(M,r,B,d)
{proof)

lemma is surj closed :
is_surj(M,z,y,d) = M(d)
(proof )

lemma surj_rel closed|intro,simp):
assumes M(z) M(y)
shows M (surj_rel(M,z,y))

(proof)

lemmas trans_surj_rel closed[trans_closed] = transM[OF __ surj_rel_closed)

lemma surj_rel iff:

assumes M (z) M(y) M(d)

shows is_surj(M,z,y,d) «— d = surj_rel(M,z,y)
(proof)

lemma def surj rel:
assumes M(A) M(B)
shows surj_rel(M,A,B) =
{f € function_space_rel(M,A,B). ¥V y[M]. 3z[M]. y¢B — z€A A fx=y }
(is _ = Collect(_,?P))
(proof)

lemma surj_rel char:

assumes M(A) M(B)

shows surj rel(M,A,B) = {f € surj(A,B). M(f)}
(proof)

end

locale M N _surj = M:M_surj + N:M_surj N for N +
assumes
M _imp N:M(z) = N(x)
begin

lemma surj_rel_transfer: M(A) = M(B) = surj_rel(M,A,B) C surj_rel(N,A,B)
{proof)

end

definition
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is_Int :: [i=>0,i,i,i]=0 where
is_Int(M,A,B,]) = M(I) N (Vz[M]. 2 € [ «—z€ ANz € B)

(ML)
notation is_Int_fm (N __is )

context M basic
begin

lemma is Int closed :
is_Int(M,A,B,]) = M(I)
(proof )

lemma is Int abs:
assumes
M(A) M(B) M(I)
shows
is_Int(M,A,B,]) +— I =ANB
(proof)

lemma is Int uniqueness:
assumes
M(r) M(B)
is_Int(M,r,B,d) is_Int(M,r,B,d")
shows
d=d’
(proof)

Note: [M(?4); M(?B)] = M(?AnN ?B) already in ZF-Constructible. Relative.

end

13.5 Discipline for bij

(ML)
notation is_bij fm (¢bij’(_,_ ") is _»)

abbreviation
bij_r_class :: [i=0,i,i] = i (<bij—'(_,_")) where
bij_r_class = bij_rel

abbreviation
bij_r_set :: [i,i,i] = @ (<big—'(__,_")) where
bij_r_set(M) = bij_rel(##M)

locale M__Perm = M_Pi + M_inj + M_ surj
begin
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lemma is_bij_closed : is_bij(M,f,y,d) = M(d)
{proof)

lemma bij_rel closed|intro,simp):
assumes M (z) M(y)
shows M(bij _rel(M,z,y))
(proof)

lemmas trans_bij_rel closed[trans__closed] = transM[OF __ bij _rel_closed)

lemma bij rel iff:
assumes M (z) M(y) M(d)
shows is_bij(M,z,y,d) +— d = bij_rel(M,z,y)
(proof )

lemma def bij rel:
assumes M(A) M(B)
shows bij_rel(M,A,B) = inj_rel(M,A,B) N surj_rel(M,A,B)
(proof)
lemma bij_rel_char:
assumes M(A) M(B)
shows bij_rel(M,A,B) = {f € bij(A,B). M(f)}
(proof)

end

locale M N _Perm = M_N_Pi + M_N _inj + M_N_surj + M:M_Perm +
N:M Perm N

begin

lemma bij_rel_transfer: M(A) = M(B) = bij_rel(M,A,B) C bij_rel(N,A,B)
(proof)

end

13.6 Discipline for (=)

(ML)
notation is_eqpoll_fm (¢_ =~ _)

context M Perm begin

(ML)
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{proof)

end
abbreviation
egpoll_r :: [i,i=o0,i] => o (_ ~— ) [51,1,61] 50) where

A ~M B = eqpoll_rel(M,A,B)

abbreviation
egpoll_r_set == [i,i,i] = o («_ ~— _ [51,1,51] 50) where
eqpoll_r_set(A,M) = eqpoll_rel(#+#M,A)

context M Perm
begin

lemma def egpoll_rel:
assumes
M(A) M(B)
shows
eqpoll_rel(M,A,B) «+— (3 f[M]. f € bij_rel(M,A,B))
(proof )

end

context M N _Perm
begin

lemma egpoll_rel_transfer: assumes A ~M B M(A) M(B)
shows A ~V B

(proof )
end

13.7 Discipline for (5)
(ML)

notation is_lepoll fm (¢ < _ )
(ML)

context M__inj begin

(ML)
(proof)

end

abbreviation
lepoll_r :: [i,i=0,i] => o (< <— _» [51,1,51] 50) where
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A <M B = lepoll_rel(M,A,B)

abbreviation
lepoll_r_set = [i,i,i] = o («_ <— » [51,1,51] 50) where
lepoll_r_set(A,M) = lepoll_rel(#4#M,A)

context M Perm
begin

lemma def lepoll rel:
assumes
M(A) M(B)
shows
lepoll_rel(M,A,B) <— (3f[M]. f € inj_rel(M,A,B))
(proof )

end

context M N _ Perm
begin

lemma lepoll_rel _transfer: assumes A <M B M(A) M(B)
shows A <N B

(proof)

end

13.8 Discipline for (<)
(ML)

notation is_lesspoll _fm (¢__ < _ )
(ML)

context M _Perm begin

(ML)
(proof)

end

abbreviation
lesspoll_r :: [i,i=0,i] => o (\_ <— _» [51,1,51] 50) where
A <M B = lesspoll_rel(M,A,B)

abbreviation
lesspoll_r_set = [i,i,i] = o (<_ <— _» [51,1,51] 50) where
lesspoll_r_set(A,M) = lesspoll_rel(## M, A)

Since lesspoll_rel is defined as a propositional combination of older terms,
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there is no need for a separate “def” theorem for it.

Note that lesspoll_rel is neither ©ZF nor II#¥| so there is no “transfer”
theorem for it.

end

14 Relativization of the cumulative hierarchy
theory Relative Univ
imports
ZF-Constructible. Rank

Internalizations
Recursion_ Thms

begin
declare (in M_ trivial) powerset__abs[simp]

lemma Collect inter Transset:

assumes
Transset(M) b € M

shows
{zeb. P(z)} = {z€b. P(x)} N M
(proof)

lemma (in M_trivial) family _union_closed: [strong_replacement(M, Az y. y =
f(z)); M(A); VaeA. M(f(z))]
= M(JzeA. f(z))
(proof )

lemma (in M_ trivial) family _union_ closed”: [strong replacement(M, Az y. €A
Ay = f(z)); M(A); VzeA. M(f(x))]
= M(JzeA. f(x))
(proof)

definition
HVfrom :: [i=o0,i,i,i] = i where
HVfrom(M,A,x,f) = AU (|Jyex. {a€Pow(fy). M(a)})

definition
is_powapply :: [i=0,i,i,i] = o where
is_powapply(M.f,y,2) = M(z) A (3 fy[M]. fun_apply(M,f,y,fy) A powerset(M,fy,z))

lemma is_powapply_closed: is_powapply(M,f,y,z) = M(z)
(proof )
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definition
is_HVfrom :: [i=0,i,i,i,i] = o where
is_HVfrom(M,A,z,f,h) = 3 U[M]. 3R[M]. union(M,A,U,h)
A big_union(M,R,U) A is_Replace(M,x,is_powapply(M.f),R)

definition
is_Vfrom :: [i=o0,i,i,i] = o where
is_ Vfrom(M,A,i,V) = is_transrec(Mis_HVfrom(M,A),i, V)

definition
is_Vset :: [i=0,i,i] = o where
is_Vset(M,i,V) = 3 z[M]. empty(M,z) A is_Vfrom(M,z,i,V)

14.1 Formula synthesis

schematic__goal sats is powapply fm__auto:
assumes
fenat yenat z€nat envelist(A) 0€A
shows
is_powapply(## A,nth(f, env),nth(y, env),nth(z, env))
+—— sats(A, %ipa_fm(f,y,z),env)
(proof )

schematic__goal is powapply iff sats:
assumes
nth(f,env) = ff nth(y,env) = yy nth(z,env) = 2z 0 A
f € nat y € nat z € nat env € list(A)
shows
is_powapply(##A.[ff ,yy,22) +— sats(A, %is_one_fm(a,r), env)
(proof)

definition

Hrank :: [i,i]] = ¢ where

Hrank(z,f) = (Jyex. suce(fy))
definition

PHrank :: [i=o0,i,i,i]] = o where

PHrank(M.f,y,z) = M(z) A (3fy[M]. fun_apply(M.f,y.fy) N successor(M,fy,z))
definition

is_Hrank :: [i=0,i,i,i] = o where
is_Hrank(M,x,f,hc) = (3 R[M]. big_union(M,R,hc) Nis_Replace(M ,x,PHrank(M,f),R))

definition
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rrank :: i = ¢ where
rrank(a) = Memrel(eclose({a})) ™+

lemma (in M__eclose) wf_rrank : M(z) = wf(rrank(z))

(proof )

lemma (in M _eclose) trans_rrank : M(z) = trans(rrank(z))
{proof)

lemma (in M__eclose) relation_rrank : M(x) = relation(rrank(x))

{proof)

lemma (in M _eclose) rrank_in_M : M(z) = M(rrank(z))
{proof)

14.2 Absoluteness results

locale M __eclose_pow = M__eclose +
assumes
power_az : power_az(M) and
powapply__replacement : M(f) = strong_replacement(M is__powapply(M,f))
and
HVfrom_replacement : [ M(i) ; M(A) | =
transrec__replacement(M,is_HVfrom(M,A),i) and
PHrank__replacement : M(f) = strong_replacement(M,PHrank(M,f)) and
is_Hrank_replacement : M (z) = wfrec__replacement(M ,is_Hrank(M),rrank(z))

begin

lemma is_powapply_abs: [M(f); M(y)] = is_powapply(M,f,y,z) +— M(z) A
z = {z€Pow(f‘y). M(z)}
(proof)

lemma [M(A); M(z); M(f); M(h) ] =
is_HVfrom(M,A,z.f.h) +—
(IR[M]). h=AUYR A is_Replace(M, z, xy. y = {z € Pow(f ‘z) . M(x)},
R))
(proof )

lemma Replace_is_powapply:
assumes
M(R) M(A) M(f)
shows
is_Replace(M, A, is_powapply(M, f), R) +— R = Replace(A,is_powapply(M,f))
(proof)

lemma powapply_closed:
[<[ M(% s M(f) ] = M({z € Pow(f *y) . M(2)})
Proo
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lemma RepFun__is powapply:
assumes
M(R) M(4) M(f)
shows
Replace(A,is_powapply(M,f)) = RepFun(A y.{z€Pow(f‘y). M(z)})
(proof)

lemma RepFun_ powapply_ closed:
assumes
M(f) M(4)
shows
M (Replace(A,is_powapply(M.f)))
(proof)

lemma Union__powapply_closed:
assumes
M(z) M(f)
shows
M(Uyea. {acPow(fy). M(a)})
{proof)

lemma relation2 HVfrom: M(A) = relation2(M ,is_ HVfrom(M,A),HVfrom(M,A))
(proof)

lemma HVfrom_ closed :
M(A) = Vz[M]. V¥ g[M]. function(g) — M(HVfrom(M,A,z,q))
(proof )

lemma transrec_ HVfrom:

assumes M(A)

shows Ord(i) = {z€ Vfrom(A,i). M(z)} = transrec(i,HVfrom(M,A))
(proof)

lemma Vfrom_abs: [ M(A)
V = {z€Vfrom(A,i). M(x)}
(proof )

s M(9); M(V); Ord(3) | = is_ Vfrom(M,A,i,V) +—

lemma Vfrom_ closed: | M(A); M(7); Ord(i) | = M({z€ Vfrom(A,i). M(z)})
{proof)
lemma Vset_abs: [ M(i); M(V); Ord(i) | = is_ Vset(M,i,V) +— V = {z€ Vset(i).
]Vf<(96)}f>
proo

lemma Vset closed: | M(3); Ord(i) | = M({z€ Vset(i). M(z)})
{proof)

lemma Hrank__trancl: Hrank(y, restrict(f,Memrel(eclose({z}))-‘{y}))

62



= Hrank(y, restrict(f,(Memrel(eclose({z})) ™)-‘“{y}))
{proof)

lemma rank_trancl: rank(z) = wfrec(rrank(z), z, Hrank)

(proof)

lemma wuniv_PHrank : | M(z) ; M(f) | = univalent(M,z,PHrank(M.f))
{proof)

lemma PHrank_abs :
[ M(f); M(y) | = PHrank(M.f,y,z) «— M(z) A z = succ(f*y)
(proof )

lemma PHrank__closed : PHrank(M,f,y,z) = M(z)
{proof)

lemma Replace_PHrank __abs:
assumes
M(z) M(f) M(hr)
shows
is_Replace(M ,z,PHrank(M,f),hr) «<— hr = Replace(z,PHrank(M,f))
(proof)

lemma RepFun_ PHrank:
assumes
M(R) M(A) M(f)
shows
Replace(A,PHrank(M.f)) = RepFun(A,\y. succ(fy))
(proof)

lemma RepFun_PHrank closed :
assumes
M(f) M(A)
shows
M (Replace(A,PHrank(M.f)))

(proof)

lemma relation2 Hrank :
relation2(M ,is_ Hrank(M),Hrank)
{proof)

lemma Union_PHrank _closed:
assumes
M(z) M()
shows
M(Uyez. suce(fy))
{proof)
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lemma is Hrank closed :
M(A) = Vz[M]. V g[M]. function(g) — M (Hrank(z,g))
(proof)

lemma rank_closed: M(a) = M(rank(a))
(proof)

lemma M into  Vset:

assumes M(a)

shows Fi[M]. 3 V[M]. ordinal(M,i) A is_Vfrom(M,0,i,V) N\ a€V
(proof)

end
end

15 Renaming of variables in internalized formulas

theory Renaming
imports
Nat__Miscellanea
ZF  Miscellanea
ZF-Constructible. Formula
begin

15.1 Renaming of free variables

definition
union__fun :: [i,4,i,i] = { where
union__fun(f,g,m,p) = A\j € m U p . if j€m then f* else g%

lemma union__fun_ type:
assumes f € m — n
gep—4q
shows union_ fun(f,g,m,p) € mUp — nUq
(proof)

lemma union_ fun__action :
assumes
env € list(M)
env’ € list(M)
length(env) = m U p
YV i.i€m— nth(fienv’) = nth(i,env)
YV j.j€p— nth(g9,env’) = nth(j,env)
showsV i.ie mUp—
nth(i,env) = nth(union_fun(f,g,m,p) ‘i,env’)
(proof)
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lemma id_fn_ type :
assumes n € nat
shows id(n) € n — n

(proof )

lemma id_fn_action:
assumes n € nat envelist(M)
shows A j . j < n = nth(j,env) = nth(id(n)‘,env)

{(proof)

definition

rsum :: [4,i,i,1,i] = ¢ where
rsum(f,g,m,n,p) = \j € m#+p . if j<m then [ else (g‘(j#-m))#+n

lemma sum_ inl:
assumes m € nat n€nat
feEm—=nxem
shows rsum(f,g,m,n,p)‘c = f

(proof)

lemma sum_ inr:
assumes m € nat n€nat pcnat
geEP—qgm < zx < m#F+p
shows rsum(f,g,m,n,p)‘c = g(z#-m)#+n
{proof)

lemma sum _action :
assumes m € nat nEnat pcnat gcnat
f € m—n gep—q
env € list(M)
env’ € list(M)
envl € list(M)
env2 € list(M)
length(env) = m
length(envl) = p
length(env’) = n
N\ i. i< m = nth(i,env) = nth(f,env’)
N\ j. j < p = nth(j,envl) = nth(g%,env2)
shows V 7.1 < m#+p —
nth(i,envQenvl) = nth(rsum(f,g,m,n,p) ‘i,env'Qenv2)

(proof)

lemma sum__type :
assumes m € nat nEnat pcnat gcnat
f € m—n gep—q
shows rsum(f,g,m,n,p) € (m#+p) = (n#+q)
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(proof)

lemma sum_ type_id :
assumes
f € length(env)—length(env’)
env € list(M)
env’ € list(M)
envl € list(M)
shows
rsum(f,id(length(envl)),length(env),length(env’),length(envl)) €
(length(env)#+length(envl)) — (length(env’)#+length(envl))
(proof)

lemma sum__type id_aux?2 :
assumes
fem—n
m € nat n € nat
envl € list(M)
shows
rsum(f,id(length(envl)),m,n,length(envl)) €
(m#+length(envl)) — (n#+length(envl))
(proof)

lemma sum__action id :
assumes
env € list(M)
env’ € list(M)
f € length(env)—length(env’)
envl € list(M)
N i . i < length(env) = nth(i,env) = nth(f,env’)
shows A ¢ . 7 < length(env)#+length(envl) =
nth(i,envQenvl) = nth(rsum(f,id(length(envl)),length(env),length(env’),length(envl)) i,env’Qenwvl)
(proof)

lemma sum_action id_auzx :

assumes

f e m—n

env € list(M)

env’ € list(M)

envl € list(M)

length(env) = m

length(env’) = n

length(envl) = p

N i . i< m = nth(i,env) = nth(fi,env’)
shows A ¢ . i < m#-+length(envl) =

nth(i,env@envl) = nth(rsum(f,id(length(envl)),m,n,length(envl)) ‘i,env’'Qenvl)

(proof )
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definition
sum__id :: [i,i] = i where
sum__id(m,f) = rsum(Az€l.z,f,1,1,m)

lemma sum_id0 : menat=sum__id(m,f)‘0 = 0

{proof)

lemma sum_ idS : penat = g€nat = f€p—q = z € p => sum__id(p,f) (succ(zx))
= suce(f‘x)
(proof )

lemma sum_id_tc_aux :
pEnat = q € nat = f € p— q= sum_id(p,f) € I#+p — 1#+q
(proof)

lemma sum_id_tc :
n € nat = m € nat = [ € n - m = sum_id(n,f) € succ(n) — succ(m)

{proof)

15.2 Renaming of formulas

consts ren :: i=1
primrec
ren(Member(z,y)) =
(A n € nat . A m € nat. \f € n — m. Member (fz, fy))

ren(Equal(z,y)) =
(An € nat. A m € nat. \f € n — m. Equal (fz, fy))

ren(Nond(p,q)) =
(A n € nat. A m € nat. A\f € n — m. Nand (ren(p) ‘n‘m‘f, ren(q) ‘n‘m‘f))

ren(Forall(p)) =
(A n € nat . A m € nat. \f € n — m. Forall (ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f)))

lemma arity _meml : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=—=z€l

(proof)
lemma arity_memr : | € nat => Member(z,y) € formula = arity(Member(z,y))
<l=yel

(proof )
lemma arity_eql : | € nat = Equal(z,y) € formule = arity(Fqual(z,y)) < I
=z cl

(proof)
lemma arity_eqr : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < I
= yel

(proof )

lemma nand_arl : p € formula = q€formula =>arity(p) < arity(Nand(p,q))

{proof)
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lemma nand_ar2 : p € formula = g€formula =>arity(q) < arity(Nand(p,q))
(proof )

lemma nand_arlD : p € formula = q€formula = arity(Nand(p,q)) < n =
arity(p) < n

(proof )
lemma nand_ar2D : p € formula = g€formula = arity(Nand(p,q)) < n =
arity(q) < n

(proof )

lemma ren_tc : p € formula =
(Anmf.né€nit = mée nat = f € n—m= ren(p)n‘m’f € formula)

{proof)

lemma arity_ren :

fixes p

assumes p € formula

shows A nm f.n € nat = m € nat = f € n>m = arity(p) < n =
arity(ren(p) ‘n‘m‘f)<m

{proof)

lemma arity_forallE : p € formule = m € nat = arity(Forall(p)) < m =
arity(p) < succ(m)
(proof)

lemma env_coincidence _sum_id :
assumes m € nat n € nat
0 € list(A) o' € list(A)
fen—-m
N\ i . i< n= nth(i,0) = nth(f,0’)
a € Aje suce(n)
shows nth(j,Cons(a,0)) = nth(sum_id(n,f)4,Cons(a,0’))
(proof)

lemma sats iff sats ren :
assumes ¢ € formula
shows [ n € nat; m € nat ; o € list(M) ; o' € list(M) ; f € n — m;
arity(¢) < n ;
N i.i<n= nth(i,0) = nth(f4,0) ]| =
sats(M p,0) «— sats(M,ren(p) ‘n‘mf,o’)
(proof )

end
theory Renaming_Auto
imports
Renaming
ZF.Finite
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ZF . List
Utils
keywords
rename :: thy decl % ML
and
simple__rename :: thy_decl % ML
and
src
and
tgt
abbrevs
simple__rename =

begin

lemmas app_fun = apply_iff[THEN iffD1]
lemmas nat_succl = nat_succ_iff[THEN 1iffD2)
(ML)

end

16 Interface between set models and Constructibility

This theory provides an interface between Paulson’s relativization results
and set models of ZFC. In particular, it is used to prove that the locale
forcing _data is a sublocale of all relevant locales in ZF-Constructibility
(M_trivial, M__basic, M__eclose, etc).

theory Interface
imports

Nat__Miscellanea
Relative_ Univ
Synthetic__ Definition
Arities
Renaming__Auto
Discipline__Function

begin

abbreviation
dec10 :: i (10) where 10 = succ(9)

abbreviation
decll ::i (11) where 11 = succ(10)

abbreviation
dec12 :: i (12) where 12 = succ(11)

abbreviation
dec13 i (13) where 18 = succ(12)

69



abbreviation
decl) ::i (1) where 14 = succ(13)

definition
infinity _ax :: (i = 0) = o where
infinity _ax(M) =
(FI[M]. (3 2[M]. empty(M,z) A zeI) A (VY y[M]. yeI — (3 sy[M]. successor(M,y,sy)
A syel)))

definition
choice__azx :: (i=0) = o where
choice_ax(M) = VY z[M]. 3 a[M]. If[M]. ordinal(M,a) N surjection(M,a,z,f)

context M _basic begin

lemma choice ax_abs :
choice__ax(M) <— (Vz[M]. Fa[M]. 3f[M]. Ord(a) A f € surj(a,x))
{proof )

end

definition
wellfounded__trancl :: [i=>0,i,i,i] => o where
wellfounded__trancl(M,Z,r,p) =
Fw[M]. Jwz[M]. I rp[M].
w € Z & pair(M,w,p,wx) & tran__closure(M,r,rp) & wz € 1p

lemma empty intf :
infinity_ax(M) =
(3 z[M]. empty(M,z))
(proof )

lemma Transset _intf :
Transset(M) = yex =2 e M = ye M

{proof)

locale M _ZF =
fixes M
assumes
upair_ax: upair_ax(##M) and
Union__ax: Union_ax(#4#M) and
power__a: power_ax(#4#M) and
extensionality: extensionality(## M) and
foundation__ax: foundation_az(##M) and
infinity _ax: infinity_az(## M) and
separation_ax: ¢ € formula = env € list(M) =
arity(p) < 1 #+ length(env) =
separation(## M, z. sats(M,p,[z] Q env)) and
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replacement__az:p € formula = env € list(M) =
arity(p) < 2 #+ length(env) =
strong__replacement(##M Az y. sats(M,p,[z,y] @ env))

locale M ZF trans = M ZF +
assumes
trans_M: Transset(M)
begin

lemmas transitivity = Transset_intf[OF trans_M)|

16.1 Interface with M trivial

lemma zero _in M: 0€ M
(proof)

end

locale M ZFC = M_ZF +
assumes
choice__ax:choice__ax(##M)

locale M _ZFC trans = M__ZF trans + M__ZFC

sublocale M ZF trans C M_trans ##M
(proof)

sublocale M ZF trans C M _trivial ##M
(proof )

16.2 Interface with M basic

definition Intersection where
Intersection(N,B,z) = (Vy[N]. y€B — z€y)

(ML)
(proof)
(ML)

context M ZF trans
begin

lemma inter_sep intf :
assumes
AeM
shows
separation(##M Nz . VyeM . yec A — z€y)
(proof)
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schematic__goal diff fm_ auto:
assumes
nth(i,env) = z nth(j,env) = B
i € nat j € nat env € list(A)
shows
z¢ B <— sats(A,?2dfm(i,j),env)
(proof)

lemma diff sep intf :
assumes
BeM
shows
separation(##M Nz . ©¢B)

(proof)

schematic_ goal cprod_fm__ auto:
assumes
nth(i,env) = z nth(j,env) = B nth(h,env) = C
i € nat j € nat h € nat env € list(A)
shows
(Fz€A. zeB A (FycA. yeC A pair(##A,x,y,2))) +— sats(A, ?cpfm(i,j,h),env)

{proof)

lemma cartprod_sep_intf :
assumes
AeM
and
BeM
shows
separation(## M z. dxzeM. x€A N (FyeM. yeB A pair(##M,z,y,2)))

(proof)

schematic__goal im_fm__ auto:
assumes
nth(i,env) = y nth(j,env) = r nth(h,env) = B
i € nat j € nat h € nat env € list(A)

shows
(IpeA. per & (FzcA. z€B & pair(##A,z,y,p))) <— sats(A, Zimfm(i,j,h),env)

{proof)

lemma image_sep intf :
assumes
AeM
and
reM

shows
separation(## M, \y. ApeM. per & (JzeM. xz€A & pair(##M,z,y,p)))
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(proof)

schematic__goal con_fm_auto:
assumes
nth(i,env) = z nth(j,env) = R
i € nat j € nat env € list(A)
shows
(IpeA. peR & (FzcA.FycA. pair(#+#A,2,y,p) & pair(##A,y,z,2)))
+— sats(A, ?cfm(i,5),env)
(proof )

lemma converse_sep intf :
assumes
ReM
shows
separation(## M z. ApeM. peR & (FzeM.IyeM. pair(##M,z,y,p) &
pair(#4#M,y,1,2)))
(proof)

schematic__goal rest fm_ auto:
assumes
nth(i,env) = z nth(j,env) = C
i € nat j € nat env € list(A)
shows
(FzeA. zeC & (FycA. pair(##A,2,y,2)))
> sats(A, ?rfm(i,j),env)

{proof)

lemma restrict_sep_intf :
assumes
AeM
shows
separation(#H#M N z. JzeM. z€A & (FyeM. pair(##M,z,y,2)))

(proof)

schematic__goal comp fm_ auto:
assumes
nth(i,env) = zz nth(j,env) = S nth(h,env) = R
i € nat j € nat h € nat env € list(A)
shows
(FzeA. FycA. F2€A. Jayc A. FyzeA.
pair(##A,x,2,72) & pair(##A,2,y,2y) & pair(##A,y,2,y2) & zyes &
yzER)
+— sats(A, ?cfm(i,j,h),env)

(proof)
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lemma comp_sep intf :
assumes
ReM
and
SeM
shows
separation(## M N xz. JzeM. JyeM. Fze M. Fzye M. FyzeM.
pair(##M,z,z,22) & pair(##M,z,y,2y) & pair(##M,y,2,yz) & xyeS
& yz€R)
(proof)

schematic__goal pred_ fm__auto:
assumes
nth(i,env) = y nth(j,env) = R nth(h,env) = X
i € nat j € nat h € nat env € list(A)
shows
(IpeA. peR & pair(##A,y,X,p)) «— sats(A,?pfm(i,j,h),env)
(proof )

lemma pred_sep_intf:
assumes
ReM
and
XeM
shows
separation(## M, Ay. ApeM. peR & pair(##M,y,X,p))
(proof)

schematic__goal mem_ fm_ auto:
assumes
nth(i,env) = z i € nat env € list(A)
shows
(FzeA. FyeA. pair(##A,1,y,2) & © € y) +— sats(A, ?mfm(i),env)
(proof)

lemma memrel _sep intf:
separation(##M, Az. FzeM. IyeM. pair(##M,z,y,2) & z € y)
{proof )

schematic__goal recfun_fm_auto:
assumes

nth(il,env) = x nth(i2,env) = r nth(i3,env) = f nth(if,env) = g nth(is,env) =

nth(i6,env) = b il1€nat i2€nat i3€nat i4Enat i5€nat i6Enat env € list(A)
shows
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(FzacA. JxbeA. pair(##A,x,a,2a) & za € v & pair(##A,z,b,2b) & zb € r &
(/€. FgreA. fun_ apply(#H#Af,ofz) & fun_apply(H#A,g,7,97)
& fr # gr))
> sats(A, ?rffm(il,i2,i8,i4,i5,i6),env)
(proof )

lemma is_recfun_sep intf :
assumes
reM feM geM aeM beM
shows
separation(## M N x. Jzac M. IzbeM.
pair(##M ,z,a,xa) & za € r & pair(##HM,z,b,2b) & zb € r &
(FfreM. 3 gzeM. fun_apply(#H#M.f,z.fx) & fun__apply(##M,9,2,91)

fr # gv))
(proof)

schematic__goal funsp_fm__auto:
assumes
nth(i,env) = p nth(j,env) = z nth(h,env) = n
i € nat j € nat h € nat env € list(A)
shows
(3feA. JbeA. InbeA. FenbfeA. pair(##A.f,b,p) & pair(##A,n,b,nd) &
is_cons(##A,ndb,f,cnbf) &
upair(## A,cnbf ,enbf ,2)) «— sats(A, ?fsfm(i,j,h),env)
(proof )

lemma funspace succ_rep_intf :
assumes
neM
shows
strong__replacement(## M,
Ap z. AfeM. 3beM. InbeM. FcenbfeM.
pair(#H#HM.f,b,p) & pair(##M,n,b,nb) & is_cons(##M,nb,f,cnbf) &
upair(## M, cnbf ,enbf ,z))
(proof)

lemmas M _basic_sep instances =
inter__sep_intf diff _sep_intf cartprod_sep intf
image__sep__intf converse__sep__intf restrict_sep_ intf
pred__sep__intf memrel _sep__intf comp__sep_intf is_recfun_ sep_ intf
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end

sublocale M ZF trans C M _basic ##M
(proof)

16.3 Interface with M trancl

schematic__goal rtran_ closure_mem__auto:
assumes
nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € nat j € nat k € nat env € list(A)
shows
rtran__closure_mem(## A, B,r,p) «— sats(A, ?refm(i,j,k),env)

{proof)

lemma (in M__ZF _trans) rtrancl_separation__intf:
assumes
reM
and
AeM
shows
separation (##M, rtran__closure_mem(##M,A,r))

(proof)

schematic__goal rtran_ closure_fm__auto:
assumes
nth(i,env) = r nth(j,env) = p
i € nat j € nat env € list(A)
shows
rtran__closure(## A,r,rp) «— sats(A, ?rtc(i,j),env)
(proof)

schematic__goal trans_closure_ fm__auto:
assumes
i € nat j € nat env € list(A)
shows
tran__closure(#4 A, nth(i,env),nth(j,env)) +— sats(A, ?tc(i,j),env)
(proof )

(ML)

lemma arity_tran_ closure_fm :
[zenat;fenat] = arity(trans_closure_fm(z,f)) = succ(z) U succ(f)

(proof )

schematic__goal wellfounded_trancl _fm__auto:
assumes

76



nth(i,env) = p nth(j,env) = r nth(k,env) = B
i € natj € nat k € nat env € list(A)
shows

wellfounded__trancl(#+A,B,r,p) +— sats(A, 2wtf (i,j,k),env)

(proof )

context M ZF trans
begin

lemma wftrancl _separation__intf:
assumes
reM and ZeM
shows
separation (##M, wellfounded_trancl(##M,Z,r))

(proof)

Proof that nat €¢ M

lemma finite_sep_intf: separation(##M, \z. x€nat)
(proof)

lemma nat_subset I":
[IeM ; 0el ; Ax. z€] = succ(z)el | = nat C I

(proof)

lemma nat subset I: 31eM. nat C I
(proof)

lemma nat in M: nat € M

(proof)

end

sublocale M_ZF trans C M__trancl ##M
(proof)

16.4 Interface with M eclose

lemma repl_sats:
assumes

sat: \z z. x€ M = ze M = sats(M ,p,Cons(z,Cons(z,env))) <— P(z,z)

shows

strong__replacement(##M Az z. sats(M p,Cons(z,Cons(z,env)))) +—

strong__replacement(## M ,P)
(proof)

lemma (in M_ZF _trans) list_repll _intf:
assumes
AeM
shows
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iterates__replacement(##M, is_list_functor(##M,A), 0)
(proof)

lemma (in M_ZF _trans) iterates_repl intf :
assumes
veM and
isfm:is_F_fm € formula and
arty:arity(is_F_fm)=2 and
satsf: Na b env’. [ aeM ; beM ; env'elist(M) |
= is_F(a,b) +— sats(M, is_F_fm, [b,a]@env’)
shows
iterates_replacement(## M ,is_F,v)
{proof)

lemma (in M_ZF _trans) formula_repll_intf :
iterates__replacement(##M, is_formula_functor(##M), 0)
(proof)

lemma (in M_ZF trans) nth_repl_intf:
assumes
le M
shows
iterates__replacement(##M N’ t. is_tl(#FH#M,l',t),])
(proof)

lemma (in M_ZF _trans) eclose_repll intf:
assumes
AeM
shows
iterates__replacement(##M, big_union(#+#M), A)
(proof)

lemma (in M_ZF trans) list_repl2_intf:
assumes
AeM
shows
strong__replacement(##M,An y. n€nat & is_iterates(##M, is_list_functor(##M,A),
0, n, y))
(proof)

lemma (in M__ZF _trans) formula_repl2 intf:

strong__replacement(## M, n y. n€nat & is_iterates(##M, is_formula__functor(## M),
0, n, y))

(proof)
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lemma (in M_ZF _trans) eclose_repl2_intf:
assumes
AeM
shows
strong__replacement(## M, An y. n€nat & is_iterates(#H#M, big_union(##M),
A, n, y))
(proof)

sublocale M ZF trans C M _datatypes ##HM
(proof )

sublocale M ZF trans C M __eclose ##M
(proof )

definition
powerset_fm :: [i,i] = ¢ where
powerset_fm(A,z) = Forall(Iff (Member(0,succ(z)),subset_fm(0,succ(A))))

lemma powerset_type [TC):
[ = € nat; y € nat | = powerset_fm(z,y) € formula

{proof)

definition
is_powapply_fm :: [i,i,i] = i where
is_powapply_fm(f,y,2) =
Exists(And(fun__apply_ fm(succ(f), succ(y), 0),
Forall(Iff (Member(0, succ(succ(z))),

Forall(Implies(Member (0, 1), Member(0, 2)))))))

lemma is_powapply_type [TC] :
[fenat ; yenat; ze€nat] = is_powapply_fm(f,y,2)Eformula
(proof )

declare is_powapply_fm__def[fm__definitions add)]

lemma sats_is powapply_fm :
assumes
fenat yenat z€nat envelist(A) 0 A
shows
is_powapply(## A,nth(f, env),nth(y, env),nth(z, env))
«—— sats(A,is_powapply_fm(f,y,z),env)
(proof)
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lemma (in M__ZF _trans) powapply_repl :
assumes
feM
shows
strong__replacement(## M ,is_powapply(##M.f))
(proof)

definition
PHrank_fm :: [i,i,i] = ¢ where
PHrank_ fm(f,y,2) = Exzists(And(fun__apply_fm(succ(f),succ(y),0)
,suce__fm(0,succ(z))))

lemma PHrank__type [TC]:
[ = € nat; y € nat; z € nat | = PHrank_fm(z,y,2) € formula
(proof )

lemma (in M_ZF trans) sats_PHrank_fm:
[ z € nat; y € nat; z € nat; env € list(M) |
= sats(M,PHrank_fm(z,y,z),env) <—
PHrank(## M nth(x,env),nth(y,env),nth(z,env))
(proof )

lemma (in M_ZF _trans) phrank_repl :
assumes
feM
shows
strong__replacement(#4# M ,PHrank(##M.f))

(proof)

definition
is_Hrank_fm :: [i,i,i]] = i where
is_Hrank_fm(z,f ,hc) = Exists(And(big_union_fm(0,succ(hc)),
Replace_fm(succ(z),PHrank_fm(succ(succ(succ(f))),0,1),0)))

lemma is_Hrank__type [TC]:
[ = € nat; y € nat; z € nat | = is_Hrank_fm(z,y,z) € formula

(proof )
lemma (in M_ZF _trans) sats_is_Hrank_fm:

[ z € nat; y € nat; z € nat; env € list(M)]
= sats(M,is_Hrank_fm(z,y,2),env) <—
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is__Hrank(## M nth(z,env),nth(y,env),nth(z,env))
{proof)

declare is_Hrank_fm_ def[fm__definitions add)
declare PHrank_fm__def[fm__definitions add)]

lemma (in M_ZF _trans) wfrec_rank :
assumes
XeM
shows
wfrec_replacement(#+#M ,is__Hrank(##M),rrank(X))
{proof)

definition
is_HVfrom_fm :: [i,i,i,i] = ¢ where
is__HVfrom_ fm(A,z.f,h) = Fuxists(Exists(And(union_fm(A #+ 2,1,h #+ 2),
And(big_union_ fm(0,1),
Replace_fm(z 4+ 2,is_powapply_fm(f #+ 4,0,1),0)))))
declare is_HVfrom_fm_ def[fm__definitions add)]

lemma is HVfrom_type [TC]:
[ Aenat; x € nat; f € nat; h € nat | = is_HVfrom_ fm(A,z,f,h) € formula
(proof )

lemma sats is HVfrom_ fm :
[ a€nat; © € nat; f € nat; h € nat; env € list(A); 0€A]
= sats(A,is_HVfrom_fm(a,z,f,h),env) +—
is_ HVfrom(## A,nth(a,env),nth(z,env),nth(f,env),nth(h,env))
(proof)

lemma is HVfrom__iff sats:
assumes
nth(a,env) = aa nth(z,env) = xz nth(f,env) = ff nth(h,env) = hh
a€nat x€nat fenat henat envelist(A) 0€A
shows
is_HVfrom(##A,aa,xz,ff ,hh) +— sats(A, is_HVfrom_fm(a,z.f,h), env)
(proof )

schematic__goal sats is Vset fm__ auto:
assumes
i€nat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(## A,nth(i, env),nth(v, env))
+—— sats(A, %ivs_fm(i,v),env)

(proof)
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schematic__goal is Vset iff sats:
assumes
nth(i,env) = i nth(v,env) = v
ienat venat envelist(A) 0€A
i < length(env) v < length(env)
shows
is_ Vset(##A,ii,00) «— sats(A, Zivs_fm(i,v), env)
(proof)

lemma (in M_ZF trans) memrel_eclose_sing :
aeM = JsaeM. Fesac M. A mesacM.
upair(## M ,a,a,sa) & is__eclose(## M ,sa,esa) & membership(## M ,esa,mesa)
(proof )

lemma (in M_ZF trans) trans_repl_HVFrom :
assumes
AeM ieM
shows
transrec__replacement(#4#M is_ HVfrom(##M,A),i)
(proof)

sublocale M ZF trans C M __eclose_pow ##HM
(proof)

16.5 Interface for proving Collects and Replace in M.

context M ZF trans
begin

lemma Collect _in M :
assumes
¢ € formula envelist(M)
arity(p) < 1 #+ length(env) Ae M and
sats@: Nz. te M = sats(M,p,[z]Qenv) +— Q(z)
shows
{veA . QUy)yeM

(proof)
lemma separation_in_ M :

assumes
» € formula envelist(M)
arity(p) < 1 #+ length(env) Ae M and
sats@: N\z. t€A = sats(M,p,[z]Qenv) «— Q(z)
shows
{yed . Q(y)} e M
(proof)

lemma Replace_in_ M :
assumes
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f_fm: ¢ € formula and
foar: arity(p)< 2 #+ length(env) and
fsats: Nz y. € A = yeM = (M,[z,y]Qenv = ¢) «— y = f(z) and
felosed: Nz. 26 A = f(z) € M and
AeM envelist(M)
shows {f(z) . zcA}eM
(proof)

lemma Replace_relativized_in_ M :

assumes
f_fm: ¢ € formula and
foar: arity(p)< 2 #+ length(env) and
fsats: Nz y. €A = yeM = (M,[z,y]Qenv = ¢) +— is_f(z,y) and
fabs: Az y. €A = yeM = is_f(x,y) +— y = f(z) and
felosed: Nz. 26 A = f(z) € M and
AeM envelist(M)

shows {f(z) . z€A}eM

(proof)

definition ¢ repl :: i=1i where
o_repl(l) = rsum({{0, 1), (1, 0)}, id(l), 2, 3, 1)

lemma [ type : {(0, 1), (1, 0)} € 2 = 3
(proof)

lemma ren_ type :
assumes l€nat
shows o repl(l) : 2#+1 — 3#+I
(proof)

lemma ren__action :
assumes
envelist(M) zeM yeM zeM
shows V ¢ . i < 2#+length(env) —
nth(i,[z,2|Qenv) = nth(o_repl(length(env)) ‘4,[z,2,y]Qenv)
(proof)

lemma Lambda_in M :

assumes
f_fm: ¢ € formula and
f_ar: arity(p)< 2 #+ length(env) and
fsats: Nz y. €A = yeM = (M,[z,y]Qenv = ¢) +— is_f(z,y) and
fabs: Az y. €A = yeM = is_f(z,y) +— y = f(z) and
felosed: Nz. x€ A = f(z) € M and
AeM envelist(M)

shows (A\zc€A . f(z)) eM

(proof )

definition ¢ pair_repl :: i=i where
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o_pair_repl(l) = rsum({{0, 0), {1, 1), (2, 3)}, id(1), 3, 4, 1)

lemma f type’: {(0,0), (1, 1), (2, 3)} € 8 = 4
(proof )

lemma ren_ type’ :
assumes l€nat
shows o pair_repl(l) : 3#+1 — J#+I
(proof )

lemma ren__action’ :
assumes
envelist(M) xeM yeM ze M ue M
shows V i . i < 3#+length(env) —
nth(i,[z,z,u]Qenv) = nth(o_pair_repl(length(env)) 4,[z,2,y,u]Qenv)
(proof)

lemma LambdaPair in_ M :
assumes
f_fm: ¢ € formula and
f_ar: arity(p)< 8 #+ length(env) and
fsats: Nx zr. teM = 26 M = re M = (M,[z,2z,r]Qenv = ) «— is_f(x,2,7)
and
fabs: Nz zr. 2eM = zeM = reM = is_f(z,2,r) +— r = f(z,2) and
felosed: Nz z. ze M = 2e M = f(z,2) € M and
AeM envelist(M)
shows (\zc€A . f(fst(z),snd(x))) €M
(proof)

end

end

17 Transitive set models of ZF

This theory defines the locale M ZF trans for transitive models of ZF, and
the associated forcing data that adds a forcing notion

theory Forcing Data
imports
Forcing_Notions
Interface
begin

locale M _ctm = M _ZF trans +

fixes enum

assumes M _countable: enumebij(nat,M)
begin
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end

locale M _c¢tm AC = M ctm + M_ZFC trans

17.1 A forcing locale and generic filters

locale forcing data = forcing_notion + M__ctm +

assumes P _in M: PeM
and leq in_M: leg e M
begin

lemma P sub M : PCM
(proof)

definition
M__generic :: i=0 where
M__generic(G) = filter(G) A (VDeM. DCP A dense(D)— DNG#0)

lemma M _genericD [dest]: M_generic(G) = € G = z€P
{proof)

lemma M__generic_legD [dest]: M__generic(G) = peG@ = ¢eP — p=q =
qeG
(proof)

lemma M__generic_compatD [dest]: M__generic(G) = peG = re G = J¢<q.
a=p N q=r
(proof )

lemma M_generic_denseD [dest]: M_generic(G) = dense(D) = DCP —
DeM = Jq€qG. qeD

(proof)

lemma G_nonempty: M__generic(G) = G#0
(proof)

lemma one _in_ G :
assumes M_generic(G)
shows one € G

(proof)

lemma G_subset_M: M_generic(G) = G C M
(proof)

declare iff trans [trans]
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lemma generic_ filter _existence:
peP = IG. peG N M__generic(G)

(proof)

lemma one_in_ M: one € M

{proof)

end

lemma (in M_trivial) compat_in__abs :

assumes
M(A) M(r) M(p) M(q)
shows
is_compat_in(M,A,r,p,q) <— compat_in(A,r,p,q)
(proof)

context forcing data begin

definition
compat_in__fm :: [4,i,4,i]] = i where
compat_in_fm(A,r,p,q) =
Ezists(And(Member(0,succ(A)),Exists(And(pair_fm(1,p#+2,0),
And(Member(0,r#+2),
Ezists(And(pair_fm(2,q#+3,0),Member(0,r#+3))))))))

lemma compat_in__fm__type[TC] :
[ Aenat;renat;penat;genat] = compat_in_fm(A,r,p,q) € formula
(proof )

lemma sats compat_in__fm:
assumes
Aenat reénat penat genat envelist(M)
shows
sats(M,compat_in_fm(A,r,p,q),env) +—
is_compat_in(#H#M nth(A, env),nth(r, env),nth(p, env),nth(q, env))
(proof )

end

end

18 Names and generic extensions

theory Names
imports
Forcing _Data
Interface
Recursion__Thms
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Relativization

Discipline__Base

Synthetic__Definition

ZF  Miscellanea
begin

18.1 The well-founded relation ed

lemma eclose_sing : z € eclose(a) = z € eclose({a})

{proof)

lemma eclosel :
assumes z € eclose(A)
shows z€ AV (3 Be A. x € eclose(B))

{proof)

lemma eclose_singE : z € eclose({a}) = z = a V z € eclose(a)
{proof)

lemma in_ eclose_sing :
assumes z € eclose({a}) a € eclose(z)
shows z € eclose({z})

(proof)

lemma in_dom_in__eclose :
assumes z € domain(z)
shows z € eclose(z)

(proof)

termed is the well-founded relation on which wval is defined.

definition
ed :: [i,i] = o where
ed(z,y) = = € domain(y)

definition
edrel :: i = 1 where
edrel(A) = Rrel(ed,A)

lemma edI[introl]: t€domain(z) = ed(t,x)
{proof)

lemma edD[dest!]: ed(t,z) = t€domain(z)

{proof)

lemma rank ed:
assumes ed(y,z)
shows succ(rank(y)) < rank(z)
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(proof)

lemma edrel dest [dest]: © € edrel(A) = 3 ac A. 3 b€ A. z =(a,b)
{proof)

lemma edrelD : z € edrel(A) = 3 ac A. 3 b€ A. z =(a,b) A a € domain(b)
(proof)

lemma edrell [introl]: z€ A = yeA = z € domain(y) = (z,y)Eedrel(A)
{proof)

lemma edrel_trans: Transset(A) = y€A = = € domain(y) = (z,y)€edrel(A)
{proof)

lemma domain_trans: Transset(A) = yeA = z € domain(y) = z€A

(proof )

lemma relation__edrel : relation(edrel(A))
{proof)

lemma field edrel : field(edrel(A))CA
(proof)

lemma edrel_sub_memrel: edrel(A) C trancl(Memrel(eclose(A)))

(proof)

lemma wf edrel : wf(edrel(A))
(proof)

lemma ed induction:

assumes Az. [Ay. ed(y,z) = Qy) ] = Q(x)
shows Q(a)

(proof)

lemma dom_under_edrel_eclose: edrel(eclose({z})) - {z} = domain(z)

(proof)

lemma ed__eclose : (y,z) € edrel(A) = y € eclose(z)
(proof)

lemma tr_edrel eclose : (y,z) € edrel(eclose({z})) ™+ = y € eclose(z)
{proof)

lemma restrict_edrel_eq :
assumes z € domain(z)
shows edrel(eclose({z})) N eclose({z})x eclose({z}) = edrel(eclose({z}))

(proof)
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lemma tr edrel subset :
assumes z € domain(z)
shows tr_down(edrel(eclose({z})),z) C eclose({z})

(proof)

definition
Hv :: [i,i,i,i]=1% where
Hu(P,Gx.f) = { fy .. y¢ domain(z), ApeP. (yp) €ex Ape G}

The funcion val interprets a name in M according to a (generic) filter G.
Note the definition in terms of the well-founded recursor.

definition
val :: [i,4,i]=7 where
val(P,G,1) = wfrec(edrel(eclose({r})), 7 ,Hv(P,G))

definition
GenEut :: [i,i,i|=1  (_—[_] [71,1)])
where M [G] = {val(P,G,7). T € M}

abbreviation (in forcing notion)
GenExt_at P :: i=i=i (_[_][71,1])
where M[G] = MP[G]

18.2 Values and check-names

context forcing data
begin

definition
Hcheck :: [i,i] = ¢ where
Hcheck(z,f) = { (f‘y,one) . y € 2z}

definition
check :: i = i where
check(z) = transrec(x , Hcheck)

lemma checkD:
check(z) = wfrec(Memrel(eclose({z})), x, Hcheck)

{proof)

definition
rcheck :: i = i where
rcheck(z) = Memrel(eclose({z})) ™+

lemma Hcheck_trancl: Hcheck(y, restrict(f,Memrel(eclose({z}))-{y}))
= Hcheck(y, restrict(f,(Memrel(eclose({z})) ™+)-“{y}))
{proof)

lemma check_trancl: check(z) = wfrec(rcheck(zx), x, Hcheck)
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{proof)

lemma rcheck in_ M :
x € M = rcheck(z) € M

{proof)

lemma aux_def check: x € y =
wfrec(Memrel(eclose({y})), ©, Hcheck) =
wfrec(Memrel(eclose({z})), z, Hcheck)

{proof)

lemma def check : check(y) = { (check(w),one) . w € y}
(proof)

lemma def checkS :
fixes n
assumes n € nat
shows check(succ(n)) = check(n) U {{check(n),one)}

(proof)

lemma field Memrel2 :
assumes ¢ € M
shows field(Memprel(eclose({z}))) C M

(proof)

lemma auz_def val:

assumes z € domain(z)

shows wfrec(edrel(eclose({z})),z,Hv(P,G)) = wfrec(edrel(eclose({z})),z,Hv(P,G))
(proof)

The next lemma provides the usual recursive expresion for the definition of
termuval.

lemma def wval: wval(P,G,z) = {val(P,G,t) .. t€domain(z) , IpeP . (t,p)€x A p
€ G}

(proof)

lemma val_mono : xCy = val(P,G,z) C val(P,G,y)

(proof)
Check-names are the canonical names for elements of the ground model.
Here we show that this is the case.
lemma valcheck : one € G = one € P = val(P,G,check(y)) =y

(proof)

lemma val of name :
val(P,G{z€AxP. Q(z)}) = {wal(P,G,t) .. tc A, 3IpeP . Q{t,p)) ANpe G}
(proof )
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lemma val of name__alt :
val(P,G {z€AxP. Q(z)}) = {val(P,G,t) .. tcA , IpePNG . Q({t,p)) }
(proof )

lemma val_only _names: val(P,F,7) = val(P,F,{zeT. Atcdomain(r). ApeP. x=(t,p)})
(is _ = wal(P,F,?%name))
(proof)

lemma val_only_pairs: val(P,F,r) = val(P,F.{x€T. It p. 2=(t,p)})
(proof)

lemma val_subset_domain__times_range: val(P,F,7) C val(P,F,domain(T) X range(r))
{proof)

lemma val_subset_domain_times P: val(P,F,7) C val(P,F,domain(7)x P)

{proof)

lemma val_of elem: (9,p) € 1 = peG = peP = wval(P,G,9) € val(P,G,7)
(proof)

lemma elem_of val: z€val(P,G 7)) = F¥€domain(n). val(P,G,9) = x
(proof)

lemma elem_of wal_pair: z€val(P,G,m) = 39. IpeG. (J,p)em A val(P,G9)
=z

{proof)

lemma elem_ of val pair’”:

assumes 7€M zeval(P,G,m)

shows J3YeM. IpeCG. (¥,p)em A val(P,GY) = x
(proof)

lemma GenFExtD:
z € M[G] = 37eM. z = val(P,G,T)
(proof )

lemma GenExtl:
z € M = wval(P,G,z) € M[G]
(proof )

lemma Transset_MG : Transset(M|[G))
(proof)

lemmas transitivity MG = Transset__intf[OF Transset_ MG]|

lemma check _n_ M :
fixes n

91



assumes n € nat

shows check(n) € M
{proof)

definition
PHcheck :: [i,i,i,i] = o where
PHcheck(o,f,y,p) = peM N (3 fy[##M]. fun_apply(##M.f,y.fy) N pair(##M ,fy,0,p))

definition
is_Hcheck :: [i,i,i,i] = o where
is__Hcheck(o,z,f,hc) is_Replace(## M ,z,PHcheck(o,f),hc)

lemma def PHcheck:
assumes
zeM feM
shows
Hcheck(z,f) = Replace(z,PHcheck(one,f))

(proof)

definition
PHcheck__fm :: [i,i,i,i] = 7 where
PHcheck _fm(o,f,y,p) = Ezists(And(fun__apply_ fm(succ(f),suce(y),0)
,pair_fm(0,succ(0),succ(p))))

declare PHcheck_fm__def[fm__definitions

lemma PHcheck type [TC]:
[ = € nat; y € nat; z € nat; u € nat | = PHcheck__fm(z,y,z,u) € formula

(proof )

lemma sats PHcheck _fm [simp]:
[ z € nat; y € nat; z € nat; u € nat ; env € list(M)]
= sats(M,PHcheck_fm(z,y,z,u),env) <—
PHcheck(nth(z,env),nth(y,env),nth(z,env),nth(u,env))
{proof)

definition
is_Hcheck_fm :: [i,i,i,i] = i where
is__Hcheck__fm(o,z,f,hc) = Replace_fm(z,PHcheck_fm(succ(succ(o)),succ(suce(f)),0,1),hc)

declare is_Hcheck_fm_ def [fm_ definitions]
lemma is_Hcheck_type [TC):

[ = € nat; y € nat; z € nat; v € nat | = is_Hcheck_fm(z,y,z,u) € formula

(proof)
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lemma sats is Hcheck fm [simp]:
[ z € nat; y € nat; z € nat; u € nat ; env € list(M)]
= sats(M,is_Hcheck_fm(z,y,z,u),env) <—
is__Hcheck(nth(z,env),nth(y,env),nth(z,env),nth(u,env))
(proof )

lemma wfrec_ Hcheck :
assumes
XeM
shows
wfrec__replacement(#+ M ,is__Hcheck(one),rcheck(X))

(proof)

lemma repl PHcheck :
assumes
feM
shows
strong__replacement(## M ,PHcheck(one,f))

(proof)

lemma univ_PHcheck : | 26 M ; feM | = univalent(#+#M,z,PHcheck(one,f))
(proof )

lemma relation2_Hcheck :
relation2(## M is_Hcheck(one),Hcheck)
(proof)

lemma PHcheck closed :
[zeM ; feM ; x€z; PHcheck(one,f,z,y) | = (##M)(y)
(proof)

lemma Hcheck closed :
VyeM. VY geM. function(g) — Hcheck(y,g)e M

(proof)

lemma wf_rcheck : t€e M = wf (rcheck(x))
(proof)

lemma trans rcheck : z€ M = trans(rcheck(zx))
{proof)

lemma relation_rcheck : x€ M = relation(rcheck(z))

{proof)

lemma check _in_ M : xé M = check(z) € M

(proof)
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end

context forcing data begin

definition
is_rcheck :: [i,i] = o where
is_rcheck(xz,z) =3 reM. tran__closure(##M,r,z) A (3 ece M. membership(## M ec,r)
A
(FseM. is_singleton(##M,x,s) N is_eclose(##M,s,ec)))

lemma rcheck _abs[Rel] :
[ zeM ; reM | = is_rcheck(z,r) <— r = rcheck(x)

(proof)

schematic__goal rcheck fm__auto:
assumes
i € nat j € nat env € list(M)
shows
is_rcheck(nth(i,env),nth(j,env)) +— sats(M,?rch(i,j),env)

(proof)
(ML)

definition
is_check :: [i,i] = o where
is_check(z,z) = Irche M. is_rcheck(z,rch) N is_wfrec(## M is_Hcheck(one),rch,z,z)

lemma check abs[Rel] :
assumes
xeM zeM
shows
is_check(z,z) «— z = check(x)
(proof)

definition
check__fm :: [i,i,i] = i where
[fm__definitions] :
check_fm(z,0,2) = Exists(And(rcheck_fm(1#+x,0),
is_wfrec_fm(is__Hcheck_fm(6#+0,2,1,0),0,1#+x,1#+2)))

notation check_fm (¢_Y__is _ )

lemma check_fm_ type[TC)] :
[x€enat;o€nat;zenat] => check_fm(x,0,2)Eformula

(proof)
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(ML)

lemma arity is Hcheck_fm :
assumes menat n€Enat penat ocnat
shows arity(is__Hcheck_fm(m,n,p,0)) = succ(o) U suce(n) U suce(p) U suce(m)
(proof)

lemma arity check_fm :
assumes menat nenat o€nat
shows arity(check_fm(m,n,0)) = succ(o) U sucec(n) U succ(m)

{proof)

lemma sats check_fm :
assumes
nth(o,env) = one x€nat z€nat o€nat enve€list(M) = < length(env) z <
length(env)
shows
sats(M, check_fm(z,0,z), env) <— is_check(nth(xz,env),nth(z,env))
(proof)

lemma check_replacement:
{check(z). zeP} € M
(proof)

lemma pair_check: [ pe M ; yeM | = (3 ceM. is__check(p,c) A pair(##M,c,p,y))
< y = (check(p),p)
(proof)

lemma M_subset_MG : one € G = M C M[G]
(proof )

The name for the generic filter

definition
G __dot :: i where
G_dot = {(check(p),p) . peP}

lemma G _dot_in M :
G dote M
(proof)

lemma val G _dot :
assumes G C P
one € G
shows wval(P,G,G_dot) = G
(proof)
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lemma G _in_Gen_ FExt :
assumes G C P and one € G
shows G € M[G]

(proof )

end

locale G__generic = forcing data +

fixes G :: ¢
assumes generic : M__generic(Q)
begin

lemma zero _in MG :
0 € MG
(proof)

lemma G_nonempty: G#£0
(proof)

end
locale G__generic_ AC = G__generic + M__ctm_AC

end

19 Well-founded relation on names

theory FrecR

imports
Names
Synthetic_ Definition
Internalizations
Discipline__Function
begin

frecR is the well-founded relation on names that allows us to define forcing
for atomic formulas.
definition

ftype :: i=i where

ftype = fst

definition
namel :: =1 where
namel(z) = fst(snd(z))

definition
name2 :: i=1 where
name2(z) = fst(snd(snd(z)))
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definition
cond__of :: i=1 where
cond_of (z) = snd(snd(snd((z))))

lemma components _simp:
ﬂype((f,nl,n?,c)) =/
namel((f,n1,n2,c)) = nl
name2((f,n1,n2,c)) = n2
cond_of ({f,n1,n2,c)) = ¢
{proof)

definition eclose_n :: [i=1,i] = { where
eclose_n(name,x) = eclose({name(x)})

definition
ecloseN :: i = i where
ecloseN (z) = eclose_n(namel,z) U eclose_n(name2,z)

lemma components_in__eclose :
nl € ecloseN({f,n1,n2,c))
n2 € ecloseN((f,n1,n2,c))
(proof)

lemmas names__simp = components__simp(2) components__simp(3)

lemma ecloseNI1 :
assumes z € eclose(nl) V z€eclose(n2)
shows z € ecloseN((f,n1,n2,c))
{proof)

lemmas ecloseNI = ecloseNI1

lemma ecloseN _mono :
assumes u € ecloseN(z) namel(z) € ecloseN(y) name2(z) € ecloseN(y)
shows u € ecloseN(y)

(proof)

definition
is_ftype :: (i=0)=1i=i=0 where

is_ftype = is_fst

definition
ftype__fm :: [i,i] = i where
ftype_fm = fst_fm

lemma is_ftype iff sats [iff _sats]:

assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
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shows
is_ftype(##A,aa,bb) «— sats(A,ftype_fm(a,b), env)
(proof )

definition
is_namel :: (i=0)=i=i=>0 where
is_namel(M,z,t2) = is_hcomp(M,is_fst(M),is_snd(M),z,t2)

definition
namel__fm :

[¢,i] = ¢ where
namel__fm(x,t) =

heomp__fm(fst_fm,snd__fm,z,t)

lemma sats _namel_fm [simp]:
[ z € nat; y € nat;env € list(A) |
= sats(A, namel _fm(z,y), env) +—
is_namel(##A, nth(z,env), nth(y,env))
(proof)

lemma is_namel iff sats [iff _sats]:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_namel(##A,aa,bb) «— sats(A,namel_fm(a,b), env)
(proof)

definition
is_snd_snd :: (i=0)=i=i=0 where
is_snd_snd(M,x,t) = is_hcomp(M,is_snd(M),is_snd(M),z,t)

definition
snd_snd_fm :: [i,i]=1i where
snd__snd__fm(x,t) = hcomp__fm(snd_fm,snd_fm,z,t)

lemma sats_snd2_fm [simp):
[ z € nat; y € nat;env € list(A) |
= sats(A,snd_snd_fm(z,y), env) +—
is_snd_snd(##A, nth(z,env), nth(y,env))
(proof )

definition
is_name2 :: (i=0)=i=i=0 where
is_name2(M,x,t3) = is_hcomp(M is_fst(M),is_snd_snd(M),z,t3)

definition
name2_fm :: [i,i] = ¢ where

name2_fm(z,t8) = hcomp_ fm(fst_fm,snd_snd_ fm,z,t3)

lemma sats _name2 fm :
[ = € nat; y € nat;env € list(A) |
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= sats(A,name2_fm(z,y), env) <—
is_name2(##A, nth(z,env), nth(y,env))
{proof)

lemma is name2_iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_name2(##A,aa,bb) +— sats(A,name2_fm(a,b), env)
(proof )

definition
is_cond_of :: (i=0)=i=i=0 where
is_cond_of (M,x,t}) = is_hcomp(Mis_snd(M),is_snd_snd(M),z,t])

definition
cond_of _fm :: [i,i] = i where
cond_of _fm(z,t4) = hcomp_ fm(snd_fm,snd_snd_fm,z,t4)

lemma sats cond_of fm :
[ z € nat; y € nat;env € list(A) |
= sats(A,cond_of fm(z,y), env) «—
is_cond_of (##A, nth(z,env), nth(y,env))
(proof)

lemma is cond_of iff sats:
assumes
nth(a,env) = aa nth(b,env) = bb a€nat benat env € list(A)
shows
is_cond_of (##A,aa,bb) +— sats(A,cond_of fm(a,b), env)
(proof )

lemma components_type[TC] :

assumes acnat benat

shows
ftype__fm(a,b)eformula
namel__fm(a,b)Eformula
name2_fm(a,b)Eformula
cond_of fm(a,b)€formula

(proof)

lemmas components_iff sats =is_ftype iff satsis _mamel iff satsis _name2_iff sats
is_cond__of iff sats

lemmas components defs = ftype fm_ def snd_snd_fm_ def hcomp__fm__def
namel__fm_ def name2_fm__def cond_of fm_ def

definition
is_eclose_n :: [i=o0,[i=0,i,i|=0,i,i] = o where
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is_eclose_n(N,is_name,en,t) =

Ani1[N].3s1[N]. is_name(N,t,nl) A is_singleton(N,nl,s1) A is_eclose(N,s1,en)

definition
eclose_nl_fm :: [i,i] = i where
eclose_nl_fm(m,t) = Exists(Ezists(And(And(namel__fm(t#+2,0),singleton_ fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
eclose_n2_fm :: [i,i] = i where
eclose_n2_fm(m,t) = Exists(Exists(And(And(name2_fm(t#+2,0),singleton_ fm(0,1)),
is_eclose_fm(1,m#+2))))

definition
is_ecloseN :: [i=o0,i,i] = o where
is_ecloseN(N,t,en) = Jenl[N].3 en2[N].
is_eclose_n(N,is_namel,enl,t) A is_eclose_n(N,is_name2,en2,t)A
union(N,enl,en2,en)

definition
ecloseN_fm :: [i,i]] = i where
ecloseN_fm(en,t) = Exists(Exists(And(eclose_nl_fm(1,t#+2),
And(eclose__n2_fm(0,t#+2),union_fm(1,0,en#+2)))))
lemma ecloseN_fm_type [TC] :
[ en € nat ; t € nat | = ecloseN_fm(en,t) € formula

(proof)

lemma sats ecloseN_fm [simp]:
[ en € nat; t € nat ; env € list(A) |
= sats(A, ecloseN_fm(en,t), env) <— is_ecloseN(##A,nth(t,env),nth(en,env))
{proof)

lemma is_ecloseN__iff sats [iff _sats]:
[ nth(en, env) = ena; nth(t, env) = ta; en € nat; t € nat ; env € list(4) ]
= is_ecloseN(##A,ta,ena) «— sats(A, ecloseN_fm(en,t), env)
{proof)

definition
frecR :: i = i = o where
frecR(z,y) =
(ftype(z) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) N (name2(z) =
namel(y) V name2(z) = name2(y))))
V- (ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A namel(z) €
domain(name2(y)))

lemma frecR__ftypeD :
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assumes frecR(z,y)
shows (ftype(z) = 0 A ftype(y) = 1) V (ftype(z) = 1 A ftype(y) = 0)
(proof)

lemma frecRI1: s € domain(nl) V s € domain(n2) = frecR((1, s, n1, q), (0, nl,
n2, q'))
(proof)

lemma frecRI1": s € domain(nl) U domain(n2) = frecR({1, s, nl, q), (0, nl,
n2, q’)
(proof )

lemma frecRI2: s € domain(nl) V s € domain(n2) = frecR({1, s, n2, q), (0,
nl, n2, q'))
(proof)

lemma frecRI2" s € domain(nl) U domain(n2) = frecR({1, s, n2, ¢), {0, nl,
n2, q))
(proof )

lemma frecRI3: (s, r) € n2 = frecR({0, nl, s, q), (1, nl, n2, q’))
(proof)

lemma frecRI3": s € domain(n2) = frecR((0, n1, s, q), (1, n1, n2, ¢))
{proof)

lemma frecR_iff :
frecR(z,y) «—
(ftype(x) = 1 A ftype(y) = 0
A (namel(z) € domain(namel(y)) U domain(name2(y)) N (name2(z) =
namel(y) V name2(xz) = name2(y))))
V (ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) A name2(z) €
domain(name2(y)))
{proof )

lemma frecR_D1 :
frecR(z,y) = ftype(y) = 0 = flype(z) = 1 A
(namel(z) € domain(namel(y)) U domain(name2(y)) A (name2(z) = namel(y)
V name2(z) = name2(y)))

{proof)

lemma freckR_D2 :
frecR(z,y) = ftype(y) = 1 = ftype(z) = 0 A
ftype(z) = 0 A ftype(y) = 1 A namel(z) = namel(y) N name2(z) €
domain(name2(y))

(proof )

lemma frecR__DI :
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assumes frecR({a,b,c,d),(ftype(y),namel(y),name2(y),cond_of (y)))
shows frecR({a,b,c,d),y)
(proof)

(ML)

schematic__goal sats frecR_ fm_auto:
assumes
i€nat jenat envelist(A)
shows
is_frecR(#4 A, nth(i,env),nth(j,env)) «— sats(A,?fr_fm(i,j),env)
(proof)

(ML)

lemma eq_ftypep_not_frecrR:
assumes ftype(z) = ftype(y)
shows — frecR(xz,y)
(proof)

definition
rank_names :: i = ¢ where
rank_names(z) = max(rank(namel(z)),rank(name2(z)))

lemma rank_names__types [TC]:
shows Ord(rank_names(z))

{proof)

definition
mtype_form :: i = i where
mitype_form(z) = if rank(namel(z)) < rank(name2(z)) then 0 else 2

definition
type_form :: i = ¢ where
type__form(x) = if ftype(x) = 0 then 1 else mtype_ form(x)

lemma type form_tc [TC]:
shows type form(z) € 3
(proof )

lemma frecR_le _rnk_names :

assumes frecR(z,y)
shows rank_names(z)<rank_names(y)

(proof)

definition
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I' :: i = ¢ where
[(z) = & xx rank_names(z) ++ type_form(z)

lemma I'__type [TC]:
shows Ord(T'(z))
{proof)

lemma I' _mono :
assumes frecR(z,y)
shows I'(z) < I'(y)

(proof)

definition
frecrel :: i = ¢ where
frecrel(A) = Rrel(frecR,A)

lemma frecrell :
assumes z € A yeA frecR(z,y)
shows (z,y)€efrecrel(A)

(proof)

lemma frecrelD :
assumes (z,y) € frecrel(AIxA2x A3x AY)
shows ftype(z) € A1 ftype(z) € Al
namel(z) € A2 namel(y) € A2 name2(z) € A3 name2(z) € A3
cond_of (x) € A4 cond_of(y) € A4
frecR(x,y)
(proof)

lemma wf _frecrel :
shows wf(frecrel(A))

(proof)

lemma core induction auzx:
fixes A1 A2 :: i
assumes
Transset(Al)
Nt Y9 p. pe A2 = [Nqo. [ q€A2 ; ocdomain(¥)] = Q(0,1,0,9)] =
Q(‘ZaTﬂ?ap)
AT p. pe A2 = [Aqo.[qcA2; ocedomain(r) U domain(¥)] = Q(1,0,7,9)
N Q(1,0,9,9)] = Q(0,7,9,p)
shows a€2x AIxAIx A2 = Q(ftype(a),namel(a),name2(a),cond_of(a))
(proof)

lemma def frecrel : frecrel(A) = {z€AxA. Iz y. z = (z, y) A frecR(z,y)}
(proof )

lemma frecrel fst snd:
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frecrel(A) = {z € AxA .

ftype(fst(z)) = 1 A
ftype(snd(z)) = 0 A namel(fst(z)) € domain(namel(snd(z))) U domain(name2(snd(z)))

A
(name2(fst(z)) = namel(snd(z)) V name2(fst(z)) = name2(snd(z)))
V (ftype(fst(z)) = 0 A
ftype(snd(z)) = 1 A namel(fst(z)) = namel(snd(z)) A name2(fst(z)) €
domain(name2(snd(z))))}
(proof)
end

theory FrecR_ Arities
imports Arities FrecR

begin

lemma arity_fst_fm [arity] :
[xenat ; tenat] = arity(fst_fm(z,t)) = succ(z) U succ(t)
(proof)

lemma arity_snd_fm [arity] :
[zenat ; tenat] = arity(snd_fm(z,t)) = suce(z) U suce(?)

(proof)

lemma arity snd_snd_fm [arity] :
[z€nat ; tenat] = arity(snd_snd_fm(z,t)) = succ(z) U succ(t)
{proof)

lemma arity_ftype_fm [arity| :
[xenat ; tenat] = arity(ftype_fm(x,t)) = succ(x) U suce(t)
{proof )

lemma arity_namel__fm [arity] :
[xenat ; tenat] = arity(namel__fm(z,t)) = suce(z) U succ(t)

{proof)

lemma arity_name2_fm [arity| :
[zenat ; tenat] = arity(name2_fm(z,t)) = suce(z) U succ(t)

(proof)

lemma arity cond_of fm [arity] :
[z€nat ; tenat] = arity(cond_of _fm(z,t)) = succ(z) U suce(t)
{proof)

lemma arity_eclose_ni_fm [arity] :
[xenat ; tenat] = arity(eclose_nl_fm(z,t)) = succ(x) U suce(t)

{proof)

lemma arity_eclose_n2_fm [arity] :
[xenat ; tenat] = arity(eclose_n2_fm(z,t)) = suce(x) U suce(t)

{proof)
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lemma arity ecloseN_fm [arity] :
[zenat ; tenat] = arity(ecloseN_fm(z,t)) = succ(z) U suce(t)
{proof)

lemma arity frecR_fm [arity]:
laenat;benat] = arity(frecR_fm(a,b)) = succ(a) U succ(b)
(proof)
end
theory Discipline Cardinal
imports
Discipline__Base
Discipline__ Function
Least
FrecR
Arities
FrecR__Arities
begin

declare [[syntaz__ambiguity _warning = false]]
(ML)
notation is_cardinal_fm (ccardinal’(_") is )

abbreviation
cardinal_r :: [i,i=0] = i ({|_|—) where
\z|M = cardinal_rel(M z)

)

abbreviation
cardinal_r_set :: [i,i|=i ((_|—) where
|z M = cordinal_rel(#4 M zx)

context M trivial begin
(ML)

(proof )
end

(ML)
(proof )

(ML)
lemma arity is_surj fm [arity] :
A € nat = B € nat = I € nat = arity(is_surj_fm(A, B, I)) = succ(A) U

suce(B) U suce(l)
(proof )

(ML)
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lemma arity is_inj fm [arity]:

A € nat = B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U
suce(B) U suce(I)

(proof )

(ML)
context M Perm begin

(ML)
(proof )

end

(ML)
notation It _rel_fm (¢ < _ )
(ML)

lemma arity It _rel fm[arity]: a € nat = b € nat = arity(lt_rel_fm(a, b)) =
suce(a) U suce(b)
{proof)

(ML)
notation is Card_fm («-Card’(_")»)
(ML)

notation Card_rel («Card—'(__"))

lemma (in M_Perm) is_ Card_iff: M(A) = is_Card(M, A) <— CardM(A)
{proof)

abbreviation
Card_r_set :: [ii|=0 («Card—'(__"))) where
CardM (i) = Card_rel(#4M i)

(ML)
notation is_InfCard_fm (¢InfCard’(__")»)
(ML)

notation InfCard_rel ((InfCard—'(_"))
abbreviation

InfCard_r_set :: [i,i]=o0 (UInfCard—'(__")) where
InfCard™ (i) = InfCard_rel(##M i)

(ML)
abbreviation
cadd_r :: [i,i=o0,i] = i («_ ®&— _) [606,1,66] 65) where
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A oM B = cadd_rel(M,A,B)

context M _basic begin
(ML)

(proof )
end

(ML)
(proof)
(ML)

context M Perm begin
(ML)
(proof)

end

(ML)

abbreviation
cmult_r :: [ii=0,4 = i (. ®— _ [66,1,66] 65) where
A @M B = cmult_rel(M,A,B)

(ML)

declare cartprod_iff sats [iff _sats]

(ML)

context M__ Perm begin

(ML)
(proof)

(ML)
(proof )

end
definition
Powapply :: [i,i] = i where
Powapply(f,y) = Pow(f'y)
(ML)
lemma subset_iff _sats[iff _sats]:

nth(i, env) = ¥ = nth(j, enw) = y = i€nat = jenat =
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env € list(A) = subset(##A, z, y) «— A, env |= subset_fm(i, j)
{proof)

declare Replace_iff sats[iff _sats]
(ML)
notation Powapply rel (<Powapply—'(__,_'))

context M _basic
begin

(ML)
(proof )

(ML)
(proof )

(ML)
(proof )

end

definition
HVfrom :: [i,i,i] = ¢ where
HVfrom(A,z,f) = AU (U yez. Powapply(f,y))

(ML)
notation HVfrom_rel ((HVfrom—'(__, . '))

locale M__HVfrom = M__eclose +
assumes
Powapply__replacement:
M(K) = strong_replacement(M Ny z. z = Powapply™(f,y))
begin

(ML)
(proof )

(ML)
(proof )

(ML)
{(proof)

end
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definition
Vfrom__rel :: [i=o0,i,i] = © ((Vfrom—'(_,__")») where
VromM(A,i) = transrec(i, HVfrom_ rel(M,A))

definition
is_Vfrom :: [i=o0,i,i,i] = o where
is_ Vfrom(M,A,i,z) = is_transrec(M,is_HVfrom(M,A),i,z)

locale M Vfrom = M__HVfrom +
assumes
trepl_HVfrom : [ M(A);M (%) | = transrec__replacement(M ,is_HVfrom(M,A),i)

begin

lemma Vfrom_rel iff :
assumes M(A) M (i) M(z) Ord(q)
shows is_ Vfrom(M,A,i,z) «+— z = VfromM(A,z')

(proof)

end

end

20 Replacements using Lambdas

theory Lambda__Replacement
imports
ZF-Constructible. Relative
ZF _Miscellanea— for SepReplace
Discipline__ Function
begin

In this theory we prove several instances of separation and replacement in
M__basic. Moreover by assuming a seven instances of separation and ten
instances of "lambda” replacements we prove a bunch of other instances.

definition
lam__replacement :: [i=o0,i=-i] = o where
lam__replacement(M,b) = strong_replacement(M, Az y. y = {z, b(x)))

lemma separation__univ :
shows separation(M,M)

(proof )

context M basic
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begin

lemma separation__in :
assumes M(a)
shows separation(M,\z . z€a)

(proof)

lemma separation__equal :
shows separation(M,\x . 1=a)

{(proof)

lemma (in M_ basic) separation__in_ rev:
assumes (M)(a)
shows separation(M ,\z . a€x)

(proof)

lemma lam_replacement_iff lam_ closed:
assumes YV z[M]. M(b(z))
shows lam_ replacement(M, b) «+— (VA[M]. M(Az€A. b(z)))

{proof)

lemma lam__replacement__cong:
assumes lam_ replacement(M,f) V z[M]. f(z) = g(z) Vz[M]. M(f(z))
shows lam__replacement(M,g)

(proof)

lemma converse__subset : converse(r) C {<snd(x),fst(x)> . z€r}

{proof)

lemma converse_eq auz :
assumes <(0,0>€r
shows converse(r) = {<snd(z),fst(z)> . z€r}

{proof)

lemma converse eq auz’:
assumes <0,0>¢r
shows converse(r) = {<snd(z),fst(z)> . zer} - {<0,0>}

{proof)

lemma diff un: bCa = (a-b) U b= a
{proof)

lemma converse__eq: converse(r) = ({<snd(z),fst(x)> . zer} - {<0,0>}) U (rn{<0,0>})

(proof)

lemma range_subset : range(r) C {snd(z). z€r}

(proof)
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lemma lam_ replacement__imp strong replacement__auz:
assumes lam_ replacement(M, b) ¥V z[M]. M(b(z))
shows strong_replacement(M, Az y. y = b(z))

(proof)

lemma lam_ replacement_imp_ RepFun_ Lam:
assumes lam__replacement(M, f) M(A)
shows M({y . z€A , M(y) N y=(z,f(z))})
(proof)

lemma lam_ closed_imp_ closed:
assumes V A[M]. M(\z€A. f(z))
shows Vz[M]. M(f(z))

(proof)

lemma lam__replacement__if:
assumes lam__replacement(M,f) lam__replacement(M,g) separation(M,bd)
Va[M]. M(f(z)) Vz[M]. M(g(z))
shows lam__replacement(M, Az. if b(z) then f(z) else g(z))
(proof)

lemma lam_replacement _constant: M(b) = lam__replacement(M ,\__. b)
(proof)

20.1 Replacement instances obtained through Powerset

The next few lemmas provide bounds for certain constructions.

lemma not_ functional _Replace_ 0:
assumes ~(Vy y’. P(y) A P(y) — y=v)
shows {y .z € A, P(y)} =0
(proof )

lemma Replace_in__Pow rel:
assumes Az b. x € A= P(z,b) = be UVz€A.Vyy' P(z,y) N P(z,y) —
y=y’
separation(M, \y. Iz[M]. z € A A P(z, y))
M(U) M(A)
shows {y . z € A, P(z, y)} € PowM(U)
(proof)

lemma Replace_sing 0 _in_ Pow rel:
assumes A\b. P(b) = be U
separation(M, \y. P(y)) M(U)
shows {y . z € {0}, P(y)} € PowM(U)
(proof )

lemma The in_Pow rel Union:
assumes A\b. P(b) = b € U separation(M, Ay. P(y)) M(U)
shows (THE i. P(i)) € Pow™(J U)
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(proof)

lemma separation_least: separation(M, Ay. Ord(y) A P(y) A (Vj. j <y — -

P(5)))
(proof )

lemma Least in_Pow rel Union:
assumes A\b. P(b) = be U
M(U)
shows (u 4. P(i)) € PowM(J U)
(proof)

lemma bounded__lam,__replacement:
fixes U
assumes V X[M]. VzeX. f(z) € U(X)
and separation_f:¥ A[M]. separation(M,\y. Jz[M]. z€A A y = (z, f(z)))
and U_closed [intro,simp]: AX. M(X) = M(U(X))
shows lam__replacement(M, f)
(proof)

lemma lam_ replacement _domain':
assumes VYV A[M]. separation(M, \y. Jz€A. y = (x, domain(z)))
shows lam__replacement(M ,domain)
(proof)
lemma lam_ replacement_ fst”:
assumes V A[M]. separation(M, \y. Jz€A. y = (x, fst(x)))
shows lam__replacement(M,fst)
(proof)
lemma lam_ replacement_restrict:
assumes V A[M]. separation(M, \y. Jz€A. y = (x, restrict(z,B))) M(B)

shows lam__replacement(M, Ar . restrict(r,B))

(proof)

end

locale M replacement = M __basic +

assumes
lam__replacement _domain: lam__replacement(M ,domain)
and
lam__replacement__vimage: lam__replacement(M, Ap. fst(p) - snd(p))
and
lam__replacement__fst: lam__replacement(M fst)
and
lam__replacement__snd: lam__replacement(M ,snd)
and
lam__replacement__Union: lam__replacement(M, Union)
and

id__separation:separation(M, Az. Jz[M]. z = (z, x))
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and
middle__separation: separation(M, Ax. snd(fst(x))=fst(snd(z)))

and

middle__del_replacement: strong_replacement(M, Az y. y=(fst(fst(z)),snd(snd(z))))
and

product__separation: separation(M, Az. fst(fst(x))=fst(snd(z)))

and

product__replacement:
strong__replacement(M, Az y. y={fst(fst(x)),{snd(fst(x)),snd(snd(z)))))

and

lam__replacement__ Upair:lam__replacement(M, Ap. Upair(fst(p),snd(p)))
and

lam__replacement_Diff:lam__replacement(M, Ap. fst(p) - snd(p))

and

lam__replacement__Image:lam__replacement(M, Ap. fst(p) ““ snd(p))
and

separation_fst_equal : M(a) = separation(M \x . fst(x)=a)

and

separation__equal_fst2 : M(a) = separation(M Az . fst(fst(z))=a)
and

separation__equal__apply: M(f) = M(a) = separation(M \z. f‘r=a)
and

separation_restrict: M(B) = Y A[M]. separation(M, \y. Iz€A. y = (z,
restrict(z, B)))
begin

lemmas lam__replacement__restrict’ = lam__replacement__restrict[ OF separation__restrict)

lemma lam__replacement__imp__strong replacement:
assumes lam_ replacement(M, f)
shows strong_replacement(M, Az y. y = f(z))
(proof )

lemma Collect _middle: {p € (Az€A. f(z)) x (A\ze{f(z) . z€A}. g(x)) . snd(fst(p))=fst(snd(p))}
< = }><<«T7f($)>7<f(37)79(f($))>> - wed }
proo

lemr;llaﬁfepFuLmiddlefdel: { (fst(fst(p)),snd(snd(p))) . p € { ((.f(2)),(f(2),9(f())))
S
= { (2,9(f(2))) . zed }
{proof)

lemma lam_ replacement_imp_ RepFun:
assumes lam__replacement(M, f) M(A)
shows M({y . z€A , M(y) A y=f(z)})
(proof)

lemma lam__replacement_product:
assumes lam__replacement(M,f) lam__replacement(M,g)
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shows lam,__replacement(M, \z. {f(x),g9(z)))
(proof)

lemma lam__replacement__hcomp:
assumes lam__replacement(M,f) lam__replacement(M,g) ¥ z[M]. M(f(z))
shows lam__replacement(M, Az. g(f(z)))

(proof)

lemma lam__replacement__Collect :
assumes M(A) Va[M]. separation(M,F(z))
separation(M \p . Vx€A. z€snd(p) «+— F(fst(p),z))
shows lam__replacement(M \z. {ycA . F(z,y)})

(proof)

lemma lam_ replacement__hcomp2:
assumes lam__replacement(M,f) lam_replacement(M,g)

Va[M]. M(f(z)) ¥V 2[M]. M(g())
lam__replacement(M, Ap. h(fst(p),snd(p)))
Va[M]. ¥ y[M]. M(h(z.y))
shows lam__replacement(M, Ax. h(f(z),9(z)))
{proof)

lemma strong_replacement__separation__auz :
assumes strong_replacement(M X\ z y . y=f(x)) separation(M,P)
shows strong_replacement(M, Az y . P(z) A y=f(x))

(proof)

lemma lam_ replacement__separation :
assumes lam__replacement(M,f) separation(M,P)
shows strong_replacement(M, Az y . P(z) N y=(z,f(x)))

(proof)

lemmas strong_replacement__separation =
strong__replacement__separation__auz[OF lam__replacement__imp__ strong_replacement)

lemma lam__replacement__identity: lam__replacement(M Azx. x)

(proof)

lemma lam_replacement_Un: lam__replacement(M, Ap. fst(p) U snd(p))
(proof )

lemma lam_replacement__cons: lam__replacement(M, Ap. cons(fst(p),snd(p)))

{proof)

lemma lam__replacement__sing: lam__replacement(M, Az. {z})

(proof )

lemmas tag replacement = lam__replacement__constant[unfolded lam__replacement _def]
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lemma lam_ replacement_id2: lam_replacement(M, Az. (z, x))
{proof)

lemmas id_replacement = lam__replacement__id2[unfolded lam__replacement__def]

lemma lam_replacement__apply2:lam__replacement(M, Ap. fst(p) ¢ snd(p))
(proof )

definition map_ snd where

map_snd(X) = {snd(z) . zeX}

lemma map_sndE: yemap_snd(X) = IpeX. y=snd(p)
(proof)
lemma map_sndl : IpeX. y=snd(p) = yEmap_snd(X)
(proof )
lemma map_ snd_closed: M(z) = M(map_snd(z))
{proof)

lemma lam_ replacement__imp__lam__replacement__RepFun
assumes lam__replacement(M, f) ¥ z[M]. M(f(z))

separation(M, Az. ((Vyesnd(z). fst(y) € fst(x)) N (Yyefst(z). Juesnd(z)
nySS(U))))
an

lam__replacement_RepFun__snd:lam__replacement(M ,map__snd)
shows lam__replacement(M, Az. {f(y) . y€x})
(proof)

lemma lam__replacement__apply: M (S) = lam__replacement(M, Az. S ‘)
(proof )

lemma apply replacement:M(S) = strong_replacement(M, Az y. y = S ‘ x)
(proof)

lemma lam_replacement id_const: M(b) = lam__replacement(M, Az. (z, b))
(proof)

lemmas pospend__replacement = lam__replacement__id__const[unfolded lam__replacement__def]

lemma lam_replacement_const_id: M(b) = lam__replacement(M, Az. (b, z))
(proof)

lemmas prepend_replacement = lam__replacement__const__id[unfolded lam__replacement__def]

lemma lam_replacement__apply_const_id: M(f) = M(z) =
lam__replacement(M, Az. f ‘ (z, x))
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(proof)
lemmas apply_replacement2 = lam__replacement__apply__const__id[unfolded lam__replacement__def)

lemma lam__replacement__Inl: lam__replacement(M, Inl)

{proof)

lemma lam_replacement Inr: lam__replacement(M, Inr)
(proof )

lemmas Inl_replacement! = lam__replacement__Inl[unfolded lam__replacement__def]

lemma lam_ replacement_Diff» M(X) = lam__replacement(M, Az. z - X)
{proof)

lemmas Pair_diff _replacement = lam__replacement__Diff 'lunfolded lam__replacement__def]

lemma diff Pair_replacement: M(p) = strong__replacement(M, Az y . y={x,2-{p}))
(proof )

lemma lam__replacement__swap: lam__replacement(M, Ax. (snd(x),fst(x)))

{proof)

lemma swap__replacement:strong_replacement(M, Az y. y = (z, (A (z,y). (y, z))(z)))
{proof)

lemma lam_replacement _Un__const:M(b) = lam__replacement(M, Axz. z U b)

(proof )
lemmas tag_union_replacement = lam__replacement__Un__const[unfolded lam__replacement__def)

lemma lam__replacement__csquare: lam__replacement( M, Ap. {fst(p) U snd(p), fst(p),

snd(p)))
{proof)

lemma csquare_lam__replacement:strong_replacement(M, Az y. y = (z, (Mz,y).

(z Uy, z, y))(2))
{proof)

lemma lam_ replacement__assoc:lam__replacement(M Mz (fst(fst(z)), snd(fst(z)),

snd(z)))

(proof)

lemma assoc_replacement:strong _replacement(M, Az y. y = (z, (A\{{z,y),2). (x,

Y, 2))(2)))
(proof )

lemma lam__replacement__prod_fun: M(f) = M(g) = lam__replacement(M ,A\z.

{f “ fst(x), g * snd(x)))
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{proof)

lemma prod_fun_replacement: M (f) = M(g) =
strong__replacement(M, Az y. y = (z, (Mw,y). {f ‘w, g ‘y))(z)))
(proof )

lemma lam__replacement__vimage _sing: lam__replacement(M, Ap. fst(p) - {snd(p)})

{proof)

lemma lam__replacement_vimage__sing_fun: M(f) = lam__replacement(M, Az.
f-{z})
(proof)

lemma converse__apply_projs: ¥V z[M]. U (fst(z) -*“ {snd(z)}) = converse(fst(z))
*(snd(2))
(proof )

lemma lam__replacement__converse__app: lam__replacement(M, Ap. converse(fst(p))

*snd(p))
(proof )

lemmas cardinal_lib__assmsj = lam__replacement__vimage__sing_fun[unfolded lam__replacement__def]

lemma lam_ replacement_sing_const_id:
M(z) = lam__replacement(M, \y. {{z, y)})
(proof )

lemma tag_singleton_closed: M(z) = M(z) = M{{{(z, v)} . y € z})
{proof)

lemma case_closed :
assumes Vz[M]. M(f(z)) Ya[M]. M(g(x))
shows V z[M]. M(case(f,g,z))

{proof)

lemma lam__replacement_case :
assumes lam__replacement(M,f) lam__replacement(M,g)

Va[M]. M(f(z)) Va[M]. M(g())

shows lam__replacement(M, Az . case(f,g,z))

{proof)

lemma Pi_replacementl: M(x) = M(y) = strong_replacement(M, Aya z. ya
€y z={(z, ya)})
(proof )

lemma surj_imp_inj replacementl:
M(f) = M(z) = strong_replacement(M, Ay z. y € f-“{az} A z = {{z, y)})
(proof)
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lemmas domain_replacement = lam__replacement__domain|unfolded lam__replacement _def]

lemma domain_replacement__simp: strong_replacement(M, Az y. y=domain(z))
(proof )

lemma un_ Pair_replacement: M(p) = strong_replacement(M, Az y . y = 2U{p})
(proof)

lemma restrict_strong_replacement: M(A) = strong_replacement(M, Az y. y=restrict(z,A))
{proof)

lemma diff replacement: M(X) = strong_replacement(M, Az y. y = z - X)
(proof )

lemma lam__replacement _succ:
lam__replacement(M Az . succ(z))

{proof)

lemma lam_ replacement _hcomp__Least:
assumes lam_ replacement(M, g) lam_replacement(M Az p i. x€F(i,x))
shows lam,__replacement(M Az. p i. g(x)€F(i,9(x)))
{proof )

end

locale M replacement_extra = M__replacement +
assumes

lam__replacement__minimum:lam__replacement(M, A\p. minimum(fst(p),snd(p)))

and

lam__replacement__RepFun__cons:lam__replacement(M, Ap. RepFun(fst(p), Az.
{{snd(p),2)}))

— This one is too particular: It is for Sigfun. I would like greater modularity
here.

begin

lemma lam__replacement_ Sigfun:
assumes lam__replacement(M,f) V y[M]. M(f(y))
shows lam__replacement(M, Ax. Sigfun(z,f))

{proof)

20.2 Particular instances

lemma surj_imp__inj replacement?:
M(f) = strong_replacement(M, Az z. z = Sigfun(z, \y. - {y}))
(proof)

lemma lam_ replacement__minimum,__vimage:
M(f) = M(r) = lam_replacement(M, \z. minimum(r, f-*{z}))
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{proof)

lemmas surj _imp_inj replacement] = lam__replacement_minimum_ vimage[unfolded
lam__replacement__def]

lemma lam_ replacement Pi: M(y) = lam__replacement(M, Az. |Jzacy. {{z,

wa)})
{proof)

lemma Pi_replacement2: M(y) = strong_replacement(M, Az z. z = (|J za€y.

{(z, wa)}))
(proof )

lemma if then Inj replacement:

shows M(A) = strong_replacement(M, Az y. y = {(x, if x € A then Inl(z) else
Inr(z)))

(proof )

lemma lam_if then_ replacement:
M(b) =
M(a) = M(f) = strong_replacement(M, Ay ya. ya = (y, if y = a then b
else f * y))
(proof )

lemma if then_replacement:

M(A) = M(f) = M(g9) = strong_replacement(M, Az y. y = (z, ifx € A
then f “ x else g ‘ x))

(proof )

lemma ifr _replacement:
() =
M(b) = strong_replacement(M, Az y. y = (z, if € range(f) then converse(f)
‘x else bY)

{proof)

lemma if then_range replacement2:

M(A) = M(C) = strong_replacement(M, Az y. y = (z, if x = Inl(A) then C
else x))

{proof )

lemma if then range replacement:
M(f) =
strong__replacement
(M,
Azy. y =z if z= u then f ‘0 else if z € range(f) then f ‘ succ(converse(f)
‘2) else z))

(proof)

119



lemma Inl_replacement?:
M(A) =
strong__replacement(M, Az y. y = (z, if fst(z) = A then Inl(snd(z)) else Inr(z)))
{proof)

lemma case replacementI:
strong_replacement(M, Az y. y = (z, case(Inr, Inl, 2)))
{proof)

lemma case replacement2:
strong_replacement(M, Az y. y = (z, case(case(Inl, \y. Inr(Inl(y))), Ay. Inr(Inr(y)),

2)))
(proof )

lemma case_replacement/:

M(f) = M(g9) = strong_replacement(M, Az y. y = (z, case(Aw. Inl(f * w),
Ay. Inr(g “ y), 2)))

(proof )

lemma case replacement5:

strong__replacement(M, Az y. y = (z, (M(z,2). case(\y. Inl({y, 2)), Ay. Inr({y,
2)), ))()))

{proof )

end

— To be used in the relativized treatment of Cohen posets
definition

— ”domain collect F”

dC F :: i = i = i where

dC_F(A,d) = {p € A. domain(p) = d }

definition
— ”domain restrict SepReplace Y”
drSR_Y i = 1= 1= 1= i where
drSR_Y(B,D,A,z) = {domain(r) .. r€A, restrict(r,B) = x A domain(r) € D}

lemma drSR_Y equality: drSR_Y(B,D,A;x) = { dreD . (3reA . restrict(r,B)
=z A dr=domain(r)) }
(proof)

context M replacement extra
begin

lemma lam__replacement_drSR_Y:
assumes
N\ A B. M(A) = M(B) = YV z[M]. separation(M, Adr. 3r€A . restrict(r,B)
=z A dr=domain(r))
N A BD.M(A) = M(B) = M(D) =
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separation(M, Ap. Yx€D. x € snd(p) «— (IreA. restrict(r, B) = fst(p) N\ z
= domain(r)))
M(B) M(D) M(A)
shows lam_ replacement(M, drSR_ Y (B,D,A))

(proof )
lemma lam_if then_apply replacement: M(f) = M(v) = M(u) =
lam__replacement(M, Az. if f ‘o = v then f ‘u else f ‘ z
(proof )

lemma lam_if then apply replacement2: M(f) = M(m) = M(y) =
lam__replacement(M, Az . if f 2z = m then y else f * 2)

(proof )
lemma lam__if then_replacement2: M(4) = M(f) =
lam__replacement(M, Ax . if z € A then f ‘ z else x
(proof )

lemma lam_if then_replacement_apply: M(G) = lam__replacement(M, Az. if
M(x) then G * z else 0)

(proof)

lemma lam_ replacement _dC'_F:
assumes M(A)
Nd . M(d) = separation(M, Az . domain(z) = d)
N A. M(A) = separation(M, A\p. Vz€A. © € snd(p) +— domain(z) = fst(p))
shows lam__replacement(M, dC_F(A))
(proof)

lemma lam replacementimin: M(f) = M(r) = lam_replacement(M, Az .
minimum(r, f - {z}))

(proof)

lemma lam_ replacement__Collect_ball__Pair:
assumes separation(M, Ap. Vz€G. x € snd(p) <— (Vs€fst(p). (s, ) € Q))
Nz. M(z) = separation(M, Ay. Vs€z. (s, y) € Q) M(G)
shows lam__replacement(M, Az . {a € G . Vs€x. (s, a) € Q})
(proof )

lemma surj_imp__inj replacements:
(Az. M(z) = separation(M, \y. Vsez. (s, y) € Q)) = M(G) = M(Q) =
strong _replacement(M, Ay z. y € {a € G . Vs€z. (s, a) € Q} N z = {(z, v)})
(proof)

lemmas replacements = Pair_diff _replacement id_replacement tag replacement
pospend__replacement prepend__replacement
Inl_replacement! diff Pair_replacement
swap__replacement tag_union_replacement csquare_lam__ replacement
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assoc__replacement prod__fun__replacement

cardinal_lib__assms4 domain__replacement

apply__replacement

un__Pair_replacement restrict_strong replacement diff replacement

if _then_Inj replacement lam__if then_ replacement if then_replacement
ifr_replacement if then_range replacement2 if then_range replacement
Inl_replacement?2

case__replacementl case_replacement? case__replacements case replacementd

end

end

21 Relative, Choice-less Cardinal Numbers

theory Cardinal _Relative
imports
ZF  Miscellanea
Discipline_ Cardinal
Lambda__Replacement
begin

hide_ const (open) L

definition
Finite_rel :: [i=o0,i]=>0 where
Finite_rel(M,A) = 3 om[M]. In[M]. omega(M,om) A n€om A egpoll_rel(M,A,n)

definition
banach__functor :: [i,i,i,i,i] = i where
banach__functor(X,Y f,g, W) = X - g*(Y - f“W)

definition

is_banach_functor(M,X,Y ,f,g,W,b) =
IFWM]. 3 YFW[M]. 3 gYfW[M)]. image(M.f,W fW) A setdiff (M, Y fW,YfW)
A
image(M,g, YfW gYfW) A setdiff (M, X,gYfWb)

lemma (in M_ basic) banach_functor _abs :
assumes M(X) M(Y) M(f) M(g)
shows relation1(M ,is_banach_functor(M,X,Y.f,g),banach__functor(X,Y.f,g))
(proof)

lemma (in M_ basic) banach__functor _closed:
assumes M(X) M(Y) M(f) M(g)
shows V W[M]. M(banach_functor(X,Y f,q,W))
(proof)
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locale M cardinals = M__ordertype + M__trancl + M__Perm + M__replacement__extra
+
assumes
rvimage__separation: M(f) = M(r) =
separation(M, Az. 3z y. 2 ={z, y) AN {f ‘z, f “y) € 1)
and
radd__separation: M(R) = M(S) =
separation(M, Az.
(Fz y. z = (Inl(z), Inr(y))) V
(Fz' z. z = (Inl(z"), Inl(z)) A (z', ) € R) V
By’ y. z = (Unr(y"), Inr(y)) A (', y) € 5))
and
rmult__separation: M(b) = M(d) = separation(M,
Az. 32"y zy. 2=z, y), z y) ANz, zy e bV ' =z Ay, y) €d)
and
banach_repl_iter: M(X) = M(Y) = M(f) = M(y) =
strong__replacement(M, Ax y. z€nat N\ y = banach_functor(X, Y, f,
9)7 (0))

begin

lemma radd_closed[intro,simp|: M(a) = M(b) = M(c¢) = M(d) = M (radd(a,b,c,d))
(proof)

lemma rmult_closed[intro,simp): M(a) = M (b) = M(c) = M(d) = M (rmult(a,b,c,d))
{proof)

end

lemma (in M_ cardinals) is__cardinal_iff Least:
assumes M(A) M(k)
shows is_cardinal(M,A,rx) «— K = (u i. M(i) A i =M A)
(proof)

21.1 The Schroeder-Bernstein Theorem

See Davey and Priestly, page 106

context M _cardinals
begin

lemma bnd_mono__banach_functor: bnd_mono(X, banach_functor(X,Y f,q))
(proof)

lemma inj Inter:
assumes g € inj(YV,X) A#Z0VacA. a C Y
shows ¢g“(NA4) = (N a€A. g*a)

(proof)
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lemma contin__banach_ functor:
assumes ¢ € inj(Y,X)
shows contin(banach_functor(X,Y ,f,9))
(proof )

lemma Ifp banach_ functor:
assumes geinj(Y,X)
shows Ifp(X, banach_ functor(X,Y f,g)) =
(U nenat. banach_functor(X,Y,f,9) "n (0))

{proof)

lemma [fp banach_functor_closed:
assumes M(g) M(X) M(Y) M(f) geinj(Y,X)
shows M(ifp(X, banach__functor(X,Y f,q)))
{proof)

lemma banach__decomposition__rel:
(| M(f); M(g); M(X); M(Y); f € X->Y; g € inj(Y,X) || ==>
3 XA[M]. 3XB[M]. 3 YA[M]. 3 YB[M].
(XANXB=0)& (XAUXB=X) &
(YANYB=0)& (YAUYB=Y)&
f4“XA=YA & ¢*“YB=XB
(proof)

lemma schroeder bernstein__closed:

[| M(f); M(g); M(X); M(Y); f € inj(X,Y); g€ inj(Y,X) [] ==>3h[M]. h €
bij(X,Y)

(proof )

lemma mem_ Pow_rel: M(r) = a € Pow_rel(M,r) = a € Pow(r) A M(a)
{proof)

lemma mem_ bij abs[simp): [M(f);M(A);M(B)] = f € bijM(A,B) «+— fcbij(A,B)
{proof)

lemma mem.__inj _abs[simp): [M(f);M(A);M(B)] = f € inj™(A,B) +— feinj(A,B)
{proof)

lemma mem_ surj abs: [M(f);M(A);M(B)] = f € surjM(A,B) <— fesurj(A,B)
{proof)

lemma bij imp__eqpoll_rel:
assumes f € bij(A,B) M(f) M(A) M(B)
shows A ~M B

(proof)
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lemma id_ closed: M(A) = M (id(A))
{proof)

lemma egpoll_rel_refl: M(A) = A ~M A
(proof )

lemma eqpoll_rel_sym: X ~M Y — M(X) = M(Y) = Y <M X
{proof)

lemma egpoll_rel_trans [trans]:
X =My, vyaMz, M(X); M(Y); M(Z) ]| ==> X =Mz
(proof )

lemma subset_imp_lepoll_rel: X C Y = M(X) = M(Y) = X <My
(proof )

lemmas lepoll_rel_refl = subset_refl [THEN subset_imp__lepoll_rel, simpl
lemmas le_imp_lepoll_rel = le_imp__subset [THEN subset__imp__lepoll_rel]

lemma eqpoll_rel_imp_lepoll_rel: X ~M Y ==> M(X) = M(Y) = X <M
Y
{proof)

lemma lepoll_rel_trans [trans]:
assumes
X<Myy <MzMX)MY)MZ)
shows
X <Mygz
(proof )

lemma eq lepoll_rel trans [trans]:
assumes
X~My v <MzMX)M(Y) M(Z)
shows
X <Mz
(proof)
lemma lepoll _rel _eq trans [trans]:
assumes X <MY v &M 7 M(X) M(Y) M(Z)
shows X <M 7z

{proof)

lemma egpoll_rell: [ X <M V; v <M X, M(X) ; M(Y) ] = X &My
(proof )

lemma egpoll_relE:
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[ X~MY; | x <My, vy SMX [==>P; MX); M(Y) | ==>P
(proof )

lemma egpoll_rel_iff: M(X) = M(Y) = XM V¢ X <MYy g v <MX
(proof)

lemma lepoll_rel 0 is 0: A <M () = M(A) = A=0
(proof)

lemmas empty_lepoll_rell = empty_subset] [THEN subset_imp__lepoll_rel, OF
nonempty|

lemma lepoll_rel_0_iff: M(A) = A <M 0 «+— A=0

(proof )
lemma Un__lepoll rel  Un:

| A<M B, ¢ <M D: Bn D=0, M(A); M(B); M(C); M(D) || ==> AU C
<MpuD

(proof)

lemma egpoll rel 0 is 0: A =M ) — M(A) = A=0
(proof)

lemma egpoll_rel 0 _iff: M(A) = A ~M ) A=0
(proof)

lemma egpoll_rel disjoint_Un:
[A=M B, ¢ca~™ D, AnC=0;, BnD=0; M(A); M(B); M(C) ; M(D) ||
—=>AUC~MBUD
(proof)

21.2 lesspoll__rel: contributions by Krzysztof Grabczewski

lemma lesspoll_rel_not_refl: M(i) = ~ (i <M 7)

{proof)

lemma lesspoll_rel_irrefl: i <M i ==> M(i) = P
{proof)

lemma lesspoll_rel_imp_lepoll rel: [A <M B; M(A); M(B)]=—= A <M B
(proof )

lemma rvimage__closed [intro,simp):
assumes
M(4) M(f) M(r)
shows
M (rvimage(A,f,r))
(proof)
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lemma lepoll_rel_well_ord: [| A <M B; well_ord(B,r); M(A); M(B); M(r) ||
==> Fs[M]. well_ord(A,s)
{proof)

lemma lepoll_rel_iff leqpoll rel: [M(A); M(B)] = A <M B«— A<M B| A
~M B
{proof)

end

context M cardinals
begin

lemma inj_rel_is_fun M: f € injM(A,B) = M(f) = M(A) = M(B) = f
cA-Mp

(proof)
lemma inj rel_not_surj rel succ:

notes mem__inj_abs[simp del]

assumes fi: f € injM(A, succ(m)) and fns: f ¢ suri™(A, succ(m))

and types: M(f) M(A) M(m)

shows 3 f[M]. f € inj™(A,m)

(proof)

lemma lesspoll_rel_trans [trans]:

| X <My, v <Mz, M(X); M(Y); M(Z) || ==> X <M 7
{proof)

lemma lesspoll_rel_transl [trans|:
X SMy;y <Mz M(X); M(Y) s M(2) || ==> X <M Z
{proof)

lemma lesspoll_rel_trans2 [trans]:
| X <My, v Mz M(X); M(Y) ; M(Z)|] ==> X <M Z
(proof)

lemma eq lesspoll rel trans [trans]:

| X =My, vy <Mz M(X); M(Y); M(Z) || ==> X <M 7
(proof)

lemma lesspoll_rel_eq trans [trans]:
| X <My, v Mz M(X); M(Y); M(Z) || ==> X <M 7
(proof)

lemma is _cardinal__cong:
assumes X ~™ Y M(X) M(Y)
shows Jk[M]. is_cardinal(M,X,k) A is_cardinal(M,Y k)
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(proof)

lemma cardinal_rel _cong: X &M Y — MX) = M(Y) = \X|M — |Y|M
(proof)

lemma well _ord_is cardinal__eqpoll_rel:

assumes well_ord(A,r) shows is_cardinal(M,A,x) = M(4A) = M(k) =
M(r) = k=M A
(proof )

lemmas Ord__is_cardinal__eqpoll_rel = well_ord_Memrel[ THEN well _ord_is__cardinal__egpoll_rel]

22 Porting from ZF.Cardinal

The following results were ported more or less directly from ZF.Cardinal

— This result relies on various closure properties and thus cannot be translated
directly
lemma well _ord_cardinal_rel__eqpoll_rel:

assumes 7: well_ord(A,r) and M(A) M(r) shows |A|M ~M A

(proof )

lemmas Ord_cardinal_rel__egpoll_rel = well _ord_Memrel| THEN well _ord__cardinal_rel _eqpoll_rel]

lemma Ord_cardinal_rel_idem: Ord(A) = M(A) = ||[A|MM = |A|M
{proof)

lemma well _ord_cardinal_rel__eqE:
assumes woX: well _ord(X,r) and woY: well _ord(Y,s) and eq: | X|M = |Y|M
and types: M(X) M(r) M(Y) M(s)
shows X ~M vy

(proof)
lemma well ord_cardinal__rel _eqpoll_rel iff:
[| well_ord(X,r); well_ord(Y,s); M(X); M(r); M(Y); M(s) || ==> |X|M =
YIM e X =My
(proof )
lemma Ord_cardinal_rel_le: Ord(i) = M(i) ==> [i|M < i
(proof)
lemma Card rel cardinal _rel eq: CardM(K) ==> M(K) = |K|M =K
(proof)
lemma Card_rell: || Ord(i); . j<i = M(j) ==> ~(j =M i); M(i) || ==>
CardM (i)
(proof )

lemma Card_rel_is_Ord: CardM (i) ==> M(i) = Ord(i)
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{proof)

lemma Card rel cardinal rel le: CardM(K) ==> MK) = K < |K|M
(proof )

lemma Ord_cardinal_rel [simp,intro!]: M(A) = Ord(|A|M)
(proof)

lemma Card_rel iff initial: assumes types:M(K)
shows Card"(K) «— Ord(K) & (Vj[M]. j<K — ~ (j &M K))
(proof)

lemma It_Card_rel_imp_lesspoll_rel: || Card™(a); i<a; M(a); M(i) || ==> i
M
<" a

(proof)

lemma Card_rel_0: Card™(0)
(proof)

lemma Card_rel_Un: [| Card™(K); Card™(L); M(K); M(L) || ==> Card"(K
U L)
{proof)

lemma Card_rel_cardinal_rel [iff]: assumes types:M(A) shows Card™ (| A|M)
{proof)

lemma cardinal_rel _eq lemma:
assumes i:|i|M < j and j: j < i and types: M (i) M(j)
shows |j|M = |iM

(proof )

lemma cardinal _rel _mono:
assumes ij: i < j and types:M(i) M(j) shows |i|M < |j|M
(proof )

lemma cardinal_rel It _imp It: [| |{™ < [j|M; Ord(i); Ord(5); M(3); M(5) ||
——> i<

{proof)

lemma Card_rel It _imp_It: || |iiM < K; Ord(i); CardM(K); M(i); M(K)|]
==> i< K
{proof)

lemma Card_rel It iff: || Ord(i); CardM(K); M(i); M(K) || ==> (]ilM < K)
— (i < K)
{proof)

lemma Card_rel_le_iff: || Ord(i); Card™(K); M(i); M(K) || ==> (K < |i|M)
— (K <9)
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{proof)

lemma well _ord_lepoll rel _imp__cardinal_rel_le:
assumes wB: well_ord(B,r) and AB: A <M B
and
types: M(B) M(r) M(A)
shows |A|M < |BM

(proof)
lemma lepoll rel cardinal_rel_le: [| A <M i Ord(i); M(A); M(i) || ==> |A|M
<z
(proof)
lemma lepoll_rel Ord_imp_eqpoll_rel: || A <M i; Ord(i); M(A); M(3) || ==>
|AM =M A
(proof)
lemma lesspoll_rel_imp__eqpoll_rel: [| A <M i; Ord(i); M(A); M (i) |] ==> |A|M
~M A
{proof)
lemma lesspoll_cardinal_lt_rel:
shows [| A <M 4: Ord(i); M(i); M(A) || ==> |AIM < i
(proof)
lemma cardinal _rel_subset Ord: [|[A<=i; Ord(i); M(A); M(i)]] ==> |A|M C i
(proof)

lemma cons_lepoll_rel consD:
[| cons(u,A) <M cons(v,B); u¢A; véB; M(u); M(A); M(v); M(B) || ==> 4
<M p

{(proof)

lemma cons_eqpoll_rel_consD: || cons(u,A) =™ cons(v,B); u¢A; v¢B; M(u);
M(A); M(v); M(B) || ==> A~M B

{proof )
lemma succ_lepoll rel suceD: succ(m) <M succ(n) = M(m) = M(n) ==>
m <My

{proof )

lemma nat_lepoll _rel _imp_le:
m € nat ==>n € nat = m <M n = M(m) = M(n) = m < n

(proof)

lemma nat_eqpoll_rel iff: [| m € nat; n € nat; M(m); M(n) || ==> m ~" n
S m=n
{proof)

lemma nat_into Card_rel:
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assumes n: n € nat and types: M(n) shows Card™(n)
{proof)

lemmas cardinal_rel 0= nat_0I [THEN nat_into_Card_rel, THEN Card_rel_cardinal_rel_eq,
simplified, iff)
lemmas cardinal_rel 1= nat_11 [THEN nat_into__Card_rel, THEN Card_rel_cardinal_rel_eq,
sitmplified, iff]

M

lemma succ_lepoll_rel_natE: || succ(n) <™ n; n € nat || ==> P

(proof)

lemma nat_lepoll _rel _imp_ex_eqpoll_rel n:
| n € nat; nat <M X5 M(n); M(X)] ==>3Y[M. Y C X &n~MY
(proof )

lemma lepoll_rel_suce: M (i) = i <M suce(d)

{proof)

lemma lepoll_rel _imp_lesspoll_rel succ:
assumes A: A <M m and m: m € nat
and types: M(A) M(m)
shows A <M suce(m)

(proof)
lemma lesspoll_rel succ__imp_ lepoll rel:

(| A <M succ(m); m € nat; M(A); M(m) || ==> A <M m
(proof)

lemma lesspoll_rel_succ_iff: m € nat => M(A) ==> A <M succ(m) +— A
<M

(proof )

lemma lepoll rel succ_disj: [| A SM succ(m); m € nat; M(A) ; M(m)|] ==>
A<M m | A =M suce(m)

(proof )
lemma lesspoll_rel cardinal _rel It: [| A <™ i; Ord(i); M(A); M(i) || ==> |A|M
<1

(proof )

lemma It _not_lepoll rel:

assumes n: n<i n € nat

and types:M(n) M(i) shows ~ i <M p
(proof)

A slightly weaker version of nat__eqpoll rel iff

lemma Ord_nat__eqpoll rel iff:
assumes i: Ord(7) and n: n € nat
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and types: M(i) M(n)
shows i &M n «— i=n
(proof)

lemma Card_rel nat: CardM(nat)

(proof)

lemma nat_le_cardinal_rel: nat < i = M(i) ==> nat < |i|M
{proof)

lemma n_lesspoll rel _nat: n € nat ==> n <M pat
(proof)
lemma cons_lepoll_rel cong:
[| A<M B; b¢ By M(A); M(B); M(b); M(a) || ==> cons(a,A) <M cons(b,B)
(proof )
lemma cons__eqpoll_rel_cong:
| A~ B; ad¢ A; b¢ B; M(A); M(B); M(a) ; M(b) || ==> cons(a,A) =M
cons(b,B)
(proof )
lemma cons_lepoll _rel cons iff:
[[a¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) <M cons(b,B)
— A<MBpB
(proof )
lemma cons _eqpoll_rel_cons__iff:
[ a¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) ~M™ cons(b,B)
+— A~MB
(proof )

lemma singleton,__eqpoll_rel_1: M(a) = {a} =M 1
{proof)

lemma cardinal_rel_singleton: M(a) = |{a}|™ = 1

(proof)

lemma not 0 _is lepoll_rel 1: A # 0 ==> M(A) = 1 SM A
(proof)

lemma succ_egpoll_rel_cong: A ~M B = M(A) = M(B) ==> succ(A) =M

suce(B)
{proof)

The next result was not straightforward to port, and even a different statement
was needed.

lemma sum_ bij rel:
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[/ € bi*(4,0); g € bij™(B,D); M(f); M(A); M(C); Mg ), M(B); M(D)|]
==> (\2€A+B. case(Y%ox. Inl(fz), %y. Inr(g%y), 2)) € bifM(A+B, C+D)
(proof)

lemma sum_ bij_rel”:
assumes f € bij™(A,C) g € bij™(B,D) M(f)
M(4) M(C) M(g) M(B) M(D)
shows
(Az€ A+ B. case(Az. Inl(fz), Ay. Inr(g%y), 2)) € bij(A+B, C+D)
M(Az€A+B. case(Az. Inl(f‘c), Ay. Inr(g‘y), z))
(proof )

lemma sum__eqgpoll_rel_cong:
assumes A ~™ ¢ B~ D M(A) M(C) M(B) M(D)
shows A+B ~M C+D
(proof )

lemma prod_bij rel”:
assumes f € bijM(A,0) g € z M(B,D) M(f)
M(4) M(C) M(g) M(B) M(D)
shows
A<z, y>€AxB. <fz, g‘y>) € bij(AxB, C*D)
M(\<z,y>€A*xB. <f‘z, g'y>)
(proof)

lemma prod__eqpoll el cong:
assumes A <M ¢ B~M D M(A) M(C) M(B) M(D)
shows AxB ~M CxD

(proof )
lemma inj rel disjoint_eqpoll_rel:

| f € inf™(A,B); AN B= 0;M(f); M(A);M(B) [] ==> A U (B - range(f))
~M B

(proof )
lemma Diff sing lepoll rel:

| a€d; A<M suce(n); M(a); M(A); M(n) || ==> A - {a} <M n

(proof )

lemma lepoll rel Diff sing:
assumes A: succ(n) <M A
and types: M(n) M(A) M(a)
shows n <M A - {a}

(proof )
lemma Diff sing_eqpoll_rel: [| a € A; A =M succ(n); M(a); M(A); M(n) || ==>
A -{a} =M

{proof)
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lemma lepoll_rel_1_is sing: [| A <M 1; a € A ;M(a); M(A) || ==> A = {a}
{proof)

lemma Un_lepoll_rel_sum: M(A) = M(B) = AU B SJM A+B
(proof)

lemma well _ord Un_M:
assumes well _ord(X,R) well_ord(Y,S)
and types: M(X) M(R) M(Y) M(S)
shows 3 T[M]. well_ord(X U Y, T)
{proof)

lemma disj Un__eqpoll_rel _sum: M(A) = M(B) = ANB=0— AUB
~M
~" A+ B

(proof )

lemma eqpoll_rel_imp_ Finite_rel_iff: A ~M B ==> M(A) = M(B) =
Finite_rel(M,A) «— Finite_rel(M,B)
(proof)

lemma Finite_abs[simp]: assumes M(A) shows Finite_rel(M,A) +— Finite(A)

{proof)

lemma lepoll_rel nat_imp Finite rel:
assumes A: A <M p and n: n € nat
and types: M(A) M(n)
shows Finite_rel(M,A)

(proof)

lemma lesspoll_rel _nat_is Finite rel:
A <M nat = M(A) = Finite_rel(M,A)
(proof)

lemma lepoll_rel Finite rel:
assumes Y: Y <M X and X: Finite_rel(M,X)
and types:M(Y) M(X)
shows Finite_rel(M,Y)
(proof)

lemma succ_lepoll_rel _imp_not_empty: succ(x) ,SM y ==> M(z) = M(y)
= y#0
(proof)

lemma egpoll_rel_succ_imp_not_empty: © =M succ(n) ==> M(z) = M(n)
=z #0

(proof)
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lemma Finite__subset_closed:
assumes Finite(B) BCA M(A)
shows M(B)

(proof)

lemma Finite_ Pow _abs:
assumes Finite(A) M(A)
shows Pow(A) = Pow_rel(M,A)
{proof)

lemma Finite_Pow _rel:
assumes Finite(A) M(A)
shows Finite(Pow _rel(M,A))
{proof)

lemma Pow_rel 0 [simp]: Pow_rel(M,0) = {0}
(proof )
end

end

23 Relative, Choice-less Cardinal Arithmetic

theory CardinalArith_Relative
imports
Cardinal _Relative

begin

()
definition
csquare__lam :: i=17 where
esquare_lam(K) = Mz,y)eKxK. (z Uy, z, y)
— Can’t do the next thing because split is a missing HOC
(M)
definition
is_csquare_lam :: [i=0,i,i]]=0 where
is_csquare_lam(M,K,l) = 3 K2[M]. cartprod(M,K,K,K2) A
is_lambda(M,K2,is_csquare_lam__body(M),l)

definition jump_ cardinal _body :: [i=0,i] = i where
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Jjump__cardinal _body(M,X) =
{z.r € PowM(X x X), M(2) A M(r) A well_ord(X, ) A z = ordertype(X,
r)}

lemma (in M__cardinals) csquare__lam__closed[intro,simp|: M(K) = M (csquare__lam(K))

{proof)

locale M pre cardinal__arith = M__cardinals +
assumes
ord__iso__separation: M(A) = M(r) = M(s) =
separation(M, \f. Vz€A. VycA. (x,y) € r+— (f ‘z, [ ‘y) € s)
and
wfrec__pred_replacement: M(A) = M(r) =
wfrec__replacement(M, Ax f z. z = f *“ Order.pred(A, z, r), )

locale M cardinal__arith = M__pre_ cardinal _arith +
assumes

ordertype__replacement :

M(X) = strong_replacement(M ) x z . M(z) A M(z) A z€Pow_rel(M,X x X)
A well _ord(X, ) N z=ordertype(X,z))

and

strong__replacement_jc_body :

strong_replacement(M A\ © z . M(z) AN M(z) A z = jump__cardinal__body(M ,x))

and

surj_imp__inj_replacement:

M(f) = M(z) = strong_replacement(M, Ay z. y € f-“{z} N 2z = {{z, y)})
M(f) = strong_replacement(M, Az z. z = Szgfun(x Ay, f-“A{y}))
M(f) = strong_replacement(M, Az y. y = f-* {z})
M(f) = M(r) = stmng_replacement(M, Az y. y = (x, minimum(r, f -
1)
(M)

lemma (in M__trivial) rmultP_abs [absolut]: [ M (r); M(s); M(z) | = is_rmultP(M,s,r,z)
—
B’y zy 2= (=" y) z,9) AN({(zhz) erva' =z (Y y €s)
{proof)

definition
is_csquare_rel :: [i=0,i,i]=0 where
is_csquare_rel(M,K,cs) = 3 K2[M]. 3la[M]. 3memK[M].
FrmKK[M]. 3rmKK2[M].
cartprod(M, K, K,K2) A is_csquare_lam(M,K la) A
membership(M,K,memK) A is_rmult(M,K,memK K ,memK,rmKK) A
is_rmult(M,K memK K2 rmKK rmKK2) A is_rvimage(M,K2,la,rmKK2,cs)

context M basic
begin
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lemma rvimage _abs[absolut]:
assumes M(A) M(f) M(r) M(z
shows is_rvimage(M,A,f,r,z) «— z = rvimage(A,f,r)
{proof)

lemma rmult_abs [absolut]: [ M(A); M(r); M(B); M(s); M(z) | =
is_rmult(M,A,r,B,s,z) «— z=rmult(A,r,B,s)
(proof)

lemma csquare_lam__body__abs[absolut]: M(z) = M(z) =
is_csquare_lam__body(M,z,z) «— z = <fst(z) U snd(z), fst(x), snd(z)>
{proof )

lemma csquare_lam__abs[absolut]: M(K) = M(l) =
is_csquare_lam(M,K,l) +— 1 = (Aze Kx K. (fst(x) U snd(x), fst(z), snd(z)))
{proof)

lemma csquare _lam__eq lam:csquare_lam(K) = (Az€KXK. <fst(z) U snd(z),
fst(z), snd(z)>)
(proof)

end

context M pre cardinal__arith
begin

lemma csquare_rel_closed[intro,simp]: M(K) = M (csquare_rel(K))

{proof)

lemma csquare_rel_abs[absolut]: | M(K); M(cs)] =
is_csquare_rel(M,K cs) +— cs = csquare_rel(K)

{proof)

end

(ML)

abbreviation
csuce_r = [ii=o] = i (((_T')—) where
csuce_r(z,M) = csucc_rel(M,z)

abbreviation
csucc_r_set : [i,i] = i (J(_1T')—) where
csuce_r_set(z,M) = csucc_rel(##M,z)
context M _Perm

begin
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(ML)
(proof)

(ML)
(proof )

end

notation csucc_rel ((csucc—"(__"))

context M cardinals
begin

lemma Card_rel Union [simp,intro, TC:
assumes A: \z. 1€ A = Card™(z) and

types: M (A)
shows Card™(|J(A))
(proof)
lemma in_ Card_imp_lesspoll: || CardM(K); b € K; M(K); M(b) || ==> b <M
K
(proof)

23.1 Cardinal addition

Note (Paulson): Could omit proving the algebraic laws for cardinal addition
and multiplication. On finite cardinals these operations coincide with addition
and multiplication of natural numbers; on infinite cardinals they coincide
with union (maximum). Either way we get most laws for free.

23.1.1 Cardinal addition is commutative
lemma sum__commute__egpoll_rel: M(A) = M(B) =— A+B ~M By A
(proof)

lemma cadd_rel_commute: M(i) = M(j) = i eMj=jeM;

(proof)

23.1.2 Cardinal addition is associative

lemma sum,_ assoc_eqpoll_rel: M(A) = M(B) = M(C) = (A+B)+C =M
A+(B+C)
{proof)
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Unconditional version requires AC

lemma well ord cadd_rel assoc:
assumes i: well _ord(i,ri) and j: well _ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i ®M j) oM k = i oM (j &M k)
(proof)

23.1.3 0 is the identity for addition
lemma case_id_eq: z€sum(A,B) = case(Az . z, Az. z ,x) = snd(z)

{proof)

lemma lam__case_id: (A\z€0 + A. case(Az. z, Ay. y, 2)) = (A\z€0 + A . snd(z))
(proof)

lemma sum_0_egpoll _rel: M(A) = 0+A ~M A
(proof )

lemma cadd_rel_0 [simp]: CardM(K) = M(K) = 0 oM K = K
(proof)

23.1.4 Addition by another cardinal

lemma sum_lepoll_rel_self: M(A) = M(B) = A <M A+B
(proof )

lemma cadd_rel le_self:
assumes K: Card”(K) and L: Ord(L) and
types:M(K) M(L)
shows K < (K &M L)
(proof)

23.1.5 Monotonicity of addition

lemma sum__lepoll_rel _mono:

| A<M o; BSMD; M(A); M(B); M(C); M(D) [|==>A+B<MC+ D
(proof )
lemma cadd_rel le _mono:

| K'< K; L' < LiM(K');M(K);M(L');M(L) || ==> (K’ &M L)) < (K &M
L)
(proof)

23.1.6 Addition of finite cardinals is ”ordinary” addition

lemma sum_ succ_eqpoll_rel: M(A) => M(B) = succ(A)+B ~M succ(A+B)
(proof)
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lemma cadd_succ_lemma:
assumes Ord(m) Ord(n) and
types: M(m) M(n)
shows succ(m) &M n = |suce(m @M n)|M
{proof )

lemma nat_cadd_rel _eq add:
assumes m: m € nat and [simp]: n € nat showsm &M n = m #+ n

{proof)

23.2 Cardinal multiplication
23.2.1 Cardinal multiplication is commutative

lemma prod_commute__eqpoll_rel: M(A) => M(B) = AxB ~M BxA
(proof)

lemma cmult_rel_commute: M (i) = M(j) = i oMj=jeM;

{(proof)

23.2.2 Cardinal multiplication is associative

lemma prod_assoc_eqpoll_rel: M(A) = M(B) = M(C) = (AxB)xC =M
Ax(BxC')
(proof)

Unconditional version requires AC

lemma well _ord _cmult _rel _assoc:
assumes i: well_ord(i,ri) and j: well ord(j,rj) and k: well_ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i @M j) @M k= i @M (j @M k)
(proof)

23.2.3 Cardinal multiplication distributes over addition

lemma sum__prod__distrib__eqpoll_rel: M(A) = M(B) = M(C) = (A+B)*xC
~M (A% C)+(BxC)
(proof)

lemma well ord cadd_cmult distrib:
assumes i: well _ord(i,ri) and j: well _ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i &M j) @M k = (i @M k) &M (j oM k)
(proof )
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23.2.4 Multiplication by 0 yields 0
lemma prod_0_egpoll rel: M(A) = 0xA ~M ¢
(proof)

lemma cmult_rel_0 [simp]: M({) = 0 M=y

(proof)

23.2.5 1 is the identity for multiplication

lemma prod_ singleton,__eqpoll_rel: M(z) => M(A) = {z}xA =M A
(proof)

lemma cmult_rel 1 [simp]: Card"(K) = M(K) = 1 oM K = K
(proof)
23.3 Some inequalities for multiplication

lemma prod_square_lepoll _rel: M(A) = A SM AxA
(proof)

lemma cmult _rel _square_le: C’ardM(K) = M(K) = K< K oM K
(proof )

23.3.1 Multiplication by a non-zero cardinal

lemma prod_lepoll_rel_self: b € B = M(b) = M(B) = M(A) = A <M
AxB

(proof)
lemma cmult_rel le self:

[| Card™(K); Ord(L); 0<L; M(K);M(L) || ==> K < (K @™ L)
(proof)

23.3.2 Monotonicity of multiplication

lemma prod_lepoll rel _mono:
| A<M s BSMD; M(A); M(B); M(C); M(D)|) ==> Ax B <M Cx D
(proof)

lemma cmult _rel _le _mono:

| K'< K; L' < LiM(K');M(K);M(L);M(L) || ==> (K' @M L) < (K @M
L)
(proof)

23.4 Multiplication of finite cardinals is ”ordinary” multiplication

lemma prod_succ_eqpoll_rel: M(A) => M(B) = succ(A)x*B ~M B + AxB
(proof)
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lemma cmult _rel succ lemma:

[| Ord(m); Ord(n) ; M(m); M(n) || ==> succ(m) @™ n = n &M (m oM n)
(proof)
lemma nat_cmult_rel_eq _mult: [| m € nat; n € nat || ==> m @M n = m#xn
{proof)

lemma cmult _rel 2: CardM(n) = M(n) = 2 Mnpn=naoMn

{proof)

lemma sum__lepoll_rel_prod:
assumes C: 2 <M C and
types:M(C) M(B)
shows B+B <M CxB
(proof)

lemma lepoll_imp_sum_lepoll_prod: || A <M B; 2 <M A; M(A) ;M(B) || ==>
A+B <M AxB
(proof)

end

23.5 Infinite Cardinals are Limit Ordinals

context M pre cardinal__arith
begin

lemma nat_cons_lepoll_rel: nat <M A = M(A) = M(u) ==> cons(u,A) <M
A

(proof)

lemma nat_cons_eqpoll_rel: nat <M A ==> M(A) = M(u) = cons(u,A) =~
A

(proof)

lemma nat_succ_eqpoll_rel: nat C A ==> M(A) = succ(A) ~M A

(proof)

lemma InfCard_rel_nat: InfCard™(nat)
(proof)

lemma InfCard_rel_is_Card_rel: M(K) = InfCard™(K) = Card™(K)
(proof)

lemma InfCard_rel Un:
[| InfCardM(K); Card™(L); M(K); M(L) || ==> InfCard”(K U L)
(proof )
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lemma InfCard_rel_is_Limit: InfCard™(K) ==> M(K) = Limit(K)
(proof)

end

— FIXME: Awful proof, it essentially repeats the same argument twice
lemma (in M_ordertype) ordertype__abs[absolut]:

[| wellordered(M,A,r); M(A); M(r); M(7)|]] ==>

otype(M,A,r,i) «<— i = ordertype(A,r)
(proof)

lemma (in M__ordertype) ordertype__closed|intro,simp]: [ wellordered(M,A,r); M (A);M(r)]
= M (ordertype(A,r))
(proof )

(ML)

lemma (in M_trivial) is_transitive_iff transitive_rel:
M(A)= M(r) = transitive_rel(M, A, r) <— is_transitive(M,A, r)
(proof )

(ML)

lemma (in M_ trivial) is_linear _iff linear _rel:
M(A)= M(r) = is_linear(M,A, r) <— linear_rel(M, A, r)
(proof )

(ML)

lemma (in M__trivial) is_wellfounded on__iff _wellfounded_ on:
M(A)= M(r) = is_wellfounded_on(M,A, r) +— wellfounded_on(M, A, r)
(proof )

definition
is_well_ord :: [i=>o0,i,i]=>0 where
— linear and wellfounded on A
is_well _ord(M,A,r) ==
is_transitive(M,A,r) A is_linear(M,A,r) A is_wellfounded_on(M,A,r)

lemma (in M_trivial) is_well ord_iff wellordered:

M(A)= M(r) = is_well_ord(M,A, r) <— wellordered(M, A, r)
{proof)

(ML)
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context M pre cardinal__arith
begin

(ML)
(proof )

(ML)
{proof )

end
(ML)

lemma is_lambda__iff _sats[iff _sats]:

assumes is_Fiff sats:

a0 al al.

[|a0cAa; al€Aa; a2€ Aal]

==>is_F'(al, a0) <— sats(Aa, is_F_fm, Cons(a0,Cons(al,Cons(a2,env))))
shows

nth(A, env) = Ab =

nth(r, env) = ra =

A € nat =

r € nat =

env € list(Aa) =

is_lambda(## Aa, Ab, is_F, ra) +— Aa, env = lambda_fm(is_F_fm,A, r)
(proof )

lemma sats is wfrec _fm”

assumes MH _iff sats:

a0 al a2 a3 a4.

[|la0€A; al€A; a2€ A; a3€A; aleA]

==> MH (a2, al, a0) <— sats(4, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows

[|z € nat; y € nat; z € nat; env € list(A); 0 € Al

==> sats(4, is_wfrec_fm(p,z,y,2), env) +—
is_wfrec(## A, MH, nth(xz,env), nth(y,env), nth(z,env))

(proof )

lemma is_wfrec_iff sats[iff sats]:
assumes MH iff sats:
"a0 al a2 a8 a4.
[|la0€ Aa; al€Aa; a2€ Aa; a3€ Aa; a4€ Aal]
==> MH(a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(ald,Cons(a4,env))))))
z € nat y € nat z € nat env € list(Aa) 0 € Aa
nth(z, env) = xz nth(y, env) = yy nth(z, env) = 2z
shows
is_wfrec(## Aa, MH, zx, yy, 2z) +— Aa, env = is_wfrec_fm(p,z,y,2)
(proof )
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lemma is_wfrec_on_iff sats[iff _sats]:

assumes MH iff sats:

a0 al a2 a3 a4.

[|la0€ Aa; al€Aa; a2€ Aa; a3€ Aa; a4€ Aal]
==> MH (a2, al, a0) <— sats(Aa, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))

shows

nth(z, env) = 2 =

nth(y, env) = yy =

nth(z, env) = 2z =

T € nat =

Yy € nat =

z € nat =

env € list(Aa) =

0 € Aa = is_wfrec_on(##Aa, MH, aa,zx, yy, 22) «— Aa, env |= is_wfrec_fm(p,z,y,z)
(proof )

lemma trans_on__iff trans: trans[A](r) <— trans(r N AxA)
{proof)

lemma trans_on_subset: trans[A](r) = B C A = trans|B](r)
{proof)

lemma relation_Int: relation(r N Bx B)
{proof)

Discipline for ordermap

(ML)

context M pre cardinal__arith
begin

lemma wfrec_on_ pred__ eq:

assumes r € Pow(AxA) M(A) M(r)

shows wfrec[Al(r, z, Az f. f * Order.pred(A, z, r)) = wfrec(r, , Xz f. f
Order.pred(A, z, 1))
(proof)

lemma wfrec_on_ pred_ closed:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r) z € A
shows M (wfrec(r, z, Ax f. f * Order.pred(A, x, r)))

(proof)

lemma wfrec_on_ pred_ closed’:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r) z € A
shows M (wfrec[A](r, z, Az f. f * Order.pred(A, z, r)))
(proof)

lemma ordermap_ rel_closed”:
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assumes wf[A](r) trans[A](r) r € Pow(AxA) M(A) M(r)
shows M (ordermap_rel(M, A, 1))
(proof)

lemma ordermap__rel_closed[intro,simp]:
assumes wf[A](r) trans[A](r) r € Pow(AxA)
shows M(A) = M(r) = M(ordermap_rel(M, A, r))
{proof )

lemma is_ordermap__iff:
assumes r € Pow(AxA) wf[A](r) trans[A](r)
M(A) M(r) M(res)
shows is_ordermap(M, A, r, res) <— res = ordermap_rel(M, A, r)
(proof)

end
(ML)

Discipline for ordertype
(ML)

context M pre cardinal__arith
begin

lemma is _ordertype_iff:

assumes 1 € Pow(AxA) wf[A](r) trans[A](r)

shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) +— res
ordertype_rel(M, A, )

(proof)

lemma is_ordertype_iff":

assumes r € Pow_rel(M,AxA) well_ord(A,r)

shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) +— res
ordertype_rel(M, A, )

(proof)

lemma is_ordertype_iff"":

assumes well_ord(A,r) rCAx A

shows M(A) = M(r) = M(res) = is_ordertype(M, A, r, res) +— res
ordertype_rel(M, A, )

(proof)

end

(ML)
definition
jump__cardinal’ :: i=1 where

Jump__cardinal(K) =
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U XePow(K). {z. r € Pow(X*X), well _ord(X,r) & z = ordertype(X,r)}

(ML)
definition jump_ cardinal _body’ where

Jump_cardinal_body'(X) = {z . r € Pow(X x X), well _ord(X, r) N z =
ordertype(X, r)}

(ML)

context M pre cardinal__arith
begin

lemma ordertype_rel_closed”:
assumes wf[A](r) trans[A](r) r € Pow(AxA) M(r) M(A)
shows M (ordertype_rel(M,A,r))
(proof )

lemma ordertype_rel_ closed[intro,simp):
assumes well_ord(A,r) r € Pow_rel(M,AxA) M(A)
shows M (ordertype_rel(M,A,r))

(proof)

lemma ordertype_rel abs:
assumes wellordered(M,X,r) M(X) M(r)
shows ordertype_rel(M,X,r) = ordertype(X,r)
{proof)

lemma univalent _auxl: M(X) = univalent(M,Pow_rel(M,XxX),

Arz. M(z) AN M(r) A rePow_rel(M,XxX) N is_well _ord(M, X, r) A is_ordertype(M,
X, r, z2))

{proof)

lemma jump cardinal__body_eq :
M(X) = jump__cardinal_body(M,X) = jump__cardinal _body’ _rel(M,X)
(proof )

end

context M cardinal arith
begin
lemma jump_ cardinal_closed__auxl:
assumes M (X)
shows
M (jumyp__cardinal__body(M,X))
(proof)

lemma univalent_jc_body: M(X) = univalent(M, X\ x z . M(z) A M(z) A z
= jump__cardinal_body(M,x))
{proof)
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lemma jump_ cardinal__body_ closed:
assumes M(K)
shows M({a . X € Pow™(K), M(a) A M(X) A a = jump__cardinal_body(M,X)})
(proof )

(ML)
(proof)

(ML)
(proof)

end
locale M jump_cardinal = M__ordertype

context M cardinal arith
begin

lemma (in M_ordertype) ordermap__closed[intro,simp]:
assumes wellordered(M,A,r) and types:M(A) M(r)
shows M (ordermap(A,r))

(proof)

lemma ordermap__eqgpoll _pred:

[| well_ord(Ayr); z € A ; M(A;M(r);M(z)|] ==> ordermap(A,r)‘c ~M
Order.pred(A,z,r)
(proof)

Kunen: "each (z, y) € K x K has no more than z x z predecessors...” (page
29)

lemma ordermap __csquare_le:
assumes K: Limit(K) and z: 2<K and y: y<K
and types: M(K) M(z) M(y)
shows |ordermap(K x K, csquare_rel(K)) “ (z,y)|M < |succ(succ(z U y))
|suce(succ(z U y))|M

{proof)

‘M ®M

R

Kunen: ”... so the order type is < K”

lemma ordertype_csquare_le_M:
assumes [K: InfCard"(K) and eq: \y. yec K = InfCard™(y) = M(y) =
M
YT y=y
— Note the weakened hypothesis [?y € K; InfCard™(2y); M(%y)] = 2%y @M 2y
= 2
and types: M(K)
shows ordertype( KxK, csquare_rel(K)) < K
(proof )
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lemma InfCard_rel csquare__eq:
assumes IK: InfCard(K) and
types: M(K)
shows K @M K = K

(proof)

lemma well ord InfCard_rel__square_eq:
assumes 7: well _ord(A,r) and I: InfCard™(|A|™) and
types: M(A) M(r)
shows 4 x A ~M 4

(proof)

lemma InfCard_rel square__egpoll:
assumes InfCard(K) and types:M(K) shows K x K ~M K
{proof)

lemma Inf Card_rel_is_InfCard_rel: || C’ardM(z'); ~ Finite_rel(M,i) ; M(4) |]
==> InfCard™(i)
(proof)

23.5.1 Toward’s Kunen’s Corollary 10.13 (1)

lemma InfCard_rel_le _cmult_rel_eq: || InfC’ardM(K); L < K; 0<L; M(K) ;
ML) |==>KeML=K

(proof)

lemma InfCard_rel_cmult_rel_eq: [| InfCard™(K); InfCard™(L); M(K) ; M(L)
|==>KeML=KuUL
(proof)

lemma InfCard_rel cdouble eq: InfCardM(K) = M(K) = K oMK = K
(proof)

lemma InfCard_rel_le_cadd_rel_eq: [| InfCard™(K); L < K ; M(K) ; M(L)|
==>KoM[=K
(proof )

lemma InfCard_rel cadd_rel_eq: [| InfCardM(K); InfCard™(L); M(K) ; M(L)

|=>KaoML=KuL
(proof)
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end

23.6 For Every Cardinal Number There Exists A Greater
One

This result is Kunen’s Theorem 10.16, which would be trivial using AC

locale M cardinal__arith__jump = M__cardinal _arith + M__jump__ cardinal
begin

lemma well_ord_restr: well _ord(X, r) = well_ord(X, r N XxX)
(proof)

lemma ordertype restr_eq :
assumes well _ord(X,r)
shows ordertype(X, r) = ordertype(X, r N XxX)

{proof)

lemma def jump_ cardinal_rel aux:
X € PowM(K) = well_ord(X, w) = M(K) =
{z.7r € PowM(X x X), M(2) A well_ord(X, r) A z = ordertype(X, r)}
{z.r € PowM(K x K), M(2) A well_ord(X, r) A z = ordertype(X, 7)}
(proof)

lemma def jump_ cardinal rel:
assumes M(K)
shows jump __cardinal’_rel(M,K) =
(U XePow_rel(M,K). {z. r € Pow_rel(M,K+K), well_ord(X,r) & z =
ordertype(X,r)})
(proof)

notation jump_cardinal’_rel (Gump’ _cardinal’ _rely)

lemma Ord_jump _cardinal_rel: M(K) = Ord(jump__cardinal_rel(M,K))
(proof)

declare conj cong [cong del]
— incompatible with some of the proofs of the original theory

lemma jump_cardinal_rel iff old:
M(i) = M(K) = i € jump__cardinal_rel(M,K) <—
(FrM]. IX[M]. r C K«K & X C K & well_ord(X,r) & i = ordertype(X,r))
(proof)

lemma K_Ilt_jump_cardinal_rel: Ord(K) ==> M(K) = K < jump__cardinal_rel(M ,K)
(proof )

lemma Card_rel jump_ cardinal _rel lemma:
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[| well_ord(X,r); rC K x K; X C K;
I € bij(ordertype(X,r), jump__cardinal_rel(M,K));
M(X); M(r); M(K); M(f) |]
==> jumyp__cardinal_rel(M,K) € jump_ cardinal_rel(M,K)
(proof)

lemma Card_rel _jump_ cardinal_rel: M(K) => Card_rel(M jump__cardinal_rel(M,K))
{proof)

23.7 Basic Properties of Successor Cardinals

lemma csucc_rel_basic: Ord(K) ==> M(K) = Card_rel(M,csucc_rel(M,K))
& K < csuce_rel(M,K)
(proof )

lemmas Card_rel _csucc_rel = csucc_rel_basic [THEN conjunctl]
lemmas It_csucc_rel = csucc_rel_basic [THEN conjunct2)

lemma Ord_0_lt_csucc_rel: Ord(K) ==> M(K) = 0 < csucc_rel(M,K)
(proof)

lemma csucc_rel_le: [| Card_rel(M,L); K<L; M(K); M(L) || ==> csucc_rel(M,K)
<L

(proof)

lemma It csucc_rel iff: [| Ord(i); Card_rel(M,K); M(K); M(%)|] ==> i <
csuce_rel(M,K) +— |iM < K

(proof )

lemma Card_rel It csucc_rel iff:
[| Card_rel(M,K"); Card_rel(M,K); M(K'); M(K) || ==> K'< csucc_rel(M,K)
+— K'< K

(proof )
lemma InfCard_rel _csucc_rel: InfCard_rel(M,K) = M(K) ==> InfCard_rel(M,csucc_rel(M,K))
(proof)

23.7.1 Theorems by Krzysztof Grabczewski, proofs by lcp

lemma nat_sum__eqpoll_rel sum:
assumes m: m € nat and n: n € nat shows m + n =™ m #+ n

(proof)

lemma Ord_nat_subset_into_ Card_rel: [| Ord(i); i C nat || ==> Card™(i)

(proof)

end
end
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theory Aleph_ Relative

imports
CardinalArith _Relative
begin
definition
HAleph ::

i] = i where
= if (= (0rd(7)),i,if (=0, nat, if (= Limit(i) A i#0,
csuee(r( U 7)),
Ujei. rj)))

2
HAleph(i,r)

(ML)

definition
Aleph’ :: i => i where
Aleph'(a) == transrec(a,\i r. HAleph(i,r))

(ML)

The extra assumptions a < length(env) and ¢ < length(env) in this schematic goal
(and the following results on synthesis that depend on it) are imposed by [Aa0 al
a2 a8 a4 a5 ab a7. [a0 € ?A; al € ?A; a2 € ?A; a3 € ?A; af € ?A; a5 € ?A;
ab € ?4; a7 € ?A] = ?MH (a2, al, a0) +— 24, Cons(a0, Cons(al, Cons(a2,
Cons(a3, Cons(a4, Cons(ad, Cons(ab, Cons(a7, ?env)))))))) E p; nth(?i, %env)
= 2x; nth( %k, %env) = ?z; ?i < length(?env); %k < length(%env); ?env € list(?A)]
= is_transrec(##?A, ?MH, %z, ?2) «+— ?A, %env |= is_transrec_fm(?p, i,
2k).
schematic__goal sats is Aleph fm__auto:

a € nat = ¢ € nat = env € list(A) =

a < length(env) = ¢ < length(env) = 0 € A =

is_ Aleph(#4#A, nth(a, env), nth(c, env)) +— A, env E ?fm(a, )

(proof)

(ML)
notation is_Aleph_fm (¢X'(_7) is _»)

lemma is Aleph _fm_type [TC): a € nat = ¢ € nat = is_Aleph_fm(a, ¢) €
formula
(proof )

lemma sats is_Aleph_ fm:
assumes fenat renat env € list(A) 0€A f < length(env) r< length(env)
shows is_ Aleph(##A, nth(f, env), nth(r, env)) «— A, env |= is__Aleph_fm(f,r)
(proof )

lemma is_Aleph_iff sats [iff _sats]:

assumes
nth(f, env) = fa nth(r, env) = ra f < length(env) r< length(env)
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f € nat r € nat env € list(A) 0€A
shows is_Aleph(##A,fa,ra) <— A, env = is_Aleph_fm(f,r)
(proof)

(ML)

context M _cardinal__arith__jump
begin

lemma is Limit_iff:
assumes M(a)
shows is_Limit(M,a) +— Limit(a)
(proof)

end

lemma HAleph eq Aleph_recursive:
Ord(i) = HAleph(i,r) = (if i = 0 then nat
else if 3j. i = succ(j) then csucc(r ‘ (THE j. i = succ(y))) else | j<i.
)
(proof)
lemma Aleph’ _eq Aleph: Ord(a) = Aleph'(a) = Aleph(a)
(proof)

(ML)

abbreviation
Aleph_r = [i,i=0] = i (X_—)) where

Aleph_r(a,M) = Aleph_rel(M,a)

abbreviation
Aleph_r_set :: [i,i]] = i (X_—)) where
Aleph_r_set(a,M) = Aleph__rel(#+#M,a)

lemma Aleph_rel_def’: Aleph_rel(M,a) = transrec(a, \i . HAleph_rel(M, i, r))
{proof)

lemma succ_mem_ Limit: Limit(j) = i € j = succ(i) € j
{proof)

locale M_pre_aleph = M__eclose + M__cardinal _arith__jump +
assumes
haleph__transrec__replacement: M(a) = transrec_replacement(M ,is_HAleph(M),a)

begin
lemma auz:
assumes M(a) M(f)
shows Jz[M]. is_Replace(M, a, \jy. f “j =y, z)
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(proof)

lemma is HAleph_ zero:
assumes M(f)
shows is_HAleph(M,0,f,res) <— res = nat
(proof)

lemma is HAleph_succ:
assumes M(f) M(z) Ord(xz) M(res)
shows is_HAleph(M,succ(z),f,res) «— res = csucc_rel(M,f( |J suce(z) ))
(proof )

lemma is HAleph_ limit:

assumes M(f) M(z) Limit(z) M(res)

shows is_HAleph(M,x,f,res) «+— res = (U{y . i€z ,M (i) A M(y) Ay = f“})
(proof)

lemma is HAleph_iff:

assumes M (a) M(f) M(res)

shows is_HAleph(M, a, f, res) +— res = HAleph_rel(M, a, f)
{proof)

lemma HAleph_rel closed [intro,simp):
assumes function(f) M(a) M(f)
shows M (HAleph__rel(M,a,f))
(proof)

lemma Aleph_rel_closed[intro, simp]:
assumes Ord(a) M(a)
shows M(Aleph_rel(M,a))

(proof)

lemma Aleph _rel zero: RpM = nat
(proof)

lemma Aleph_rel_succ: Ord(a) = M(a) = Nsucc(a)M = (R MM

{proof)

lemma Aleph_rel limit:
assumes Limit(«) M(«)
shows N, M = U{NjM .j € a}
(proof)

lemma is Aleph_iff:
assumes Ord(a) M(a) M(res)
shows is_Aleph(M, a, res) «— res = R M

(proof)

end
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locale M _aleph = M__pre_aleph +
assumes
aleph,_rel_replacement: strong_replacement(M, Az y. Ord(z) A y = R M)
begin

lemma Aleph_rel_cont: Limit(l) = M(l) = ¥M = (Ji<l. X;M)
(proof)

lemma Ord__Aleph_ rel:
assumes Ord(a)
shows M(a) = Ord(X,M)
(proof)

lemma Card_rel_Aleph_rel [simp, introl:
assumes Ord(a) and types: M(a) shows Card™(R,M)

{proof)

lemma Aleph_rel increasing:
assumes ab: a < b and types: M(a) M(b)
shows XM < N, M

(proof)

end

end

24 Cohen forcing notions

theory Cohen_ Posets
imports
Forcing _Notions
Names — only for SepReplace
Recursion_ Thms — only for the definition of Rrel
Delta__ System__Lemma.ZF _Library
begin

lemmas app_fun = apply iff[THEN iffD1]

definition
Fn :: [i,i,i]] = ¢ where
Fn(k,1,J) = U{(d—J) .. d € Pow(I), d=<k}

lemma Fnl[intro]:
assumes p:d - JdCld=<«k
shows p € Fn(k,I,J)
{proof)
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lemma FnD[dest]:
assumes p € Fn(k,1,J)
showsdd. p:d > JANdCIANd<EK
{proof)

lemma Fn_is_function: p € Fn(k,I1,J) = function(p)
(proof)

lemma Fn_ csucc:
assumes Ord(k)
shows Fn(csucc(k),I,J) = J{(d—J) .. d € Pow(I), d<k}
{proof )

lemma Finite__imp_ lesspoll nat:
assumes Finite(A)
shows A < nat

{proof)

lemma Fn_nat_eq FiniteFun: Fn(nat,I,J) = I-||> J
{proof)

definition
FnleR :: i = i = o (infix] (O 50) where
f29=9¢<f

lemma FnleR_iff subset [iff|: f 2 g+— g C f
(proof)

definition
Fnlerel :: i = 1 where
Fnlerel(A) = Rrel(Az y. z 2 y,A)

definition
Fnle :: [i,i,i] = { where
Fnle(k,I,J) = Fnlerel(Fn(x,1,J))

lemma Fnlel[intro]:
assumes p € Fn(k,1,J) q € Fn(k,1,J) p D ¢
shows <p,q> € Fnle(k,I,J)
(proof)

lemma FnleD[dest]:
assumes <p,q> € Fnle(k,1,J)
shows p € Fn(k,I,J) q¢ € Fn(k,1,J) p D q
(proof)

locale cohen data =

fixes k I J::i
assumes zero [t _kappa: 0<k
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begin
lemmas zero_lesspoll_kappa = zero_lesspoll| OF zero_lt _kappal
end

sublocale cohen_data C forcing notion Fn(k,I,J) Fnle(k,I,J) 0
(proof )

24.1 MOVE THIS to an appropriate place

definition
antichain :: i=1=-1=0 where
antichain(P,leq,A) = ACP A (VpeA. V ¢eA.
p#£q — —compat__in(P,leq,p,q))
definition
cce 1 1 = 1 = o where
cee(P,leq) =V A. antichain(P,leq,A) — |A] < nat

24.2 Combinatorial results on Cohen posets

context cohen_data
begin

lemma restrict_eq imp__compat:
assumes f € Fn(nat, I, J) g € Fn(nat, I, J) InfCard(nat)
restrict(f, domain(f) N domain(g)) = restrict(g, domain(f) N domain(g))
shows f U g € Fn(nat, I, J)
(proof)

lemma compat_imp Un_is_function:

assumes G C Fn(k, I, J) Ap ¢. p € G = q € G = compat(p,q)
shows function(|J G)

{proof)

lemma filter _subset_notion: filter(G) = G C Fn(k, I, J)
(proof)

lemma Un_filter _is_function: filter(G) = function(|J G)
(proof )

end
locale add_reals = cohen_ data nat _ 2

end
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25 Relativization of Finite Functions

theory FiniteFun_Relative
imports
Synthetic__Definition
Delta__ System__Lemma.ZF _Library
Discipline__Function
Lambda__Replacement
Cohen__Posets

begin

25.1 The set of finite binary sequences

notation nat («w)) — TODO: already in ZF Library

We implement the poset for adding one Cohen real, the set 2<“ of finite
binary sequences.

definition
seqspace :: [i,i] = i (<_<— [100,1)100) where
B<® = Jnea. (n—B)

lemma segspacel[intro]: nea = fin—B = fEeB~“
(proof )

lemma segspaceD|dest]: feB<* = Inea. fin—B
{proof)

locale M_seqspace = M__trancl + M __replacement +

assumes

segspace__replacement: M(B) = strong__replacement(M An z. nEnat A is_funspace(M,n,B,z))
begin

lemma segspace_closed:
M(B) = M(B<Y)
(proof )

end

schematic__goal segspace_ fm__auto:
assumes
i € nat j € nat henat env € list(A)
shows
(3 omeA. omega(#+#A,0m) A nth(i,env) € om A is_funspace(## A, nth(i,env),
nth(h,env), nth(j,env))) <— (4, env |= (Zsgsprp(i,j,h)))
(proof )
(M)
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25.2 Representation of finite functions

A function f € A =4, B can be represented by a function g € |f| = A x B.
It is clear that f can be represented by any ¢’ = g-m, where 7 is a permutation
m € dom(g) — dom(g). We use this representation of A —g, B to prove
that our model is closed under _ —g, _ .

A function g € n — A x B that is functional in the first components.

definition cons like :: © = o where

cons_like(f) =V i€domain(f) . Vici . fst(f) # fst(f%)
(ML)

lemma (in M__segspace) cons_like__abs:
M(f) = cons_like(f) +— cons_like_rel(M,f)
(proof )

FiniteFun_iso(A,B,n,g.f) = (V ien . g% € f) A (VY abef. (3 ien. gi=ab))

From a function g € n - A x B we obtain a finite function in A -||> B.

definition to FiniteFun :: i = ¢ where
to_ FiniteFun(f) = {f‘%. i€domain(f)}

definition FiniteFun_ Repr :: [i,i] = i where
FiniteFun_Repr(A,B) = {f € (AxB)<Y¥ . cons_like(f) }

locale M FiniteFun = M_seqspace +
assumes
cons__like__separation : separation( M \f. cons_like rel(M,f))
and
to_finiteFun__replacement: strong_replacement(M, Az y. y = range(z))
and
supset__separation: separation(M, X\ z. 3a. 3b. z = (a,b) A b C a)
begin

lemma fun_range eq: feA—B = {f‘ . i€domain(f) } = range(f)
(proof )

lemma FiniteFun_ fst_type:
assumes h€A-||>B peh
shows fst(p)edomain(h)
{proof )

lemma FinFun_closed:
M(A) = M(B) = M(J{n—AxB . ncw})

{proof)

lemma cons like It :
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assumes new fesuce(n)—AxB cons_like(f)
shows restrict(f,n)en—Ax B cons_like(restrict(f,n))

{proof)

A finite function f € A -||> B can be represented by a function g € n —
A x B, with n = |f].
lemma FiniteFun_iso_introl:

assumes f € (A -||> B)

shows dncw . Agen—AXB. FiniteFun_iso(A,B,n,g,f) A cons_like(qg)

(proof)

All the representations of f € A -||> B are equal.

lemma FiniteFun_isoD :
assumes n€w gen—Ax B feA-||>B FiniteFun__iso(A,B,n,g.f)
shows to_ FiniteFun(g) = f

(proof)

lemma to_FiniteFun_succ_eq :
assumes ne€w fesuce(n) — A
shows to_ FiniteFun(f) = cons(f‘n,to_ FiniteFun(restrict(f,n)))

{proof)

If g € n — Ax B is cons_like, then it is a representation of to_ FiniteFun(g).

lemma FiniteFun_iso__intro__to:
assumes n€w gen—Ax B cons_like(g)
shows to_ FiniteFun(g) € (A -||> B) A FiniteFun_iso(A,B,n,g,to_ FiniteFun(g))
{proof )

lemma FiniteFun_iso__intro2:
assumes n€w fen—AxB cons_like(f)
shows 3 g € (A -||> B) . FiniteFun_iso(A,B,n.f,q)
(proof )

lemma FiniteFun_eq range Repr :

shows {range(h) . h € FiniteFun_Repr(A,B) } = {to_FiniteFun(h) . h €
FiniteFun_ Repr(A,B) }

(proof)

lemma FiniteFun_eq to FiniteFun_Repr :
shows A-||>B = {to_FiniteFun(h) . h € FiniteFun_ Repr(A,B) }
(is 7Y=?X)
(proof)

lemma FiniteFun_Repr closed :
assumes M(A) M(B)
shows M (FiniteFun_ Repr(A,B))
(proof )
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lemma to FiniteFun closed:
assumes M(A) feA
shows M (range(f))

{proof)

lemma To FiniteFun_ Repr closed :

assumes M(A) M(B)
shows M ({range(h) . h € FiniteFun_ Repr(A,B) })
{proof)

lemma FiniteFun__closed[intro,simp) :
assumes M(A) M(B)
shows M(A -||> B)
{proof)

lemma Fnle_nat_closed[intro,simp):
assumes M(I) M(J)
shows M (Fnle(w,I,J))
(proof)

end

end

26 Relative, Cardinal Arithmetic Using AC

theory Cardinal AC _Relative
imports
ZF  Miscellanea
Interface
CardinalArith__Relative

begin

locale M_AC =
fixes M
assumes
choice__ax: choice__az(M)

locale M cardinal AC = M __cardinal_arith + M__AC
begin

lemma well _ord_surj imp_lepoll_rel:
assumes well_ord(A,r) h € surj(A,B) and
types:M(A) M(r) M(h) M(B)
shows B <M A
(proof)

lemma surj_imp_well ord M:
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assumes wos: well _ord(A,r) h € surj(A,B)
and
types: M(A) M(r) M(h) M(B)

shows 3 s[M]. well_ord(B,s)

{proof)

lemma choice_ax_well _ord: M(S) = Ir[M]. well_ord(S,r)
{proof)

end

locale M__Pi_assumptions choice = M__Pi_assumptions + M__cardinal _AC +
assumes
B__replacement: strong_replacement(M, Az y. y = B(z))
and
— The next one should be derivable from (some variant) of B_ replacement.
Proving both instances each time seems inconvenient.
minimum_ replacement: M (r) = strong__replacement(M, Az y. y = (x, minimum(r,

B(x))))
begin

lemma AC M:
assumes ¢ € A A\z. 2 € A = Jy. y € B(x)
shows 32[M]. z € Pi™(A, B)

(proof)

lemma AC_Pi_rel: assumes Az. z € A = Jy. y € B(x)
shows 32[M]. z € PiM(A, B)
(proof)

end

context M cardinal AC
begin

26.1 Strengthened Forms of Existing Theorems on Cardinals

lemma cardinal__rel_egpoll_rel: M(A) = |A\M ~M 7

(proof)

lemmas cardinal _rel_idem = cardinal rel_eqpoll rel [THEN cardinal_rel cong,
simp]

lemma cardinal_rel_eqE: | X|M = |Y|M ==> M(X) = M(Y) = X <My
(proof)

lemma cardinal _rel_egpoll_rel_iff: M(X) = M(Y) = |X|M = |Y|M «— X
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~My
(proof)

lemma cardinal_rel_disjoint__ Un:

[ [ A= B™; |CIM=|D[M; AN C = 0; BN D= 0; M(A); M(B); M(C);
M(D)|]

==>|AU CM = |BuU DM
(proof)

lemma lepoll rel imp_cardinal rel le: A ,SM B==> M(A) = M(B) = |A\M
< |BM
(proof )

lemma cadd_rel assoc: [M(i); M(j); M(k)] = (i @M j) @M k =i &M (j &M
k)
(proof )

lemma cmult_rel_assoc: [M(4); M(j); M(k)] = (i @M j) @M k =i oM (j @M
k)
{proof)

lemma cadd_cmult_distrib: [M(i); M(j); M(k)] = (i @M j) @M k = (1 @M k)
aM (j oM k)
(proof)

lemma InfCard_rel_square_eq: InfCardM(|AM) = M(A) = AxA ~M A
(proof)

26.2 The relationship between cardinality and le-pollence

lemma Card_rel le imp_lepoll rel:
assumes |A|M < |BM
and types: M(A) M(B)
shows A <M B

(proof)

lemma le_ Card_rel iff: CardM(K) ==> M(K) = M(4A) = \A|M < K +—
A<M K
(proof )

lemma cardinal_rel_0_iff 0 [simp]: M(A) = |[AM =0+ A=0
{proof)

lemma cardinal_rel_lt_iff lesspoll_rel:
assumes i: Ord(7) and
types: M(i) M(A)
shows i < [A|M «— i <M A
(proof)

163



lemma cardinal_rel_le_imp_lepoll_rel: i < |[AIM ==> M(i) = M(A) =i
<M 4
{proof)

26.3 Other Applications of AC

We have an example of instantiating a locale involving higher order variables
inside a proof, by using the assumptions of the first order, active locale.
lemma surj_rel implies inj rel:
assumes f: f € surjM(X,Y) and
types: M(f) M(X) M(Y)
shows 3 g[M]. g € inj™(V,X)
(proof)

Kunen’s Lemma 10.20
lemma surj_rel _implies_cardinal rel_le:
assumes f: f € surjM(X,Y) and
types:M(f) M(X) M(Y)
shows |V|M < |x|M

(proof)

end

The set-theoretic universe.

abbreviation
Universe :: i=0 () where
V(z) = True

lemma separation__absolute: separation(V, P)

{proof)

lemma univalent absolute:
assumes univalent(V, A, P) P(z, b) z € A
shows P(z, y) = y=b
(proof)

lemma replacement__absolute: strong _replacement(V, P)

(proof )

lemma Union_ax_absolute: Union__az(V)

(proof)

lemma upair_az__absolute: upair_az(V)
(proof)

lemma power _az__absolute:power _az(V)
(proof)
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locale M cardinal UN = M __Pi_assumptions_choice _ K X for K X +
assumes
— The next assumption is required by (Az. [?Q(z); Ord(z)] = Jy[M]. ?Q(y)
A Ord(y)) = M(p z. ?Q(z))
X witness_in_M: w € X(z) = M(x)
and
lam_m__replacement: M (f) = strong__replacement(M,
My y=(z,uize X@),f (pizeX({) ‘x)
and
inj_replacement:
M(z) = strong_replacement(M, Ay z. y € inf™(X(z), K) A z = {{(z, y)})
strong_replacement(M, Mz y. y = injM(X(z), K))
strong__replacement(M,
A\t z. 2 = Sigfun(z, Mi. infM(X (i), K)))
M(r) = strong__replacement(M,
ey y = (z, minimum(r, inj™(X(z), K))))

begin

lemma UN__closed: M(|Ji€K. X(i))
(proof )

Kunen’s Lemma 10.21

lemma cardinal rel UN _le:

assumes K: InfCard™(K)

shows (A\i. icK — |[X()|M < K) = |JieK. X(O)|IM < K
(proof)

end

end

27 Library of basic ZF' results

theory ZF Library_Relative
imports

Delta__ System__Lemma.ZF _Library
ZF-Constructible. Normal
Aleph__Relative— must be before Cardinal AC_Relative!
Lambda__Replacement
Cardinal _AC _Relative
FiniteFun__Relative

begin

lemma (in M__cardinal _arith__jump) csucc_rel cardinal_rel:
assumes Ord(k) M(k)
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shows (|k|MH)M = (x)M
(proof)
lemma (in M__cardinal_arith_jump) csucc_rel_le_mono:

assumes k < v M(k) M(v)
shows (kT)M < (vH)M

(proof)
lemma (in M_ cardinal _AC) cardinal_rel_succ_not_0: |A|M = succe(n) =
M(A) = M(n) = A#0
(proof )
(ML)
notation Finite _to_one_rel ((Finite’ _to’ _one—'(__, '))
abbreviation
Finite_to_one_r_set :: [i,i,i] = i ((Finite’_to’_one—'(_,_')) where

Finite_to_one™(X,Y) = Finite_to_one_rel(##M,X,Y)

locale M_ZF library = M__cardinal__arith + M__aleph + M__FiniteFun + M__replacement__extra
begin

lemma Finite_ Collect _imp: Finite({z€X . Q(z)}) = Finite({zeX . M(z) A
Q(z)})

(is Finite(?A) = Flinite(?B))

{proof)

lemma Finite_to_one_rell[intro:
assumes f: X—>MY Ay. yeY = Finite({zeX . fo = y})
and types:M(f) M(X) M(Y)
shows f € Finite_to_one(X,Y)
(proof)

lemma Finite_to_one_rell lintro):
assumes f:X—MY Ay. yeY = Finite({zeX . M(z) A f'z = y})
and types:M(f) M(X) M(Y)
shows f € Finite_to_one(X,Y)
(proof)

lemma Finite_to__one_relD|dest]:

f € Finite_to_oneM(X,Y) =f:X—My

f € Finite_to_one™(X,Y) = ye€Y = M(Y) = Finite({z€X . M(z) A f
=y})

(proof )

lemma Diff bij_rel:
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assumes VAeF. X C A
and types: M(F) M(X) shows (A€F. A-X) € bij™(F, {A-X. AcF})
(proof)

lemma function__space_rel_nonempty:

assumes b€B and types: M(B) M(A)
shows (A\zcA. b): A =M B

(proof)
lemma mem,__function__space_ rel:
assumes f € A =M y M(A) M(y)
shows fe A -y
(proof)
lemmas range_fun_ rel _subset__codomain = range_ fun__subset_codomain] OF mem__function__space__rel]

end

context M Pi assumptions
begin

lemma mem_Pi_rel: f € PiM(A,B) = f € Pi(A, B)
{proof)

lemmas Pi_rel _rangeD = Pi_rangeD[OF mem__Pi_rel)

lemmas rel_apply_Pair = apply_ Pair|OF mem__Pi_rel]

lemmas rel_apply _rangel = apply_rangel[OF mem__Pi_rel]

lemmas Pi_rel _range_eq = Pi_range_eq[OF mem__Pi_rel]

lemmas Pi_rel vimage_subset = Pi_vimage__subset| OF mem__Pi_rel]
end

context M_ZF library
begin

lemma mem_bij_rel: [f € bijM(A,B); M(A); M(B)] = fcbij(A,B)

(proof )
lemma mem._inj_rel: [f € inj™(A,B); M(A); M(B)] = fecinj(A,B)
(proof)
lemma mem_surj_rel: [f € suriM(A,B); M(A); M(B)] = fesurj(A,B)
(proof )
lemmas rel_apply in_range = apply_in_range[OF ___ mem__function__space_ rel]
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lemmas rel_range eq image = ZF _Library.range__eq image[OF mem__function__space_ rel]
lemmas rel_Image__sub__codomain = Image__sub__codomain|OF mem__function__space_ rel]

lemma rel_inj to Image: [f:A=MB; f € inj™(A,B); M(A); M(B)] = f €
injM(A,f<A)
{proof)

lemma inj rel _imp_surj rel:
fixes f b
defines [simp]: ifr(z) = if x€range(f) then converse(f)‘x else b
assumes f € inj™(B,A) beB and types: M(f) M(B) M(A)
shows (\z€A. ifr(z)) € surjM(A,B)

(proof)

lemma function_space_rel_disjoint_Un:
assumes f € A-MBge C-MD AnC =0
and types:M(A) M(B) M(C) M(D)
shows f U g€ (AU O)=M (B U D)
(proof )

lemma restrict_eq imp_ Un__into_ function__space_ rel:
assumes f € A-MB g e C—=MD restrict(f, AN C) = restrict(g, A N C)
and types:M(A) M(B) M(C) M(D)
shows f U g e (AU C)=»M (BU D)
(proof )

lemma lepoll_relD[dest]: A <M B — 3f[M]. f € injM(A, B)
{proof)

lemma lepoll_rell[intro]: f € inj™(A, B) = M(f) = A <M B
{proof)

lemma egpollD[dest]: A ~M B — 3 f[M]. f € bijM(A, B)
(proof )

lemma bij _rel_imp_eqpoll_rel[intro]: f € bij™(A,B) = M(f) = A~M B
(proof)

lemma restrict_bij rel:— Unused
assumes f € inj™(A,B) CCA
and types:M(A) M(B) M(C)
shows restrict(f,C)e bij™M(C, fC)
(proof)

lemma range of subset eqpoll_rel:
assumes f € injM(X,Y) S C X
and types:M(X) M(Y) M(S)
shows § ~M f <« g

{proof)
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end

(ML)

context M ZF library
begin

— MOVE THIS to an appropriate place
(ML)
(proof )

(ML)
(proof)

(ML) (proof)

end

(M)
notation is_cexp_ fm (<-7T— is_ %)
(ML)

abbreviation
cexp_r : [i,i,i=0] = i (<7Tf’—>) where
cexp_r(z,y,M) = cexp_rel(M,z,y)

abbreviation
cexp_r_set = [iyii] = i (_T——) where
cexp_r_set(x,y,M) = cexp_rel(##M,x,y)

context M ZF library
begin

lemma Card_cexp: M(k) = M(v) = Card(x"M)

(proof )
declare conj_cong[cong]

lemma eq csucc_rel_ord:
Ord(i) —> M(i) — (i)™ = (il M+)M
(proof )
lemma lesspoll__succ_rel:
assumes Ord(k) M(k)
shows k <M (5+)M

(proof )

lemma lesspoll_rel csucc_rel:
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assumes Ord(k)
and types:M (k) M(d)
shows d <M (k)M «— d <M ¢

(proof)

lemma Infinite _imp_ nats_lepoll:
assumes Infinite(X) n € w
shows n < X

{proof)

lemma nepoll _imp_nepoll rel :
assumes — z ~ X M(z) M(X)
shows - (z &M X)
(proof )

lemma Infinite_imp_ nats_lepoll rel:
assumes Infinite(X) n € w
and types: M(X)
shows n <M X
{proof)

lemma lepoll_rel_imp_lepoll: A <M B — M(A) = M(B) = A < B
{proof)

lemma zero_lesspoll_rel: assumes 0<x M(x) shows 0 <M
(proof)

lemma lepoll_rel_nat_imp_Infinite: w <M X = M(X) = Infinite(X)
{proof)

lemma InfCard_rel_imp_ Infinite: InfCard™ (k) = M(r) = Infinite(r)
{proof)

lemma It_surj rel _empty imp_Card_rel:
assumes Ord(k) \a. o < k = suriM(a,x) = 0
and types:M (k)
shows Card™ (k)

(proof)

end

(u)

notation mono_map_ rel (<mono’_map—'(_, . , D)
abbreviation

mono_map_r_set :: [i,i,4,4,9|=1 (¢<mono’_map—'(_,_, , ")) where
mono_mapM(a,r,b,s) = mono_map_rel(#4#M,a,r,b,s)
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context M_ZF library
begin

lemma mono_map_rel_char:
assumes M(a) M(b)
shows mono_map™(a,r,b,s) = {femono_map(a,r,b,s) . M(f)}
(proof)

Just a sample of porting results on mono__map

lemma mono_map_ rel_mono:
assumes
f € mono_map™(A,r,B,s) B C C
and types:M(A) M(B) M(C)
shows
f € mono_map™(A,r,C,s)
(proof)

lemma nats_le InfCard_rel:
assumes n € w InfCard™ (k)
shows n < k

{proof)

lemma nat_into InfCard_rel:
assumes n € w InfCard™ (k)
shows n € &k

{proof)

lemma Finite_cardinal_rel_in_nat [simp]:
assumes Finite(A) M(A) shows |A|M € w

(proof)

lemma Finite_cardinal_rel _eq cardinal:
assumes Finite(A) M(A) shows |A|M = |A|
(proof)

lemma Finite_imp_ cardinal rel_cons:
assumes FA: Finite(A) and a: a¢ A and types:M(A) M(a)
shows |cons(a,A)|M = succ(|A|M)
(proof )

lemma Finite_imp_ succ_cardinal__rel Diff:
assumes Finite(A) a € A M(A)
shows succ(|A-{a}|M) = |A|M

{(proof)

lemma InfCard_rel_Aleph_ rel:
notes Aleph_rel zero[simp)
assumes Ord(a)
and types: M ()
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shows InfCard™(R,M)
{(proof)

lemmas Limit_ Aleph_rel = InfCard_rel_Aleph_rel| THEN InfCard_rel_is_Limit)

bundle Ord_dests = Limit_is_Ord[dest] Card_rel is _Ord[dest]

bundle Aleph_rel dests = Aleph__rel_cont|dest]

bundle Aleph_rel intros = Aleph_rel increasing[intro!]

bundle Aleph_rel _mem__dests = Aleph_rel_increasing|OF ItI, THEN ItD, dest]

end

end

28 Cardinal Arithmetic under Choice

theory Replacement Lepoll
imports
ZF _Library__ Relative
Lambda__Replacement
begin

definition

lepoll_assumptions1(M,A,F,S, fa, K x,f,r) = Vz€S. strong_replacement(M, Ay
z.y € F(A, 2) Az = {(z, y)})

definition

lepoll_assumptions2(M,A,F .S fa,K ,x.f,r) = strong_replacement(M, \x z. z =
Sigfun(z, F(A)))

definition

lepoll_assumptions3(M,A,F,S fa, K x,f,r) = strong_replacement(M, \x y. y =
F(4, z))

definition

lepoll__assumptionsf(M,A,F,S fa, K x.f,r) = strong_replacement(M, Az y. y =
(x, minimum(r, F(A, z))))

definition

lepoll _assumptions5(M,AF,S fa, K ,z.f,r) =
strong_replacement(M, Az y. y = (z, p i. x € F(A, i), f ‘(n i. x € F(A, ©)) ‘x))

definition
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lepoll _assumptions6(M,AF,S fa, K, z,f,r) = strong_replacement(M, Ay z. y €
infM(F(A, 2),8) A z = {(z, y)})

definition

lepoll _assumptions7(M,A,F .S, fa, K x,f,r) = strong_replacement(M, Az y. y =
injM(F(A, 1),5))

definition

lepoll__assumptions8(M,A,F.,S fa,K x.f,r) = strong_replacement(M, \x z. z =
Sigfun(z, Ni. infM(F(A, i),5)))

definition

lepoll__assumptions9(M,A,F,S fa, K, x.f,r) = strong_replacement(M, Az y. y =
(z, minimum(r, infM(F(A, z),5))))

definition

lepoll _assumptions10(M,A,F,S fa,K x.f,r) = strong_replacement
(M, Az z. z = Sigfun(z, \k. if k € range(f) then F(A, converse(f) ‘ k)
else 0))

definition

lepoll__assumptions11(M,A,F .S, fa,K x.f,r) = strong_replacement(M, A\x y. y =
(if x € range(f) then F(A, converse(f) ‘ z) else 0))

definition

lepoll _assumptions12(M,A,F.,S fa,K x,f,r) = strong_replacement(M, Ay z. y €
F(A, converse(f) ‘z) A z = {{z, y)})

definition

lepoll _assumptions13(M,A,F.,S fa,K x.f,r) = strong_replacement
(M, Xz y. y = (z, minimum(r, if © € range(f) then F(A,converse(f) * x)
else 0)))

definition

lepoll _assumptions1f(M,A,F,S fa,K x.f,r) = strong_replacement
(M, Mz y. y=(z, pi z € (if i €range(f) then F(A, converse(f) ‘i) else

fa “ (ui. x € (if i € range(f) then F(A, converse(f) 1) else
0)) “ x))
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definition
lepoll _assumptions15(M,A,F.,S,fa,K x.f,r) = strong_replacement
(M, My z. y € infM(if z € range(f) then F(A, converse(f) ‘ z) else 0,K) A
z={(z, })

definition
lepoll _assumptions16(M,A,F,S fa,K,x,f,r) = strong_replacement(M, Az y. y =
ingM(if = € range(f) then F(A, converse(f) ) else 0,K))

definition
lepoll_assumptions17(M,A,F,S, fa,K x.f,r) = strong_replacement
(M, Az z. z = Sigfun(z, M. in™(if i € range(f) then F(A, converse(f)
‘1) else 0,K)))

definition
lepoll_assumptions18(M,A,F,S,fa, K ,z,f,r) = strong_replacement
(M, Az y. y = (z, minimum(r, inf™(if z € range(f) then F(A, converse(f)
‘x) else 0,K))))

lemmas lepoll__assumptions_defs[simp] = lepoll _assumptionsi__def
lepoll__assumptions2__def lepoll _assumptions3__def lepoll _assumptions4__def
lepoll__assumptionss__def lepoll _assumptions6__def lepoll _assumptions7 _def
lepoll__assumptions8__def lepoll _assumptions9_def lepoll _assumptions10_def
lepoll__assumptions11_def lepoll _assumptions12_ def lepoll _assumptionsl13 def
lepoll _assumptions1/__def lepoll _assumptions15__ def lepoll assumptions16__def
lepoll _assumptions17_def lepoll _assumptions18_def

definition if range_F where
[simp]: if _range_F(H,f,7) = if i € range(f) then H(converse(f) ‘i) else 0

definition if range F else_F where
if _range_F_else_ F(H,b,f,i) = if b=0 then if range_F(H,f,i) else H(i)

lemma (in M_ basic) lam__ Least__assumption__general:
assumes
separations:
YV A'[M]. separation(M, \y. Jz€A’. y=(x, pi. z € if _range_F_else_ F(F(A),b,f,7)))
and
mem__F_bound:\zx c. x€F(A,c) = ¢ € range(f) U U(A)
and
types: M(A) M(b) M(f) M(U(A))
shows lam_ replacement(M Az . p i. © € if _range F _else F(F(A),b.f,7))
(proof)

lemma (in M_basic) lam__ Least__assumption__ifM_b0:
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fixes F

defines F = )\ z. if M(x) then z else 0

assumes
separations:

YV A'[M]. separation(M, \y. Jz€A’. y = (x, pi. x € if _range_F_else_F(F(A),0,f,i)))
and
types: M(A) M(f)

shows lam_ replacement(M z . p i. © € if _range_F_else F(F(A),0.f,7))

(is lam__replacement(M Az . Least(?P(x))))

(proof)

lemma (in M_replacement__extra) lam__Least _assumption__if M__bnot0:
fixes F
defines F = \__ x. if M(z) then z else 0
assumes
separations:
YV A'[M]. separation(M, \y. Jz€A'. y=(z, ui. x € if _range_F _else F(F(A),b.f,i)))
separation(M,Ord)
and
types:M(A) M(f)
and
b#£0
shows lam__replacement(M,\x . p i. x € if _range F__else F(F(A),b,f,i))
(is lam__replacement(M Az . Least(?P(z))))
(proof)

lemma (in M_replacement__extra) lam__Least _assumption_drSR_Y:
fixes Fr' D
defines F = drSR_Y(r',D)
assumes V A'[M]. separation(M, Ay. 3z€ A’ y=(x, pi. z € if range F else F(F(A),b.f,i)))
M(A) M(b) M(F) M(r")
shows lam__replacement(M,\z . p i. x € if _range F__else F(F(A),b,f,i))
(proof)

locale M replacement_lepoll = M__replacement extra + M__inj +
fixes F
assumes
F_type[simp]: M(A) = Vz[M]. M(F(A,z))
and
lam__lepoll _assumption_F:M(A) = lam__replacement(M,F(A))
and
— Here b is a Boolean.
lam__Least__assumption:M(A) = M(b) = M(f) =
lam__replacement(M \x . p i. x € if _range F_else F(F(A),b,f,i))
and
F _args closed: M(A) = M(z) = = € F(4,i) = M(i)
and
lam.__replacement_inj _rel:lam_replacement(M, Ap. inj™ (fst(p),snd(p)))
begin
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declare if range F _else F def[simp]

lemma lepoll__assumptionsi:
assumes types[simp]: M (A4) M(S)
shows lepoll _assumptions1(M,A,F.S fa,K x.f,r)
(proof )

lemma lepoll__assumptions2:
assumes types[simp]:M(A) M(S)
shows lepoll _assumptions2(M,A,F,S. fa, K z.f,r)
(proof )

lemma lepoll _assumptions3:
assumes types[simp|: M (A)
shows lepoll _assumptions3(M,AF,S, fa,K x.f,r)
(proof )

lemma lepoll__assumptions/:
assumes types[simp]:M(A) M(r)
shows lepoll__assumptionsf(M,A,F.S fa,K x.f,r)
(proof )

lemma lam_Least closed :

assumes M(A) M(b) M(f)

shows Vz[M]. M(p i. z € if range F else F(F(A),b.f,i))
(proof )

lemma lepoll assumptionss:
assumes
types[simpl: M (A) M(f)
shows lepoll _assumptionss(M,AF,S fa,K x.f,r)
(proof)

lemma lepoll assumptions6:
assumes types[simp]:M(A) M(S) M(z)
shows lepoll _assumptions6(M,A,F,S,fa, K x,f,r)
(proof )

lemma lepoll assumptions7:
assumes types[simp|:M(A) M(S) M(z)
shows lepoll _assumptions?7(M,A,F,S,fa,K ,z.f,r)
(proof )

lemma lepoll assumptionss:
assumes types[simp]:M(A) M(S)
shows lepoll _assumptions8(M,A,F,S fa,K,xf,r)
(proof )
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lemma lepoll assumptions9:
assumes types[simp]:M(A) M(S) M(r)
shows lepoll _assumptions9(M,A,F,S. fa, K ,x.f,r)
(proof )

lemma lepoll assumptions10:
assumes types[simp]: M(A) M(f)
shows lepoll__assumptions10(M,A,F.,S,fa, K x.f,r)
(proof )

lemma lepoll__assumptions11:
assumes types[simp): M(A) M(f)
shows lepoll _assumptions11(M, A, F, S, fa, K, z, f, 1)
(proof)

lemma lepoll__assumptions1?2:
assumes types[simp]: M (A) M(z) M(f)
shows lepoll _assumptions12(M,A,F.,S, fa,K x.f,r)
(proof )

lemma lepoll__assumptions13:
assumes types[simp]:M(A) M(r) M(f)
shows lepoll__assumptions13(M,A,F.S fa,K x.f,r)
(proof)

lemma lepoll _assumptionsly:
assumes types[simp]:M(A) M(f) M(fa)
shows lepoll _assumptions1f(M,A,F.S fa,K x.f,r)
(proof)

lemma lepoll assumptionsis:
assumes types[simp]: M (A) M(z) M(f) M(K)
shows lepoll__assumptions15(M,A,F.,S, fa,K x.f,r)
(proof)

lemma lepoll__assumptionsi6:
assumes types[simp]:M(A) M(f) M(K)
shows lepoll__assumptions16(M,A,F.S,fa,K x.f,r)
(proof )

lemma lepoll__assumptions17:
assumes types[simp]:M(A) M(f) M(K)
shows lepoll__assumptions17(M,A,F,S, fa,K x.f,r)
(proof)

lemma lepoll assumptions18:
assumes types[simp]:M(A) M(K) M(f) M(r)
shows lepoll__assumptions18(M,A,F.,S fa,K x.f,r)
(proof )

177



lemmas lepoll assumptions = lepoll assumptions! lepoll _assumptions?2
lepoll__assumptions3 lepoll__assumptionsj lepoll _assumptionsd
lepoll__assumptions6 lepoll _assumptions7 lepoll _assumptions8
lepoll _assumptions9 lepoll _assumptionsl0 lepoll _assumptionsl1
lepoll _assumptions12 lepoll _assumptions18 lepoll__assumptionsl
lepoll _assumptions15 lepoll _assumptions16
lepoll__assumptions17 lepoll _assumptions18

end

end
theory Separation_Instances
imports

Discipline__ Function
Forcing Data
FiniteFun_Relative
Cardinal__Relative
Replacement__Lepoll

begin

28.1 More Instances of Separation

The following instances are mostly the same repetitive task; and we just
copied and pasted, tweaking some lemmas if needed (for example, we might
have needed to use some closedness results).

declare Inl_iff sats [iff _sats]

declare Inr_iff sats [iff _sats]
(ML)

lemma iff sym : P(z,a) +— a = f(z) = P(z,a) <— f(z) = a
{proof)

lemma subset_iff sats [iff _sats]:
[| nth(i,env) = xz; nth(k,env) = z;
i € nat; k € nat; env € list(A)|]
==> subset(##A, x, z) +— sats(A, subset_fm(i,k), env)
(proof)

definition radd_body :: [i,i,i] = o where
radd_body(R,S) = Az. 3z y. z = (Inl(z), Inr(y))) V
(Fz’ . z = (Inl(z'), Inl(z)) A (z', 2) € R) V
By y. 2= (nr(y’), Inr(y)) A (Y, y) € S)

(ML)
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lemma (in M_ZF _trans) separation_is_radd_ body:
(#H#HM)(r) = (##M)(A) = separation(##M, is_radd_body(##M,A,r))
(proof)

lemma (in M_ZF trans) radd_body__abs:
assumes (##M)(R) (##M)(S) (###M)(z)
shows is_radd_body(#+#M,R,S,z) +— radd_body(R,S,x)
(proof )

lemma (in M__ZF _trans) separation_radd_body:
(##M)(R) = (##M)(S) = separation
(##M, Az. Bz y. z = (Inl(z), Inr(y))) V
3z’ z. z = (Inl(z"), Inl(z)) A (z’, ) € R) V
(Fy'y. 2 = (Inr(y"), Inr(y)) Ay, y) € 5))
(proof )

definition well ord_body :: [i=>0,i,i,i,i] = o where
well_ord_body(N,A,f,r.x) =z € A — (Fy[N]. Ap[N]. is_apply(N, f, z, y) A
pair(N, y, x, p) A p € 1)

(ML)

lemma (in M_ZF _trans) separation_well _ord body:

(H#H#M)(f) = (#4M)(r) = (##M)(A) = separation(##M, well_ord_body(#4M,A.f,r))
(proof)

lemma (in M_ZF _trans) separation_well_ord:
(#H#H#M)(f) = (##M)(r) = (##M)(A) = separation
(BHM, Az 3 € A — (3y[##M]. Ipl##M). is_apply(#4M, f, 7, y) A
pair(#4#M, y, ©, p) A p € 1))
(proof )

definition is_obase body :: [i=0,i,i,i] = o where
is_obase_body(N,A,r,z) =z € A —
- (Fy[N].
I g[N].
ordinal(N, y) A
(@ my[N].
3 par[N].

membership(N, y, my) A
pred_set(N, A, x, v, par) A
order_isomorphism(N, pxr, v, y, my, g)))

(ML)
lemma (in M_ZF _trans) separation_is_obase__body:

(#H#M)(r) = (##M)(A) = separation(##M, is_obase__body(##M,A,r))
(proof)
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lemma (in M_ZF _trans) separation_is_obase:
HHM)) = (FRM)(r) = (#4M)(4) = separation
(HH#M, Aoz € A —
- (Jyl##M].
3 gl##M].
ordinal(#H#M, y) N
(3 my[#4EM).
3 par[#H#M)].
membership(#H#M, y, my) A
pred_set(##M, A, x, v, pzr) A
order__isomorphism(#H#M, pzr, r, y, my, g))))
(proof )

definition is_obase__equals :: [i=o0,i,i,i] = o where
is_obase__equals(N,A,r,a) = Jz[N].
Jg[N].
I mz[N].
3 par|N].

ordinal(N, z) A

membership(N, x, mz) A

pred_set(N, A, a, r, par) A order_isomorphism(N, par,
7‘7 x’ mx? g)

(ML)

lemma (in M_ZF trans) separation_obase__equals__aux:
(#H#HM)(r) = (##M)(A) = separation(##M, is_obase _equals(##M,A,r))
(proof)

lemma (in M__ZF _trans) separation__obase__equals:
(#H#M)(f) = (##M)(r) = (##M)(A) = separation
(##M, Na. Fz[#H#M)].
3 gl M).
I ma[#H#M)].
I par[#+#M].
ordinal(##M, ) A
membership(##M, x, mz) A
pred_set(##M, A, a, r, par) N order_isomorphism(##M,
par, v, T, mzx, g))
(proof)

definition id_body :: [i,i] = o where
id_body(A) = Az. Fz€A. z = (z, z)
(ML)

lemma (in M_ZF _trans) separation_is_id_ body:
(##M)(A) = separation(## M, is_id_body(##M,A))
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{proof)

lemma (in M__ZF _trans) id_body__abs:

assumes (#H#M)(A) (##M)(z)
shows is_id_body(#+#M,A,z) <— id_body(A,z)

{proof)

lemma (in M__ZF _trans) separation__id_ body:
(##M)(A) = separation
(#H#M, \z. Fz€A. z = (z, z))
(proof)

definition rvimage_body :: [i,i,i] = o where
rvimage_body(f,r) = Az. 3z y. z={x, y)y AN {f ‘a, f‘y) €r

(ML)

lemma (in M_ZF _trans) separation__is_rvimage__body:
(#H#HM)(f) = (##M)(r) = separation(##M, is_rvimage__body(##M.f,r))
(proof )

lemma (in M_ZF _trans) rvimage_body _abs:

assumes (##M)(R) (##M)(S) (##M)(z)
shows is_rvimage _body(## M ,R,S,x) <— rvimage body(R,S,z)

{proof)

lemma (in M_ZF _trans) separation_rvimage__body:
(#H#HM)(f) = (##M)(r) = separation
(#H#M, Az. Jzy. 2= (2, 9) ANf ‘2, [y €71)
(proof )

definition rmult_body :: [i,i,i] = o where
rmult_body(b,d) = Az. Az’ y' zy. z= {2/, y), z, y) AN (g, z) e bV ' =2 A
(y', y) € d)

(ML)

lemma (in M_ZF _trans) separation_is_rmult _body:
(#H#M)(b) = (#H#M)(d) = separation(##M, is_rmult_body(##M,b,d))
(proof)

lemma (in M_ZF _trans) rmult_body__abs:

assumes (A4M)(b) (4M)(d) (H4M)(2)
shows is_rmult_body(##M,b,d,x) +— rmult_body(b,d,z)

(proof )

lemma (in M_ZF _trans) separation_rmult_body:
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(##M)(b) = (##M)(d) = separation
(FHM, Az. Ja"y' zy. 2= (2, y), 7, y) A ((z',2) €DV 2" =2 A (Y, y)
€ d))
{proof)

definition ord_iso_body :: [i,i,i,i] = o where
ord_iso_body(A,r,s) = M. Va€A. VycA. (x, y) e r«— (f ‘x, f ‘y) € s

(ML)

lemma (in M__ZF _trans) separation_is_ord_iso_body:
(#H#HM)(A) = (#H#M)(r) = (#H#M)(s) = separation(##M, is_ord_iso_body(## M, A,r,s))
(proof )

lemma (in M_ZF _trans) ord_iso__body__abs:

assumes (##M)(A) (##M)(r) (##M)(s) (##M)(z)
shows is_ord _iso_body(##M,A,r s,x) <— ord_iso_body(A,r,s,x)

{proof)

lemma (in M_ZF _trans) separation__ord_iso_body:
(#H#M)(A) = (##M)(r) = (##M)(s) = separation
(#HM, \f.VeecA. VycA. (z,y) e r+— (f‘z, [ y) €9)
(proof)

(ML)

lemma (in M_ZF _trans) separation_ PiP_rel:
(##M)(A) = separation(##M, PiP_rel(##M,A))
(proof )

(ML)

lemma (in M_ZF _trans) separation_injP _rel:
(##M)(A) = separation(##M, injP_rel(##M,A))
(proof )

(ML)

lemma (in M_ZF _trans) separation_surjP_rel:
(##M)(A) = (##M)(B) = separation(#+#M, surjP_rel(##M,A,B))
(proof )

(ML)

lemma (in M_ZF _trans) separation__cons_like rel:
separation(##M, cons_like_rel(##M))
(proof)
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definition supset_body :: [i] = o where
supset_body = A z. Ja. 3b. . = (a,b) A b C a

(ML)

lemma (in M_ZF _trans) separation_is_supset_body:
separation(## M, is_supset_body(##M))
(proof )

lemma (in M_ZF trans) supset_body abs:
assumes (##M)(z)
shows is_supset body(## M ,x) +— supset_body(x)
(proof )

lemma (in M__ZF _trans) separation__supset_body:
separation(##M, X z. Ja. 3b. z = (a,b) A b C a)
(proof )

lemma (in M_ZF _trans) separation_is_fst:
(##M)(a) = separation(#H#M, Az . is_fst(##M,x,a))
(proof )

lemma (in M_ZF _trans) separation_ fst _equal:
(##M)(a) = separation(##M, Az. fst(z) = a)
(proof )

lemma (in M_ZF _trans) separation_is__apply:
(#H#M)(f) = (##M)(a) = separation(##M, Az . is_apply(##M.f,z,a))
(proof )

lemma (in M__ZF _trans) separation__equal__apply:
(##M)(f) = (##M)(a) = scparation(##M, Az. fz = a)
(proof )

definition id_rel :: [i=r0,i] = o where
id_rel(A) = Az. Az[A]. z = (x, )
(M)

lemma (in M_ZF trans) separation_is_id_rel:
separation(## M, is_id_rel(##M))
(proof )

lemma (in M_ZF trans) id_rel_abs:
assumes (##M)(x)
shows is_id_rel(##M,x) «— id_rel(##M,x)
(proof)

lemma (in M_ZF trans) separation__id_ rel:
separation(## M, Az. Jz[#H#M]. z = (z, z))
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{proof)

definition sndfst_eq fstsnd :: [i{] = o where
sndfst_eq_fstsnd = Az. snd(fst(z)) = fst(snd(x))
(ML)

lemma (in M__ZF _trans) separation_is_sndfst_eq fstsnd:
separation(##M, is_sndfst_eq fstsnd(##M))
(proof)

lemma (in M_ZF _trans) sndfst_eq _fstsnd__abs:
assumes (##M)(z)
shows is_sndfst_eq fstsnd(##M,x) «— sndfst_eq_fstsnd(x)
(proof )

lemma (in M_ZF _trans) separation__sndfst_eq fstsnd:
separation(## M, Az. snd(fst(x)) = fst(snd(z)))
(proof )

definition fstfst_eq fstsnd :: [i] = o where

fstfst_eq_fstsnd = Ax. fst(fst(x)) = fst(snd(zx))
(ML)

lemma (in M_ZF trans) separation_is_fstfst _eq fstsnd:
separation(## M, is_fstfst_eq fstsnd(##M))
(proof )

lemma (in M_ZF trans) fstfst_eq fstsnd_abs:
assumes (##M)(x)
shows is_fstfst_eq fstsnd(##M,x) <— fstfst_eq fstsnd(x)
(proof)

lemma (in M__ZF _trans) separation_ fstfst_eq fstsnd:

separation(## M, Ax. fst(fst(z)) = fst(snd(z)))
{proof)

definition fstfst eq :: [i,i]] = o where

fstfst_eq(a) = Az. fst(fst(z)) = a
(ML)

lemma (in M_ZF _trans) separation_is_fstfst_eq:
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(##M)(a) = separation(## M, is_fstfst _eq(##M,a))
(proof )

lemma (in M_ZF _trans) fstfst_eq abs:

assumes (##M)(a) (##M)(z)
shows is_ fstfst _eq(##M,a,x) «— fstfst_eq(a,x)

{proof)

lemma (in M__ZF _trans) separation_ fstfst_eq:
(##M)(a) = separation(#H#M, Az. fst(fst(z)) = a)
(proof )

definition restrict_elem :: [i,i,i] = o where
restrict_elem(B,A) = \y. Jz€A. y = (x, restrict(z, B))

(ML)

lemma (in M_ZF _trans) separation_is_restrict_elem:
(##M)(B) = (##M)(A) = separation(##M, is_restrict_elem(##M,B,A))
(proof )

lemma (in M_ZF _trans) restrict_elem__abs:

assumes (##M)(B) (##M)(A) (##M)(z)

shows is_restrict_elem(##M,B,A,x) <— restrict_elem(B,A,x)

{proof)

lemma (in M_ZF _trans) separation_restrict_elem__auz:

(##M)(B) = (##M)(A) = separation(##M, Ny. Jz€A. y = (z, restrict(z,
B)))

(proof )

lemma (in M_ZF _trans) separation_ restrict__elem:
(##M)(B) = V A[##M]. separation(##M, \y. Jz€A. y = (z, restrict(z, B)))
(proof )

lemma (in M_ZF _trans) separation__ ordinal:
separation(## M, ordinal(##M))

{proof)

lemma (in M_ZF _trans) separation_ Ord:
separation(## M, Ord)
(proof )

definition insnd_ballPair :: [,i,i] = o where
insnd_ballPair(B,A) = Ap. Vz€B. z € snd(p) +— (Vs€fst(p). (s, ) € A)
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(ML)

lemma (in M_ZF _trans) separation_is_insnd_ballPair:
(##M)(B) = (##M)(A) = separation(##M, is_insnd_ballPair(##M,B,A))
(proof)

lemma (in M_ZF _trans) insnd_ballPair_abs:

assumes (##M)(B) (##M)(A) (##M)(z)
shows is_insnd_ballPair(##M,B,A,x) +— insnd_ballPair(B,A,x)

(proof)

lemma (in M_ZF _trans) separation__insnd_ballPair _aux:

(##M)(B) = (##M)(A) = separation(##M, A\p. Vz€B. © € snd(p) +—
(Vsefst(p). (s, z) € A4))

(proof )

lemma (in M_ZF trans) separation_insnd__ballPair:
(##M)(B) = YV A[## M]. separation(## M, \p. Vz€B. x € snd(p) +— (VY s€fst(p).
(s, z) € A)

(proof )

definition bex restrict _eq dom :: [i,i,i,i] = o where
bex_restrict_eq _dom(B,A,x) = Adr. Ir€A . restrict(r,B) = z N\ dr=domain(r)

(ML)

lemma (in M_ZF trans) separation_is_bex_restrict_eq dom:
(##M)(B) = (##M)(A) = (##M)(z) = separation(## M, is_bex_restrict _eq dom(##M,B,A,x))

(proof)
lemma (in M_ZF _trans) bex_restrict_eq dom__abs:

assumes (##M)(B) (##M)(A) (##M)(z) (#4M)(dr)
shows is_bex_restrict _eq dom(#+#M,B,A,x,dr) +— bex_restrict_eq dom(B,A,x,dr)

{proof)

lemma (in M_ZF _trans) separation_restrict_eq dom__eq auz:
(#H#M)(A) = (##M)(B) = (##M)(z) = separation(##M, \dr. IreA
. restrict(r,B) = x A dr=domain(r))
(proof)

lemma (in M_ZF _trans) separation_restrict_eq dom__eq:
(##M)(A) = (##M)(B) = Va[##M)]. separation(##M, \dr. IreA .
restrict(r,B) = = A dr=domain(r))

{proof)

definition insnd_restrict_eq dom :: [i,i,i,i] = o where
insnd_restrict_eq _dom(B,A,D) = Ap. Vz€D. x € snd(p) «— (IreA. restrict(r,
B) = fst(p) A x = domain(r))
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definition is_insnd_restrict_eq dom :: [i=0,i,i,i,i] = o where
is_insnd_restrict_eq dom(N,B,A,D,p) =
I ¢[N].
Ja[N].
(Vz[N]. 2 € D — z € a <— (Ir[N]. Ib[N]. (r € A Arestriction(N,
r, B, b)) A b=c A is_domain(N, r, x))) A
is_snd(N, p, a) A is_fst(N, p, c)

(ML)

lemma (in M_ZF _trans) separation_is_insnd_restrict_eq dom:
(##M)(B) = (##M)(A) = (##M)(D) = separation(##M, is_insnd_restrict _eq dom(#+#M,B,A,D
(proof)

lemma (in M__basic) insnd_restrict_eq dom__abs:

assumes (M)(B) (M)(A) (M)(D) (M)(z)

shows is_insnd_restrict_eq _dom(M,B,A,D.x) +— insnd_restrict_eq dom(B,A,D,z)
(proof )

lemma (in M_ZF _trans) separation_restrict_eq dom__eq pair_aux:
(##M)(A) = (##M)(B) = (##M)(D) =
separation(##M, Ap. Vz€D. x € snd(p) «— (IreA. restrict(r, B) = fst(p)
Az = domain(r)))
(proof)
lemma (in M_ZF _trans) separation__restrict_eq dom__eq pair:
(##M)(A) = (##M)(B) =
Y D[##M]. separation(##M, A\p. Vz€D. x € snd(p) +— (IreA. restrict(r, B)
= fst(p) N x = domain(r)))
(proof )

(ML)
definition ifrFb_body where

ifrFb_body(M,b.f,x,i) = x €

(if b = 0 then if i € range(f) then

if M(converse(f) i) then converse(f) ‘i else 0 else 0 else if M (i) then i else 0)
(ML)

definition ifrangeF _body :: [i=0,i,i,i,i] = o where
ifrangeF_body(M,A,b,f) = \y. Jax€A. y = (z,u i. ifrFb_body(M,b,f,x,i))

(ML)

lemma (in M_ZF _trans) separation__is_ifrangeF _body:
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(#H#HM)(A) = (#H#M)(r) = (#H#M)(s) = separation(## M, is_ifrangeF body(#+#M,A,r,s))
(proof )

lemma (in M_ basic) is_ifrFb_body_ closed: M (r) = M(s) = is_ifrFb_body(M,
T, 8, T, 1) = M(1)

{proof)

lemma (in M_ZF _trans) ifrangeF_body abs:

assumes (#4M)(A) (##M)(r) (#H#M)(s) (##M)(z)
shows is_ifrangeF_body(#+#M,A,r,s,z) <— ifrangeF_body(##M,A,r,s,x)

(proof)

lemma (in M_ZF _trans) separation__ifrangeF _body:
(#H#M)(A) = (##M)(b) = (##M)(f) = separation
(#H#M, Ny, Ja€A. y=(z, pi. z € if range F_else. F(A\z. if (##M)(x)
then z else 0, b, f, 7))
(proof )

definition ifrFb_body2 where

ifrFb_body2(M,G,b,f,z,i) = x €

(if b = 0 then if i € range(f) then

if M(converse(f) ¢ i) then G‘(converse(f) ‘i) else 0 else 0 else if M (i) then G
else 0)

(ML)

ifrangeF_body2(M,A,G,b,f) = \y. Fz€A. y = (x,u i. ifrFb_body2(M,G,b,f,x,i))
(ML)

lemma (in M_ZF trans) separation__is_ifrangeF _body2:

(#H#M)(A) = (##M)(G) = (#4#M)(r) = (##M)(s) = separation(#+M,
is_ifrangeF_body2(##M,A,G,r,s))

(proof )

lemma (in M_basic) is_ifrFb_body2_ closed: M(G) = M(r) = M(s) =
is_ifrFb_body2(M, G, r, s, z, i) = M(1)
{proof)

lemma (in M_ZF _trans) ifrangeF _body2__abs:

assumes (##M)(A) (##M)(G) (##M)(r) (F#4#M)(s) (##M)(z)
shows is_ifrangeF_body2(##M,A,G,r,s,x) <— ifrangeF _body2(#+#M,A,G,r,s,x)

(proof)

lemma (in M_ZF _trans) separation__ifrangeF _body2:
(#H#M)(A) = (##M)(G) = F#H#M)(b) = (##M)(f) =
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separation

(##M,
Ay. JzeA.
y =
(x, pi.xe
if _range F _else F(Xa. if (##M)(a) then G ‘ a else 0, b, f,
i)
(proof )

definition ifrFb_body3 where

ifrFb_body3(M,G,b,f,z,i) = z €

(if b = 0 then if ¢ € range(f) then

if M(converse(f) i) then G-‘{converse(f) ¢ i} else 0 else 0 else if M(%) then
G-‘{i} else 0)

(ML)

ifrangeF_body3(M,A,G,b,f) = Ay. FJz€A. y = (x,u i. ifrFb_body3(M,G,b,f,x,i))
(ML)

lemma (in M__ZF _trans) separation_is_ifrangeF _body3:

(#H#M)(A) = (##M)(G) = (F#M)(r) = (F##M)(s) = separation(##M,
is_ifrangeF _bodyS(##M,A,G,r,s))

(proof )

lemma (in M_basic) is_ifrFb_body3 closed: M(G) = M(r) = M(s) =
is_ifrFb_body3(M, G, r, s, z, i) = M(%)
{proof)

lemma (in M_ZF _trans) ifrangeF _body3 _abs:

assumes (##M)(A) (##M)(G) (##M)(r) (F#H#M)(s) (#H#M)(z)
shows is_ifrangeF_body3(##M,A,G,r,s,x) <— ifrangeF_body3(#+#M,A,G,r,s,z)

(proof)

lemma (in M_ZF _trans) separation__ifrangeF _body3:
(#H#M)(A) = (#H#M)(G) = (##M)(b) = (##M)(f) =

separation

(#4#M,

Ay. JzeA.
y =
(x, pi.ze

if _range F else F(Aa. if (##M)(a) then G-‘{a} else 0, b,
£, 1))
{proof)

189



definition ifrF'b_body/ where
ifrFb__body4(G,b,f,x,0) = x €
(if b = 0 then if i € range(f) then G(converse(f) ‘i) else 0 else G%)

(ML)

ifrangeF_body4(M,A,G,b.f) = \y. Jz€A. y = (x,p 1. ifrFb_bodyf(G,b,f,x,i))
(ML)

lemma (in M_ZF _trans) separation_is_ifrangeF _body4:

(#H#M)(A) = (##M)(G) = (F#M)(r) = (F##M)(s) = separation(##M,
is_ifrangeF _bodyl(##M,A,G,r,s))

(proof )

lemma (in M_basic) is_ifrFb_body4_closed: M(G) = M(r) = M(s) =
is_ifrFb_body4(M, G, r, s, x, i) = M (%)
{proof)

lemma (in M_ZF _trans) ifrangeF _bodyj _abs:

assumes (##M)(A) (##M)(G) (##M)(r) (#4#M)(s) (##M)(z)
shows is_ifrangeF_bodyj(##M,A,G,rs,x) +— ifrangeF _bodyf(##M,A,G,r,s,x)

(proof)

lemma (in M_ZF _trans) separation__ifrangeF _body/:
(#H#M)(A) = (#H#M)(G) = (##M)(b) = (#H#M)(f) =
separation(##M, Ny. Jz€A. y = (x, p i. x € if _range_F_else_ F(()(G),
b, f, 1))
(proof)

definition ifrF'b_body5 where

ifrFb_body5(G,b,f,x,i) = x €

(if b = 0 then if i € range(f) then {xa € G . converse(f) ‘i € za} else 0 else {za
€ G.i€ za})

(ML)

ifrangeF_body5(M,A,G,b,f) = Ay. Jz€A. y = (z,u i. ifrFb_body5(G,b,f,x,7))
(ML)
lemma (in M_ZF _trans) separation__is_ifrangeF _body5:

(#H#M)(A) = (##M)(G) = (##M)(r) = (##M)(s) = separation(#7# M,
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is_ifrangeF_body5(##M,A,G r,s))
(proof)

lemma (in M_basic) is_ifrFb_bodys_closed: M(G) = M(r) = M(s) =
is_ifrFb_body5(M, G, r, s, z, i) = M(%)
{proof)

definition toplevel6_body :: [i,i] = o where
toplevel6_body(R) = Az. domain(z) = R

(ML)

lemma (in M__ZF _trans) separation_is_toplevel6__body:
(##M)(A) = separation(#+#M, is_toplevel6__body(##M,A))
(proof)

lemma (in M_ZF _trans) toplevel6__body__abs:

assumes (##M)(R) (##M)(z)
shows is_toplevel6_body(##M,R,x) +— toplevel6__body(R,z)

(proof)

lemma (in M_ZF _trans) separation_toplevel6_body:
(##M)(R) = separation
(##M, \z. domain(z) = R)
(proof )

lemma (in M_ZF _trans) ifrangeF _body5__abs:

assumes (##M)(A) (##M)(G) (##M)(r) (#4#M)(s) (##M)(z)
shows is_ifrangeF_body5(##M,A,G,r,s,z) <— ifrangeF _bodys (##M,A,G,r,s,x)

{(proof)

lemma (in M_ZF _trans) separation__ifrangeF _body5:
(#H#M)(A) = (#H#M)(G) = (##M)(b) = (#H#M)(f) =
separation(##M, Ny. FJz€A. y = (z, p i. x € if_range F_else_ F(\z. {za
€ G.x€uxa}l, b, f, Q)
(proof )

definition ifrF'b__body6 where

ifrFb_body6(G,b.f,x,i) = z €

(if b = 0 then if i € range(f) then {peG . domain(p) = converse(f) ‘ i} else 0
else {peG . domain(p) = i})

(ML)

ifrangeF_body6(M,A,G,b,f) = Ay. Jz€A. y = (z,u i. ifrFb_body6(G,b,f,x,7))
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(ML)

lemma (in M_ZF _trans) separation_is_ifrangeF _bodyoG:
(#H#M)(A) = (##M)(G) = (##M)(r) = (##M)(s) = separation(## M,
is_ifrangeF_body6(##M,A,G r,s))

{proof)

lemma (in M_ basic) ifrFb_body6_closed: M(G) = M(r) = M(s) = ifrFb_body6(G,
T, 8, &, 1) «— M(i) A ifrFb_body6(G, r, s, x, i)
(proof )

lemma (in M_basic) is_ifrFb_body6_closed: M(G) = M(r) = M(s) =
is_ifrFb_body6(M, G, r, s, z, 1) = M(1)
{proof)

lemmas (in M_ZF trans) a = separation__toplevel6__body
separation__cong|OF eq _commute, THEN iffD1,OF separation__toplevel6__body|

lemma (in M_ZF _trans) ifrangeF_body6__abs:

assumes (##M)(A) (#4#M)(G) (##M)(r) (F#H#M)(s) (##M)(z)
shows is_ifrangeF_body6(##M,A,G,r,s,z) <— ifrangeF _body6(##M,A,G,r,s,x)

(proof)

lemma (in M__ZF _trans) separation__ifrangeF _body6:
(#H#M)(A) = (##M)(G) = (##M)(b) = ##M)(f/) =

separation(## M,
Ay. Jz€A. y = (z, pi. x € if _range F _else F(Aa. {p € G . domain(p) =
at, b, f, 1))
(proof)

definition ifrF'b__body7 where
ifrFb_body7(B,D,A,b,f,x,i) = x €
(if b = 0 then if i € range(f) then
{d € D .3reA. restrict(r, B) = converse(f) ‘i A d = domain(r)} else 0
else {d € D .3reA. restrict(r, B) = i A d = domain(r)})

(ML)

ifrangeF_body7(M,A,B,D,G.b,f) = Ay. Jz€A. y = (x,p 3. ifrFb__body7(B,D,G,b,f,x.,7))
(ML)
lemma (in M_ZF _trans) separation_is_ifrangeF _body7:

(#H#M)(A) = (##M)(B) = (##M)(D) = (##M)(G) = (##M)(r)
= (##M)(s) = separation(##M, is_ifrangeF _body7(##M,A,B,D,G,r,s))
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{proof)

lemma (in M_basic) ifrF'b_body7 closed: M(B) = M(D) = M(G) = M(r)
= M(s) =
ifrFb_body7(B,D,G, r, s, x, i) +— M(i) N ifrFb_body7(B,D,G, r, s, x, i)
(proof )

lemma (in M_basic) is_ifrFb_body7 closed: M(B) = M(D) = M(G) =
is_ifrFb_body7(M, B,D,G, r, s, x, i) = M (%)
{proof)

lemma (in M_ZF _trans) ifrangeF _body7 _abs:

(aSSUDSI(eS)(##M)(A) (##M)(B) (##M)(D) (##M)(G) (#4M)(r) (##M)(s)

H#H#HM)(z

shows is_ifrangeF _body7(## M,A,B,D,G,r,s,z) < ifrangeF _body7(##M,A,B,D,G r s,x)
(proof)

lemma (in M__ZF _trans) separation_ifrangeF _body7:
(#4M)(4) = (HAM)(B) = (##M)(D) = (##M)(G) = (##M)(b) =
FEHM) () =
separation(## M,
Ay. Jz€A. y = (z, pi. x € if _range F _else F(drSR_Y (B, D, G), b, f, i)))
(proof)

end
theory Replacement Instances
imports

Discipline__Function
Forcing _Data
Aleph__Relative
FiniteFun__Relative
Cardinal _Relative
Separation__ Instances

begin

28.2 More Instances of Replacement

This is the same way that we used for instances of separation.

lemma (in M_ZF _trans) replacement is_range:

strong__replacement(##M, \f y. is_range(##M.,f,y))
(proof )

lemma (in M_ZF _trans) replacement__range:
strong_replacement(## M, Af y. y = range(f))
(proof)

lemma (in M_ZF trans) replacement_is_domain:
strong_replacement(## M, N\f y. is_domain(##M . f,y))
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{proof)

lemma (in M_ZF _trans) replacement__domain:
strong__replacement(##M, M\ y. y = domain(f))
(proof )

Alternatively, we can use closure under lambda and get the stronger version.

lemma (in M_ZF trans) lam_replacement_domain : lam__replacement(#+#M,
domain)

(proof)

Then we recover the original version. Notice that we need closure because
we haven’t yet interpreted M__replacement.

lemma (in M_ZF _trans) replacement__domain':
strong_replacement(## M, A\f y. y = domain(f))

{proof)

lemma (in M_ZF _trans) lam__replacement_ fst : lam__replacement(##M, fst)
(proof )

lemma (in M_ZF _trans) replacement_ fst”:
strong__replacement(##M, M\f y. y = fst(f))
(proof )

lemma (in M_ZF_trans) lam_replacement__domainl : lam_ replacement(##M,
domain)

{proof)

lemma (in M_ZF _trans) lam_replacement_snd : lam__replacement(## M, snd)
(proof )

lemma (in M_ZF trans) replacement_snd’:
strong__replacement(## M, Af y. y = snd(f))
(proof )

lemma (in M__ZF_trans) lam__replacement__Union : lam__replacement(##M, Union)

(proof)

lemma (in M_ZF _trans) replacement_Union”:
strong_replacement(## M, Af y. y = Union(f))

{proof)

lemma (in M_ZF _trans) lam_ replacement_ Un:
lam__replacement(## M, Ap. fst(p) U snd(p))

{proof)
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lemma (in M_ZF _trans) lam__replacement_image:
lam__replacement(## M, Ap. fst(p) ““ snd(p))
(proof)

(ML)

lemma (in M_ZF _trans) lam_ replacement_ Diff:
lam__replacement(## M, Ap. fst(p) - snd(p))
(proof )

(ML)

lemma (in M_ZF _trans) minimum__closed:
assumes BeM
shows minimum(r,B) € M

(proof)

(ML)
definition is minimum’ where
is_minimum'(M,R,Xu) = (M(u) A v e X A (Yo[M]. Ja[M]. (ve X — v #
u — a € R) A pair(M, u, v, a))) A
(Fz[M].
(M(z)yANz e X ANNVo[M]. Fa[M]. (ve X — v# 1z — a € R) A pair(M,
5, v, 0))) A
VyM]. M(y) Nye X A (Vo[M]. Fa[M]. (ve X — v#y— a€ R)A
pair(M, y, v, a)) — y = 2)) V
- (Fz[M]. (M(z) Az e X A (Vu[M]. Fa[M]. ve X —v#2x— a€R)A
pair(M, z, v, a))) A
Vy[M]. M(y) hye X AN (Vo[M]. JaM]. (veX —v#y — ac
R) A pair(M, y, v, a)) — y =) A
empty(M, u)

()
lemma is minimum__eq :
M(R) = M(X) = M(u) = is_minimum(M,R,X u) +— is_minimum'(M,R,X ,u)
(proof)

context M trivial
begin

lemma first closed:
M(B) = M(r) = first(u,r,B) = M(u)
(proof )

(ML)
(proof )

(ML)
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{proof)

end

lemma (in M_ZF _trans) lam__replacement__minimums:
lam__replacement(## M, Ap. minimum(fst(p), snd(p)))
(proof )

lemma (in M_ZF trans) lam_ replacement_ Upair:
lam__replacement(## M, Ap. Upair(fst(p), snd(p)))
(proof)

lemma (in M__ZF _trans) lam_replacement__cartprod:
lam__replacement(## M, Ap. fst(p) x snd(p))
(proof)

(ML)

lemma (in M_ZF _trans) lam_replacement_vimage:
lam__replacement(## M, Ap. fst(p) -*“ snd(p))
(proof )

definition is_omega_ funspace :: [i=o0,i,i,i]=0 where
is_omega__funspace(N,B,n,z) = Jo[N]. omega(N,0) A n€o Nis_funspace(N, n,
B, 2)

(ML)

lemma (in M_ZF _trans) omega__funspace__abs:

BeM = neM = zeM = is_omega_ funspace(##M,B,n,z) +— new A
is_funspace(## M ,n,B,z)

(proof)

lemma (in M_ZF _trans) replacement_is_omega__funspace:
BeM = strong__replacement(#+#M, is_omega__funspace(##M,B))
(proof)

lemma (in M_ZF _trans) replacement__omega__funspace:
be M= strong__replacement(## M, An z. n€w A is_funspace(## M ,n,b,z2))

(proof)

definition HAleph wfrec_repl body where
HAleph_wfrec_repl_body(N,mesa,z,z) = Jy[N].
pair(N, z, y, z) A
(3fN).
(V 2[N].
z € f+—
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(3 za[N].
Fy[N].
Jzaa[N].
3 sz[N].
dr_sz[N].
If_r_sz[N].
pair(N, za, y, z) A
pair(N, za, z, zaa) N\
upair(N, za, za, sz) A
pre_image(N, mesa, sz, r_sz) A restriction(N,
fyr_sx, f r_sz) A zaa € mesa A is_HAleph(N, za, f_r_sz, y))) A
is_HAleph(N, z, f, y))

(ML)

lemma arity HAleph__wfrec_repl_body: arity( HAleph__wfrec_repl_body_fm(2,0,1))
=3

(proof )

lemma (in M_ZF _trans) replacement_ HAleph__wfrec__repl_body:
BeM = strong__replacement(#+#M, HAleph__wfrec_repl _body(#+#M,B))
(proof )

lemma (in M_ZF _trans) HAleph wfrec_repl:
(#4M) (50) —
(##M)(esa) =
(#4 M) (mesa) —>
strong__replacement
(H#M,
Az z. Fy[H#H#M].
pair(#H#M, x, y, z) N
(3 Fl##M)
(¥ [ M)
z € f+—
3zl M)
y[##M).
Jzaal##M)].
3 sz[##M)].
Ir_sx[##M].
Af r_ sx[##M)].
pair(##HM, za, y, z) A
pair(#H#M, za, x, zaa) A
upair(##M, xa, za, st) A
pre_image(##M, mesa, st, r_sx) A
restriction(#H#M, f, r_sz, f_r_sx) N\ zaa € mesa N is_HAleph(##M, za, f _r_sz,
9) A

(proof)

zsfHAleph(##M, z, f7 y)))
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definition fst2 snd2
where fst2 snd2(z) = (fst(fst(z)), snd(snd(z)))

(ML)

lemma (in M_trivial) fst2_snd2_abs:
assumes M (z) M(res)

shows is_fst2 snd2(M, x, res) «— res = fst2_snd2(z)
{proof)

(ML)

lemma (in M_ZF _trans) replacement_is_fst2 snd2:
strong__replacement(##M, is_fst2 snd2(##M))

(proof)

lemma (in M_ZF _trans) replacement_fst2 snd2: strong _replacement(##M, Az
y. y = (fst(fst(z)), snd(snd(z))))
(proof )

definition fst2 sndfst_snd2
where fst2 sndfst _snd2(z) = (fst(fst(z)), snd(fst(z)), snd(snd(z)))

(ML)

lemma (in M_trivial) fst2_sndfst_snd2_abs:
assumes M (z) M(res)

shows is_fst2 sndfst _snd2(M, x, res) «— res = fst2_sndfst_snd2(x)
(proof)

(ML)

lemma (in M_ZF trans) replacement is_fst2 sndfst_snd2:
strong_replacement(## M, is_fst2 sndfst_snd2(##M))

{proof)

lemma (in M_ZF _trans) replacement_ fst2 _sndfst_snd2:
strong_replacement(## M, Az y. y = (fst(fst(x)), snd(fst(x)), snd(snd(z))))
(proof)

lemmas (in M__ZF _trans) M__replacement_ ZF _instances = lam__replacement__domain
lam__replacement_ fst lam__replacement__snd lam__replacement__ Union
lam__replacement_Upair lam__replacement image
lam__replacement__Diff lam__replacement__vimage
separation__fst__equal separation__id_rel[simplified)
separation__equal _apply separation__sndfst_eq fstsnd
separation_ fstfst_eq fstsnd separation_ fstfst_eq
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separation,__restrict__elem
replacement_ fst2_snd2 replacement_ fst2 sndfst__snd2

sublocale M_ZF trans C M_replacement ## M
(proof )

definition RepFun_body :: i = i = iwhere
RepFun__body(u,v) = {{(v, )} . = € u}

(ML)

lemma (in M_ trivial) RepFun_ body abs:
assumes M (u) M(v) M(res)

shows is_RepFun_body(M, u, v, res) <— res = RepFun__body(u,v)
{proof)

(ML)
lemma arity body repfun:

arity( -(-3-0 = 0--) A -(-3-0 = 0--) A (:T-cons_fm(0, 3, 2) A pair_fm(5, 1, 0)
e )=5

(proof)

lemma arity RepFun: arity(is_RepFun_body_fm(0, 1, 2)) = 3
(proof )

lemma (in M_ZF_trans) RepFun_SigFun_closed: t € M — z €¢ M = {{{(z,
)} .rezteM
(proof)

lemma (in M__ZF _trans) replacement_RepFun__body:
lam__replacement(## M, Ap . {{(snd(p), )} . x € fst(p)})
(proof )

sublocale M ZF trans C M_replacement _extra #+#M
(proof)

sublocale M ZF trans
(proof )

N

M _Perm #+#M

definition order _eq map where
order_eq_map(M,A,r,a,2) = Iz[M]. Fg[M]. Imz[M]. I par[M].
ordinal(M,x) & pair(M,a,z,2) & membership(M,z,mz) &
pred_set(M,A,a,r,par) & order__isomorphism(M par,r,z,mz,q)

(ML)

lemma (in M_ZF _trans) replacement_is_order _eq map:
AeM = reM = strong_replacement(#+#M, order _eq _map(##M,A,r))
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{proof)

(ML)

definition banach_body_iterates where
banach__body__iterates(M,X,Y f,g, W, n,z,2) =
Jy[M].
pair(M, z, y, z) A
(3 fa[M].
(V 2[M].
z € fa <—
(3 za[M].
Jy[M].
Jzaa[M].
3 sz[M].
Ir_sx[M].
3f r_sz[M]. sn[M]. Imsn[M]. successor(M,n,sn)

membership( M ,sn,msn) A
pair(M, za, y, z) A
pair(M, za, x, zaa) A
upair(M, za, za, sz) A
pre__image(M, msn, sz, r_sz) A
restriction(M, fa, r_sz, f_r_sz) A
raa € msn N
(empty(M, za) — y = W) A
(V m[M].
successor(M, m, za) —
(3 gm[M].
is_apply(M, f_r_sx, m, gm) A
is_banach__functor(M, X, Y, f, g, gm, y))) A
(is_quasinat(M, za) V empty(M, y)))) A
(empty(M, z) — y = W) A
(Vm[M].
successor(M, m, ) —
(Fgm[M]. is_apply(M, fa, m, gm) A is_banach_ functor(M,
X, Y, f, g, gm, y))) A
(is_quasinat(M, ) V empty(M, y)))

(ML)

lemma (in M__ZF _trans) banach__iterates:

assumes XeM YeM feM ge M WeM

shows iterates_replacement(## M, is_banach_functor(## M, X,Y f,q), W)
(proof )

definition banach_is iterates body where
banach__is_iterates _body(M,X,Y .f,g, W, n,y) = Jom[M]. omega(M,om) A n €
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om N
(3 sn[M].
Imsn[M].
successor(M, n, sn) A
membership(M, sn, msn) N\
(3 fa| M].
(V z[M].
z € fa +—
(Fz[M].
Jy[M].
I za[M].
3 sz[M].
Ir_sz[M].
If r_sz[M].
pair(M, z, y, z) A
pair(M, z, n, za) A
upair(M, x, x, sx) A
pre_image(M, msn, sz, r_sz) A
restriction(M, fa, _sx, f_r_sz) A
ra € msn N
(empty(M, z) — y= W) A
(Vm[M].
successor(M, m, x) —
(3 gm[M].
fun_apply(M, f_r_sx, m, gm) A
is_banach_functor(M, X, Y, f, g, gm, y))) A
(is__quasinat(M, z) V empty(M, y)))) A
(empty(M, n) — y = W) A
(Vm[M].
successor(M, m, n) —
(Fgm[M]. fun_apply(M, fa, m, gm) A is_banach_ functor(M,
X, Y, f, g9, gm, y))) A
(is_quasinat(M, n) V empty(M, y))))

(ML)

lemma (in M_ZF trans) banach_replacement_ iterates:
assumes XeM YeM feM ge M WeM

shows strong _replacement(#+#M, An y. n€w A is_iterates(#+#M,is_banach_ functor(##M,X,
Y. [, 9),W,n.y))
(proof)

lemma (in M_ZF trans) banach_replacement:

assumes (#4M)(X) (#H#M)(Y) (##M)(f) FH#M)(9)
shows strong_replacement(##M, An y. n€nat A y = banach__functor(X, Y, f,

g9) n (0))
(proof )
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lemma (in M_ZF trans) lam_replacement _cardinal

cardinal _rel(#+#M))
{proof)

definition trans apply image where
trans_apply _image(f) = Aa g. f * (g “ a)

(ML)

schematic__goal arity_is recfun_fm[arity]:
p € formula = 0 € w = 2z € w = T € w = arity(is_recfun_fm(p, a, z ,1))

= Zar

(proof )

schematic__goal arity_is wfrec_fm|arity]:
p € formula = a € w = 2z € w => 1 € w = arity(is_wfrec_fm(p, a, z ,1))

= %ar

(proof)

schematic__goal arity_is transrec_fmlarity]:
p € formule = a € w => 2z € w = arity(is_transrec_fm(p, a, z)) = %ar

(proof)
(ML)

lemma (in M_ basic) rel2_trans__apply:

. lam__replacement(##M,

M(f) = relation2(M,is_trans__apply_image(M.,f),trans__apply image(f))

{proof)

lemma (in M_ basic) apply_image_closed:
shows M (f) = Va[M]. V g[M]. function(g) — M (trans_apply_image(f, z, g))

{proof)

lemma (in M_basic) apply image_closed”:
shows M(f) = Vz[M]. V g[M]. M(trans_apply_image(f, z, g))

{proof)

definition transrec__apply image body where
transrec__apply__image__body(M,f,mesa,x,z) = Jy[M|. pair(M, z, y, z) A

(3 fa[M].
(V z[M].

z € fa <—

(Fza[M].
Jy[M].

dzaalM].
3 sz[M].
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If r_sz[M].
pair(M, za, y, 2) A
pair(M, za, ©, xaa) A
upair(M, za, za, sx) A
pre_image(M, mesa, sx, r_sx) A
restriction(M, fa, r_sx, f_r_sz) A
zaa € mesa A is_trans__apply_image(M,
fy o, frso, 4))) A
is_trans_apply_image(M, f, z, fa, y))

(ML)

lemma (in M_ZF _trans) replacement_transrec__apply image_body :
(#H#M)(f) = (##M)(mesa) = strong_replacement(##M ,transrec__apply_image_body(##M,f,mesa))
(proof )

lemma (in M_ZF _trans) transrec_replacement__apply image:
assumes (##M)(f) (##M)(a)
shows transrec_replacement(#+#M, is_trans _apply image(##M, f), a)
(proof)

lemma (in M_ZF trans) rec_trans__apply_image _abs:
assumes (##M)(f) (#4#M)(z) (##M)(y) Ord(z)

shows is_transrec(## M jis_trans__apply_image(##M, f),x,y) «— y = transrec(z,trans__apply__image(f))
(proof)

definition is_trans apply image body where
is_trans__apply image_body(M.f,5,a,w) = 3 z[M]. pair(M,a,z,w) A a€B A (I sa[M].
T esalM].
I mesa[M].

upair(M, a, a, sa) A

is_eclose(M, sa, esa) A

membership(M, esa, mesa) A

(3 fa[M].

(V z[M].
z € fa +—
(Fz[M].
Jy[M].
FzalM].
3 sz[M].
Ir_sz[M].
af r sz[M].
pair(M, z, y, z) A
pair(M, z, a, za) A
upair(M, z, x, sz) A
pre_image(M, mesa, sz, r_sz) A
restriction(M, fa, r_sx, f_r_sx) A
za € mesa A is_trans__apply image(M, f,
z, fr_sz, y))) A
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is_trans_apply image(M, f, a, fa, 2)))

(ML)
(proof )

(ML)

lemma (in M_ZF _trans) replacement_is_trans__apply image:

(#H#M)(f) = (##M)(B) = strong_replacement(#H#M, X z z .

y[#H#M). pair(#FH#HM,x,y,2) A €8 A (is_transrec(#H#M is_trans_apply_image(##M,
.z.y)))

(proof)

lemma (in M_ZF _trans) trans_apply_abs:

(#HH#M)(f) = (##M)(8) = Ord(B) = (##M)(z) = (##M)(z) =

(z€B N z = (=, transrec(z, Aa g. [ “ (g ““ a)) ) +—
(Fy[#H#M)]. pair(#H#M ,x,y,2) N €B A (is_transrec(## M ,is_trans_apply_image(#H#M,
£)yz.y)))
(proof)

lemma (in M_ZF _trans) replacement__trans__apply_image:

(#H#M)(f) = (##M)(8) = Ord(B) =
strong_replacement(## M, Az y. z€B N y = (z, transrec(z, Aa g. f ‘(g ‘“ a))))

{proof)

definition abs_apply pair where
abs_apply_pair(A,f,z) = (z, A\n€A. [ * (z, n))

(ML)

lemma (in M_basic) abs_apply pair_rel:
assumes M(A) M(f) M(z)
shows Relation1(M, A n a. 3b[M]. is_apply(M, f, b, a) A pair(M, x, n, b), An.
[z, n)
(proof )

lemma (in M_basic) abs_apply pair_abs:
assumes M(A) M(f) M(xz) M(res)

shows is_abs apply pair(M,A.f, z, res) «— res = abs_apply pair(A,f,z)
(proof)

(ML)

lemma arity_is_abs_auz: arity((-3--7°0 is 1- A pair_fm(5, 2, 0) -)) =7
{proof)

lemma arity is abs apply pair_fm :
shows arity(is_abs_apply pair_fm(3, 2, 0, 1)) = 4
(proof )
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lemma (in M_ZF _trans) replacement is_abs__apply pair:
assumes AcM feM
shows strong_replacement(##M, is_abs__apply_pair(##M,A,f))
(proof )

lemma (in M_ZF _trans) replacement__abs__apply pair:

(#H#HM)(A) = (##M)(f) = strong_replacement(##M, Az y. y = (z, An€A.
f Az, n)))

(proof )

end

29 Separative notions and proper extensions

theory Proper_FEztension
imports
Names

begin

The key ingredient to obtain a proper extension is to have a separative
preorder:

locale separative__notion = forcing notion +
assumes separative: pe P =—> 3¢qeP. d3reP. ¢ X pATr IpAqlr
begin

For separative preorders, the complement of every filter is dense. Hence an
M-generic filter can’t belong to the ground model.

lemma filter _complement__dense:
assumes filter(G) shows dense(P - G)

(proof)

end

locale ctm__separative = forcing data + separative_mnotion
begin

lemma generic_not_in_M: assumes M_ generic(G) shows G ¢ M

(proof)

theorem proper__extension: assumes M__generic(G) shows M # M[G)|

(proof )

end

end
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30 A poset of successions

theory Succession_Poset
imports
Replacement__Instances
Proper__Extension
FiniteFun__Relative

begin

sublocale M_ZF trans C M_ seqspace #+#M
(proof )

definition seq upd :: i = i = ¢ where
seq_upd(f,a) = X\ j € succ(domain(f)) . if j < domain(f) then [ else a

lemma seq upd__succ__type :
assumes nenat fen—A acA
shows seq_upd(f,a)€ succ(n) - A
(proof)

lemma seq upd_ type :
assumes fEA<Y acA
shows seq upd(f,a) € A<¥
(proof)

lemma seq _upd__apply_domain [simpl:
assumes f:n—A nenat
shows seq _upd(f,a)n = a

{proof)

lemma zero_in_segspace :
shows 0 € A<%

{proof)

definition
seqleR :: i = i = o where
seqleR(f,9) = g C f

definition
seqlerel :: i = i where
seqlerel(A) = Rrel(A\z y. y C 2,A<Y)

definition
seqle :: i where

segle = seqlerel(2)

lemma seglel[intro!]:
(f.g) € 2<9%x 2<% — g C f = (f,g) € seqle
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{proof)

lemma segleD|dest!]:
z € seqle = Jz y. (x,y) € 2UX2Y ANy Cz Az = (2,9)
(proof)

lemma upd_lel :

assumes f€2<% q€2

shows (seq_upd(f,a),f)Eseqle (is (?f,_)e )
{(proof)

lemma preorder on_ seqle: preorder on(2<% seqle)
(proof)

lemma zero__seqle_maz: z€2<Y = (z,0) € seqle

(proof )

interpretation sp:forcing notion 2<% seqle 0
(proof)

notation sp.Leg (infixl <s 50)
notation sp.Incompatible (infixl Ls 50)

lemma segspace__separative:

assumes f€2<v

shows seq_upd(f,0) Ls seq _upd(f,1) (is ?f Ls ?g)
(proof)

definition is_seqgleR :: [i=0,i,i] = o where
is_seqleR(Q.f,9) = g C f

definition seqleR_fm :: i = i where
seqleR__fm(fg) = Exists(Exists(And(pair_fm(0,1,fg#+2),subset_fm(1,0))))

lemma type seqleR__fm :
fg € nat = seqleR__fm(fg) € formula

(proof)

lemma arity seqleR_fm :

fg € nat = arity(seqleR__fm(fg)) = succ(fg)
(proof )

lemma (in M_ basic) seqleR__abs:
assumes M (f) M(g)
shows segleR(f,g) +— is_seqleR(M.,f,q)

{proof)

definition
relP :: [i=o0,[i=>0,i,i]=>0,i]] = o where
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relP(M,r,zy) = (z[M]. Fy[M]. pair(M,z,y,xy) N r(M,z,y))

lemma (in M__ctm) seqleR_fm_sats :
assumes fgenat envelist(M)
shows sats(M,seqleR__fm(fg),env) «— relP(#4#M is_seqleR,nth(fg, env))

{proof)

lemma (in M_basic) is_related abs :
assumes A fg. M(f) = M(g) = rel(f,g) +— is_rel(M,f,g)
shows Az . M(z) = relP(M,is_rel,z) «+— 3z y. z = (z,y) A rel(z,y))
(proof )

definition
is_RRel :: [i=o,[i=0,i,i]=0,i,i] = o where
is_RRel(M,is_r,A,r) =3 A2[M]. cartprod(M,A,A,A2) A is_Collect(M,A2, relP(M,is_r),r)

lemma (in M_ basic) is_Rrel_abs :
assumes M(A) M(r)
Nfg. M(f) = M(g) = rel(f.g) «— is_rel(M.f,g)
shows is_RRel(M,is_rel,A,r) «— r = Rrel(rel,A)
(proof)

definition
is_seqlerel :: [i=0,i,i] = o where
is_seqlerel(M,A,r) = is_RRel(M,is_seqleR,A,r)

lemma (in M_ basic) seqlerel_abs :
assumes M(A) M(r)
shows is_seqlerel(M,A,r) <— r = Rrel(seqleR,A)
{proof)

definition RrelP : [i=i=0,i] = i where
RrelP(R,A) = {2€AxA. Az y. z = (z, y) A R(z,y)}

lemma Rrel _eq : RrelP(R,A) = Rrel(R,A)
{proof)

context M ctm
begin

lemma Rrel closed:
assumes Ae M
N\ a. a € nat = rel_fm(a)€formula
Ao (M) — (B#M)(g) = rel(f,g) «— is_rel(##M f9)
arity(rel_fm(0)) = 1
N a.a€ M= sats(M,rel_fm(0),[a]) +— relP(#+#Mis_rel,a)
shows (##M)(Rrel(rel,A))
(proof )
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lemma seqle in_ M: seqle € M
(proof)
30.1 Cohen extension is proper

interpretation ctm_ separative 2<% seqle 0

(proof)

lemma cohen__extension_is_proper: 3 G. M__generic(G) N M # M2<W[G]
(proof )

end

end

31 The ZFC axioms, internalized

theory Internal ZFC _Axioms
imports
Forcing _Data

begin

schematic__goal ZF wunion__auto:
Union_az(##A) <— (A, [| E ?zfunion)
(proof )

(ML)
notation ZF_union_fm (¢ Union Az-)

schematic__goal ZF power _auto:
power_ax(##A) «— (A, [| E 2fpow)
{proof)

(ML)
notation ZF _power_fm ((-Powerset Az-))

schematic__goal ZF pairing auto:
upair_ar(##A) «— (4, [| & ?zfpair)
(proof)

(ML)
notation ZF _pairing fm (¢ Pairing-)

schematic__goal ZF foundation__auto:

foundation__az(##A) «— (A, [| E ?zffound)
(proof)
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(ML)
notation ZF _foundation_ fm (¢ Foundation-)

schematic_ goal ZF extensionality auto:
extensionality(##A) «+— (A, [| E ?2fext)
(proof)

(ML)
notation ZF _extensionality_fm (- Extensionality-)

schematic__goal ZF infinity_auto:
infinity_ax(#4#A) «— (A, [| = (%(i.j,h)))
(proof)

(ML)
notation ZF infinity fm (¢ Infinity-)

schematic__goal ZF choice auto:

choice__ax(##A) +— (4, [| E (%0(4,4,h)))
(proof )

(ML)
notation ZF choice fm (¢AC»)

lemmas ZFC'_fm_ defs = ZF _extensionality fm,_def ZF _foundation_fm_ def ZF _pairing fm__ def
ZF _union_ fm_def ZF infinity _fm_ def ZF _power_fm_ def ZF _choice_fm__def

lemmas ZFC _fm_sats = ZF _extensionality auto ZF _foundation__auto ZF _pairing _auto
ZF _union__auto ZF _infinity _auto ZF _power__auto ZF _choice _auto

definition
ZF_fin 1 i where
ZF _fin = { Extensionality-, - Foundation-, - Pairing-,
-Union Az-, -Infinity-, - Powerset Az-}

definition
ZFC_fin :: i where
ZFC _fin=ZF fin U {-AC-}

lemma ZFC _fin_type : ZFC _fin C formula
(proof )

31.1 The Axiom of Separation, internalized

lemma iterates_Forall type [TC]:
[ n € nat; p € formula | = Forall™n(p) € formula

{proof)

lemma last_init_eq :
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assumes | € list(A) length(l) = succ(n)
shows 3 acA. Fl'elist(4). | = 1'Q[q]
(proof)

lemma take drop eq :
assumes [€list(M)
shows A n . n < succ(length(l)) = | = take(n,l) @ drop(n,l)
{proof)

lemma list_split :
assumes n < succ(length(rest)) rest € list(M)
shows Jreclist(M). Astclist(M). rest = re Q st A length(re) = pred(n)

(proof)

lemma sats nForall:
assumes
@ € formula
shows
nenat => ms € list(M) =
(M, ms = (Forall™n(p))) +—
(Vrest € list(M). length(rest) = n — M, rest Q ms = ¢)
(proof )

definition
sep_body_fm :: i = i where
sep_body_fm(p) = (V(-I(V-0€ I- < -0 € 2- A iner_bvl"2 (p) -))")

lemma sep body_fm_ type [TC]: p € formula = sep_body_ fm(p) € formula
(proof)

lemma sats_sep__body_fm:
assumes
€ formula mselist(M) restelist(M)
shows
(M, rest @ ms = sep__body_ fm(p)) +—
separation(#H#M A z. M, [z] @Q rest Q@ ms = @)
(proof )

definition
ZF _separation_fm :: i = i (¢Separation’(_')») where
ZF_separation_fm(p) = Forall (pred(arity(p)))(sep__body_fm(p))

lemma ZF_separation_fm_type [TC|: p € formula = ZF _separation__fm(p) €
formula
(proof )

lemma sats ZF separation_ fm__iff:

assumes
pEformula
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shows
(M, [] = -Separation(p)-)
—
(V envelist(M). arity(p) < 1 #+ length(env) —
separation(## M z. M, [z] Q env = ¢))
(proof )

31.2 The Axiom of Replacement, internalized

schematic__goal sats univalent_fm__auto:
assumes

Q_iff satsN\zyz. € A= ye A= 26A =
Q(z,2) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
Neyzre A= ye A= 26A =
Q(z,y) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
univalent(#4#A,B,Q) <— A,env = 2ufm(i)
(proof)

(ML)

lemma univalent_fm__type [TC]: gl€ formula = g2€formule = i€nat =
univalent_fm(q2,q1,i) €formula
(proof )

lemma sats univalent_fm :
assumes
Q_iff satsN\zyz. x€ A= ye A= 264 =
Q(z,z) «— (A,Cons(z,Cons(y,Cons(z,env))) = Q1_fm)
NeyzreAd—= ye A= 26A =
Q(z,y) +— (A,Cons(z,Cons(y,Cons(z,env))) E Q2_fm)
and
asms: nth(i,env) = B i € nat env € list(A)
shows
(A,env | univalent _fm(Q1_fm,Q2_fm,i)) +— univalent(##A,B,Q)
(proof )

definition
swap_vars :: =1 where
swap__vars(p) =
Ezists(Exists(And(Equal(0,3),And(Equal(1,2),iterates(Ap. incr_bu(p)‘2 , 2,
®))

lemma swap_vars_type[TC] :
pEformula = swap_ vars(y) €formula

{proof)
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lemma sats_swap_vars :
[2,y] @ env € list(M) = p€eformula =
(M, [z,y] @ env = swap_vars(p)) +— M,[y,x] Q env = ¢
(proof )

definition
univalent_ Q1 :: i = i where
univalent_Q1(p) = incr_bvl(swap_vars(y))

definition
univalent_ Q2 :: i = { where
univalent_Q2(y) = incr_bv(swap_vars(y)) ‘0

lemma univalent_Qs_type [TC):
assumes € formula
shows univalent _Q1(p) € formula univalent _Q2(p) € formula

{proof)

lemma sats _univalent_fm__ assm:
assumes
z € Aye A zeA enve list(A) p € formula
shows
(A, ([z,2] @ env) = @) «— (A, Cons(z,Cons(y,Cons(z,env))) = (univalent_QI1(y)))
(4, ([z,y] @ env) = ) +— (A, Cons(z,Cons(y,Cons(z,env))) = (univalent_Q2(p)))
(proof )

definition
rep__body_fm :: i = i where
rep__body_ fm(p) = Forall(Implies(
univalent_fm(univalent_ Q1 (incr_bv(p) ‘2),univalent__Q2(incr_bu(p)‘2),0),
Exists(Forall(
Iff (Member(0,1),Exists(And(Member(0,3),incr_buv(incr_bu(p) ‘2)‘2)))))))

lemma rep_body_fm_type [TC]: p € formula = rep__body_ fm(p) € formula
(proof )

lemmas ZF _replacement_simps = formula__add_paramsi[of ¢ 2 _ M [, ]]
sats_incr_bu_iff[of _ _ M __[]] — simplifies iterates of Az. incr_bu(x) ‘ 0
sats_incr_bu_ifflof _ _ M _ [, ]]— simplifies Az. incr_bu(z) ¢ 2
sats_iner_bvl_ifflof _ _ M] sats_swap_vars for ¢ M

lemma sats_rep body fm:
assumes
p € formula mselist(M) restelist(M)
shows
(M, rest @ ms |= rep__body_ fm(p)) +—
strong__replacement(## M z y. M, [z,y] Q rest Q ms | @)
(proof)
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definition
ZF _replacement_fm :: i = i (¢-Replacement’(_"))) where
ZF_replacement__fm(p) = Forall (pred(pred(arity(p))))(rep__body_ fm(p))

lemma ZF replacement_fm_type [TC): p € formula = ZF _replacement__fm(p)
€ formula

{proof)

lemma sats ZF replacement_fm_ iff:

assumes

peformula

shows

(M, [] & -Replacement(yp)-)

—

(V envelist(M). arity(p) < 2 #+ length(env) —

strong_replacement(## M, z y. M,[z,y] Q env = ¢))

(proof)

definition
ZF_inf 1 i where
ZF _inf = {-Separation(p)- . p € formula } U {-Replacement(p)- . p € formula }

lemma Un_ subset_formula: ACformula N BCformula = AUB C formula
(proof )

lemma ZF inf subset_ formula : ZF inf C formula
(proof)

definition
ZFC :: i where
ZFC = ZF inf U ZFC_fin

definition
ZF :: i where
ZF = ZF inf U ZF_fin

definition
ZF minus P :: i where
ZF _minus_P = ZF - { -Powerset Az- }

lemma ZFC _subset_formula: ZFC C formula
(proof)

Satisfaction of a set of sentences

definition
satT :: [i,i] = o (_ | _ [36,36] 60) where
AE® = Voed (A F o)
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lemma satTI [introl]:
assumes A\p. pe® = A = ¢
shows 4 = @

{proof)

lemma satTD [dest] A= & = ¢we® = Al E ¢
(proof )

lemma sats ZFC iff sats ZF AC:

(N EZFC) +— (N E ZF) A (N, ]| E -AC")

(proof)

lemma M _ZF iff M satT: M_ZF(M) «— (M = ZF)
(proof)
lemma M ZFC iff M satT:

notes iff _trans[trans

shows M ZFC(M) <— (M = ZFC)
(proof)

end

32 The definition of forces

theory Forces Definition imports Arities FrecR Synthetic_ Definition FrecR__Arities
begin

This is the core of our development.

32.1 The relation frecrel

definition
frecrelP :: [i=o0,i] = o where
frecrelP(M,xy) = (z[M]. Fy[M]. pair(M,z,y,zy) A is_frecR(M,z,y))

(ML)

lemma arity_frecrelP_fm :
a€nat = arity(frecrelP_fm(a)) = succ(a)

(proof)

definition

is_frecrel :: [i=o0,i,i] = o where

is_frecrel(M,A,r) =3 A2[M)]. cartprod(M,A,A,A2) A is_Collect(M,A2, frecrelP(M)
)

declare cartprod_iff sats [iff _sats]

declare Collect iff sats [iff _sats]
(ML)
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lemma arity frecrel fm :
assumes ac€nat benat
shows arity(frecrel_fm(a,b)) = succ(a) U succ(b)
(proof )

definition
names__below :: i = i = i where
names__below(P,x) = 2x ecloseN(z)X ecloseN (z)x P

lemma names__belowsD:
assumes z € names_below(P,z)
obtains f nl n2 p where
z = (f,nl,n2,p) f€2 ni€ecloseN(z) n2€ecloseN(z) peP

(proof)
(ML)

lemma number2 iff :

(A)(¢) = number2(A,c) +— (I b[A]. FalA]. successor(A, b, ¢) A successor(A,
a, b) A empty(A, a))

{proof )

lemma arity _number2_fm :
a€nat = arity(number?2_fm(a)) = succ(a)

(proof)
(ML)

lemma arity is names below _fm :
[Penat;zenat;nbenat] = arity(is_names_below fm(P,z,nb)) = succ(P) U
suce(z) U succ(nb)

{proof)

definition
is_tuple :: [i=0,i,i,i,i,i]] = o where
is_tuple(M,z,t1,t2,p,t) = 3 ¢t1t2p[M]. 3 t2p[M]. pair( M ,t2,p,t2p) A pair(M,t1,t2p,t1t2p)
A
pair(M,z,t1t2p,t)

(ML)
lemma arity_is_tuple_fm : [ z€nat ; t1€nat ; t2€nat ; pEnat ; tupEnat | =

arity(is_tuple_ fm(z,t1,t2,p,tup)) = | {succ(z),succ(t1),succ(t2),succ(p),succ(tup)}
{proof)

32.2 Definition of forces for equality and membership

definition
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eq_case :: [i,i,i,1,i,i] = o where

eq case(t1,t2,p,P,leq.f) = V s. s€domain(tl) U domain(t2) —
(Va. qeP A (gp)€leq — (f(1,s,t1,q)=1 «— f¥1,5,2,q) =1))

(ML)

lemma arity _eq case_fm :
assumes
nlenat n2enat penat Penat legenat fenat
shows
arity(eq_case_fm(ni,n2,p,Pleq.f)) =
succ(nl) U suce(n2) U suce(p) U suce(P) U suce(leq) U suce(f)
(proof)

definition
mem,__case :: [i,i,4,i,i,i] = o where
mem,__case(t1,t2,p,P,leq,f) = VvEP. {v,p)Eleq —>
(3¢. Is. Ir. reP A geP A (gu)€leq A (s,r) € t2 A (q,r)Eleg N fX0,l1,s,9) =
1)

(ML)

lemma arity _mem__case_fm :
assumes
nl€nat n2€nat penat PEnat legenat fEnat
shows
arity(mem__case_fm(nl,n2,p,P,leq.f)) =
succ(nl) U suce(n2) U suce(p) U suce(P) U suce(leq) U suce(f)
(proof )

definition
Hfre :: [i,i,i,i] = o where
Hfre(P,leg,fanc,f) = 3 ft. Anl. In2. Jc. c€P A fanc = (ft,nl,n2,c) A
( ft=0N eq_case(nl,n2,c,P,leq.f)
V ft = 1 A mem__case(n1,n2,c,P,leq.f))

(ML)

lemma arity Hfrc fm :
assumes
Penat legenat fnncenat fenat
shows
arity(Hfrc_fm(P,leq,fnnc,f)) = succ(P) U succ(leq) U succ(fanc) U succ(f)
{proof )

definition

is__Hfrc_at(M,P leg,fnnc,f,z) =
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(empty(M,z) A — is__Hfre(M,P,leg,fnnc,f))
V (numberl(M,z) A is_Hfre(M,P,leq,fnnc,f))

(ML)

lemma arity Hfrc at_fm :
assumes
Penat legenat fnncenat fEnat z€nat
shows
arity(Hfrc__at_fm(P,leg,fnnc,f,z)) = suce(P) U suce(leq) U suce(fnnc) U suce(f)
U succe(z)

{proof)

32.3 The well-founded relation forcerel

definition
forcerel :: i = i = i where
forcerel(P,x) = frecrel(names_below(P,z)) ™+

definition
is_forcerel :: [i=0,i,i,i] = o where
is_forcerel(M,P,x,z) = 3r[M]. Inb[M]. tran__closure(M,r,z) A
(is_names_below(M,P,x,nb) A is_frecrel(M,nb,r))

definition
forcerel _fm :: i= i = i = i where
forcerel_fm(p,x,2) = Fuists(Exists(And(trans_closure_fm(1, z4#+2),
And(is_names_below_fm(p#+2,2#+2,0),frecrel_fm(0,1)))))

lemma arity_forcerel fm:
[penat;zenat;z€nat] = arity(forcerel _fm(p,z,z)) = succ(p) U suce(z) U suce(z)

{proof)

lemma forcerel_fm__type[TC):
[penat;zenat;zenat] = forcerel_fm(p,x,2)€formula
(proof )

lemma sats_forcerel fm:
assumes
pEnat z€nat z€nat envelist(A)
shows
sats(A,forcerel_fm(p,x,z),env) «— is_forcerel(#4# A,nth(p,env),nth(z, env),nth(z,
env))

(proof)

32.4 frc_at, forcing for atomic formulas

definition
fre_at :: [i,i,i] = i where
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frc_at(P,leq,fnnc) = wfrec(frecrel(names__below(P,fnnc)),fnnc,
Az f. bool _of o(Hfrc(P,leq,z,f)))

definition
is_frc_at :: [i=o0,i,i,4,i]] = o where
is_frc_at(M,P,leq,x,z) = Ar[M]. is_forcerel(M,P,z,r) A
is_wfrec(Mis_Hfrc_at(M,P,leq),r,z,z)

definition
fre_at_fm :: [i,i,i,i]] = 7 where
frc_at_fm(p,l,x,2) = Exists(And(forcerel_fm(succ(p),succ(z),0),
is_wfrec_fm(Hfrc_at_fm(6#+p,6#+1,2,1,0),0,succ(x),succ(z))))

lemma frc_at_fm_type [TC] :
[penat;lenat;z€nat;z€nat] = fre_at_fm(p,l,z,z)Eformula

(proof )

lemma arity_frc_at_fm :

assumes penat lenat x€nat z€nat

shows arity(frc_at_fm(p,l,z,2)) = succ(p) U suce(l) U suce(x) U suce(z)
(proof)

lemma sats frc_at_fm :
assumes
penat l€nat i€nat jenat envelist(A) i < length(env) j < length(env)
shows
sats(A,fre_at_fm(p,l,i.7),env) +—
is_frc_at(#H#A,nth(p,env),nth(l,env),nth(i,env),nth(j,env))
(proof)

definition

forces _eq'(P,l,p,t1,t2) = frc_at(P,1,{0,t1,t2,p)) = 1

definition

forces_mem'(P,l,p,t1,t2) = frc_at(P,l,(1,t1,t2,p)) = 1

definition

forces_neq'(P,l,p,t1,t2) = = (3 q€P. {q,p)El N forces_eq'(P,l,q,t1,t2))

definition

forces_nmem/(P,l,p,t1,t2) = — (3 q€P. {q,p)€l N forces_mem/'(P,l,q,t1,t2))

definition

is_forces eq'(M,Pl,p,t1,t2) =3 o[M]. 3 z[M]. Ft[M]. numberi(M,o) N empty(M,z)
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is_tuple(M,z,t1,t2,p,t) A is_frc_at(M,P,l,t,0)

definition

is_forces_mem'(M,P,l,p,t1,t2) = 3 o[M]. It[M]. numberi(M,o) A
is_tuple(M,o0,t1,t2,p,t) A is_frc_at(M,P,lt, o)

definition

is_forces _mneq'(M,P,l,p,t1,t2) =
= (3 q[M]. ¢eP A (3 gp|M]. pair(M,q,p,qp) N\ qp€l A is_forces _eq'(M,P,l,q,t1,t2)))

definition

is_forces _nmem'(M,P l,p,t1,t2) =
- (3 ¢[M]. 3 gp[M]. g€ P A pair(M,q,p,qp) A qpEl N is_forces_mem'(M,P,l,q,t1,t2))

definition
forces_eq_fm :: [i,i,i,i,i]] = ¢ where
forces_eq_fm(p,l,q,t1,t2) =
Erists( Exists( Exists(And(numberl _fm(2),And(empty_fm(1),
And(is_tuple_fm(1t1#+3,t2#+3,q#+3,0),frc_at_fm(p#H+38,l#+3,0,2)
)

definition
forces_mem__fm :: [i,i,i,i,i]] = ¢ where
forces_mem__fm(p,l,q,t1,t2) = Exists(Exists(And(numberl_fm(1),
And(is_tuple fm(1,t1#+2,t2#+2,q#+2,0),frc_at_ fm(p#+2,1#+2,0,1)))))

definition

forces_mneq_fm(p,l,q,t1,t2) = Neg(Exists(Exists(And(Member(1,p#+2),
And(pair_fm(1,q#+2,0),And(Member(0,1#+2),forces__eq _fm(p#+2,l#+2,1,t1#+2,t24#+2)))))))

definition

forces_nmem__fm(p,l,q,t1,t2) = Neg(Fuxists( Exists(And(Member(1,p#+2),
And(pair_fm(1,q#+2,0),And(Member(0,l1#+2),forces_mem__fm(p#+2,1#+2, 1, t1#+2,t2#+2)))))))

lemma forces_eq fm_ type [TC]:
[ pEnat;lenat;genat;ti€nat;t2enat] = forces_eq_fm(p,l,q,t1,t2) € formula
(proof)

lemma forces_mem__fm_ type [TC]:
[ pEnat;lenat;qenat;ti€nat;t2enat] = forces_mem_ fm(p,l,q,t1,t2) € formula

(proof)
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lemma forces neq fm_type [TC):
[ pEnat;lenat;genat;tl1€nat;t2€nat] = forces_neq_fm(p,l,q,t1,t2) € formula
(proof)

lemma forces_nmem__fm__type [TCI:
[ pEnat;lenat;qenat;t1€nat;t2€nat] = forces_nmem__fm(p,l,q,t1,t2) € formula
(proof)

lemma arity_forces eq fm :
pEnat = l€nat — q€nat — t1 € nat — t2 € nat —
arity(forces_eq_fm(p,l,q,t1,t2)) = succ(tl) U succ(t2) U suce(q) U suce(p) U
suece(l)

{proof)

lemma arity forces _mem_ fm :
peEnat = l€nat = g€nat = t1 € nat = t2 € nat =
arity(forces_mem__fm(p,l,q,t1,t2)) = succ(tl) U succ(t2) U succ(q) U succ(p) U
suece(l)
(proof)

lemma sats_forces eq’_fm:
assumes peEnat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M,forces _eq _fm(p,l,q,t1,12),env) +—
is_forces__eq'(## M ,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
(proof)

lemma sats_forces_mem’_fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M,forces_mem_ fm(p,l,q,t1,t2),env) <—
is_forces_mem/'(#4# M nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
{proof)

lemma sats_forces _neq’_fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M,forces _neq_fm(p,l,q,t1,t2),env) <—
is_forces_neq'(##M,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))
{proof)

lemma sats forces nmem’' fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
shows sats(M,forces_nmem_ fm(p,l,q,t1,t2),env) +—
is_forces_nmem'(#+#M ,nth(p,env),nth(l,env),nth(q,env),nth(t1,env),nth(t2,env))

{proof)

context forcing data
begin

lemma ftype abs:
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[zeM; yeM | = is_ftype(##M,x,y) «— y = ftype(z)
(proof )

lemma namel abs:
[xeM; yeM | = is_namel(##M,z,y) «— y = namel(x)
(proof)

lemma snd_snd _abs:
[xeM; yeM | = is_snd_snd(##M,z,y) «— y = snd(snd(zx))
(proof)

lemma name2 abs:
[zeM; yeM | = is_name2(##M,z,y) +— y = name2(z)
(proof)

lemma cond_of abs:
[xeM; yeM | = is_cond_of (##M,z,y) <— y = cond_of(z)
(proof )

lemma tuple__abs:
[zeM;tle M;t2e M;peM;te M| =
is_tuple(## M ,z,t1,t2,p,t) +— t = (2,t1,t2,p)
(proof)

lemmas components abs = ftype _abs namel__abs name2__abs cond_of abs
tuple _abs

lemma oneN_in_ M[simp|: 1€ M

{proof)

lemma twoN _in M : 2e M
(proof)

lemma comp_in_ M:
p=2q= peM
P2 qg= qeM

(proof)

lemma eq case_abs [simp]:
assumes
tieM t2e M peM feM
shows
is_eq case(##M,t1,t2,p,P,leq.f) +— eq_case(t1,t2,p,P,leq,f)
(proof)

lemma mem,__case__abs [simp]:
assumes
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tieM t2e M peM feM
shows
is_mem__case(##M,t1,t2,p,P leq,f) <— mem__case(t1,t2,p,P,leq,f)
(proof )

lemma Hfrc abs:
[fanceM; feM]| =
is_Hfrc(#4#M,P,leq,fnnce,f) +— Hfrc(P,leq,fnnc,f)
(proof )

lemma Hfrc at_abs:
[fanceM; feM ; ze M| =
is_Hfrc_at(##M,P leq,fnnc,f,2) «— 2z = bool_of o(Hfrc(P,leq,fnnc,f))
(proof )

lemma components_closed :
€M = (#4M)(ftype(r))
zeM = (##M)(namel(x))
zeEM = (##M)(name2(z))
zeM = (##M)(cond_of (z))
{proof)

lemma ecloseN closed:

(##M)(A) = (##M)(ecloseN(A))
(#H#M)(A) = (##M)(eclose_n(namel,A))
E##]\i)(A) = (##M)(eclose_n(name2,A))
proof

lemma eclose n__abs :
assumes xeM ece M
shows is_eclose__n(##M,is_namel,ec,z) <— ec = eclose_n(namel,x)
is_eclose_n(##M,is_name2,ec,x) +— ec = eclose_n(name2,x)
(proof)

lemma ecloseN _abs :
[xeM;ece M| = is_ecloseN(##M,z,ec) «— ec = ecloseN(x)
(proof)

lemma frecR_abs :
reEM = yeM = frecR(z,y) «— is_frecR(##M,z,y)
(proof )

lemma frecrelP _abs :
2€EM = frecrelP(##M,z) +— 3z y. z = (z,y) N frecR(z,y))
(proof)

lemma frecrel abs:
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assumes
AeM reM
shows
is_frecrel(#H#M,A;r) «— 1 = frecrel(A)
(proof)

lemma frecrel_closed:
assumes
xeM
shows
frecrel(z)e M
(proof)

lemma field frecrel : field(frecrel(names__below(P,z))) C names_below(P,z)

(proof)

lemma forcerelD : uv € forcerel(P,x) = uv€ names__below(P,x) x names_below(P,x)
{proof)

lemma wf_forcerel :
wf (forcerel( P,x))

{proof)

lemma restrict_trancl_forcerel:
assumes frecR(w,y)
shows restrict(f,frecrel(names_below(P,x))-{y}) ‘w
= restrict(f,forcerel(P,x)-‘“{y}) ‘w
{proof )

lemma names belowl :
assumes frecR({ft,n1,n2,p),(a,b,c,d)) peP
shows (ft,n1,n2,p) € names_below(P,{a,b,c,d)) (is %z € names_below(__,?y))

(proof)

lemma names below tr :
assumes z€ names_below(P,y)
y€ names__below(P,z)
shows z€ names__below(P,z)

(proof)

lemma arg into__names_below?2 :
assumes (z,y) € frecrel(names_below(P,z))
shows z € names_below(P,y)

(proof)

lemma arg into__names_below :
assumes (z,y) € frecrel(names_below(P,z))
shows z € names_below(P,z)

(proof)
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lemma forcerel arg into__names_below :
assumes (z,y) € forcerel(P,z)
shows z € names_below(P,z)

(proof )

lemma names below mono :
assumes (z,y) € frecrel(names_below(P,z))
shows names_below(P,x) C names_below(P,y)

{(proof)

lemma frecrel_mono :
assumes (z,y) € frecrel(names_below(P,z))
shows frecrel(names__below(P,x)) C frecrel(names_below(P,y))

(proof)

lemma forcerel _mono2 :
assumes (z,y) € frecrel(names_below(P,z))
shows forcerel(P,z) C forcerel(P,y)

{proof)

lemma forcerel _mono__auz :
assumes (z,y) € frecrel(names_below(P, w)) ™+
shows forcerel(P,z) C forcerel(P,y)

{proof)

lemma forcerel _mono :
assumes (z,y) € forcerel(P,z)
shows forcerel(P,z) C forcerel(P,y)

{proof)

lemma forcerel_eq auz: © € names_below(P, w) = (x,y) € forcerel(P,z) =
(y € names_below(P, w) — (z,y) € forcerel(P,w))
{proof )

lemma forcerel _eq :
assumes (z,z) € forcerel(P,x)
shows forcerel(P,z) = forcerel(P,z) N names__below(P,z)xnames_below(P,z)
(proof)

lemma forcerel _below auz :
assumes (z,z) € forcerel(P,z) (u,z) € forcerel(P,z)
shows u € names__below(P,z)

{proof)

lemma forcerel _below :
assumes (z,z) € forcerel(P,x)
shows forcerel(P,z) -““ {2z} C names_below(P,z)

{proof)
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lemma relation_forcerel :
shows relation(forcerel(P,z)) trans(forcerel(P,z))
{proof)

lemma Hfrc restrict_trancl: bool_of o(Hfre(P, leq, y, restrict(f,frecrel(names_below(P,z))-‘{y})))
= bool__of _o(Hfrc(P, leq, y, restrict(f,(frecrel(names__below(P,z)) ™+)-“{y})))
{proof )

lemma fre_at_trancl: frc_at(P,leq,z) = wfrec(forcerel(P,z),z,Ax f. bool_of _o(Hfrc(P,leq,z.f)))
(proof)

lemma forcerelll :
assumes nl € domain(b) V n1 € domain(c) peP deP
shows ((1, n1, b, p), (0,b,c,d))€ forcerel(P,{0,b,c,d))
(proof)

lemma forcerell2 :
assumes nl € domain(b) V n1 € domain(c) peP deP
shows ((1, n1, ¢, p), (0,b,c,d))€ forcerel(P,{0,b,c,d))
(proof)

lemma forcerell3 :

assumes (n2, ry € ¢ peP dePr € P

shows ((0, b, n2, p),{(1, b, ¢, d)) € forcerel(P,(1,b,c,d))
(proof)

lemmas forcerell = forcerell [ THEN vimage__singleton__iff[THEN iffD2]]
forcerelI2| THEN vimage__singleton__iff[THEN iff D2]]
forcerell3] THEN vimage__singleton__iff[THEN iffD2]]

lemma auz def frc at:

assumes z € forcerel(P,z) - {z}

shows wfrec(forcerel(P,x), z, H) = wfrec(forcerel(P,z), z, H)
(proof)

32.5 Recursive expression of frc_at

lemma def frc_at :

assumes peP

shows

fre_at(P,leq,(ft,;nl,n2,p)) =

bool_of o( p €P A

( ft=0Nn (Vs. s€domain(nl) U domain(n2) —

(Vgq. geP A q=p— (frc_at(P,leq,(1,s,n1,q)) =1+ frc_at(P,leq,(1,5,n2,q))

1))

)
Vft=1N(YveEP. v <p—
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(3¢g.Fs.Ir.rePANgePANg=vA{(sr) EN2A q =1 A frc_at(P,leq,(0,nl,s,q))

= 1))
(proof)

32.6 Absoluteness of frc at

lemma forcerel_in_ M :
assumes
xeM
shows
forcerel(P,x)e M
(proof )

lemma relation2 Hfrc_at_abs:
relation2(## M is_Hfrc__at(##M,P,leq),\x f. bool _of o(Hfrc(P,leq,x,f)))
(proof)

lemma Hfrc at_closed :
VzeM.V geM. function(g) — bool_of _o(Hfrc(P,leg,z,9))EM
(proof )

lemma wfrec_ Hfrc at :
assumes
XeM
shows
wfrec__replacement(#+#M ,is__Hfrc__at(##M,P leq),forcerel(P,X))
(proof)

lemma names_below abs :
[QeM;ze M;nbe M| = is_names__below(## M, Q,z,nb) <— nb = names__below(Q,x)
(proof)

lemma names below closed:
[QeM;ze M| = names_below(Q,z) € M

(proof)

lemma names_below productE :
assumes Q € Mz € M
NAL A2 A3 Af. Ale M = A2 e M = A3 e M = A/ € M = R(AI
x A2 x A3 x AY)
shows R(names_below(Q,z))

{proof)

lemma forcerel _abs :
[xeM;2e M| = is_forcerel(##M,P,x,2) +— z = forcerel(P,x)
(proof )

lemma frc_at_abs:
assumes fnnce M ze M
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shows is_frc_at(#4#M,P,leq,fnnc,z) «— z = frc_at(P,leg,fnnc)
(proof)

lemma forces eq’ _abs :
[peM ; t1eM ; t2e M| = is__forces__eq'(## M ,P,leq,p,t1,t2) «— forces_eq'(P,leq,p,t1,t2)
(proof)

lemma forces_mem’ _abs :
[peM ; t1eM ; t2e M| = is_ forces_mem'(## M,P,leq,p,t1,t2) «— forces_mem'(P,leq,p,t1,t2)
(proof )

lemma forces neq’ abs :
assumes
peEM tieM t2e M
shows
is_forces _neq'(##M,P,leq,p,t1,t2) +— forces_neq’(P,leq,p,t1,t2)
(proof)

lemma forces _nmem’ _abs :
assumes
peM tieM t2e M
shows
is_forces_nmem'(##M,P,leq,p,t1,t2) +— forces_nmem/'(P,leq,p,t1,t2)
(proof)

end

32.7 Forcing for general formulas

definition
ren__ forces _nand :: i=1 where
ren_forces_nand(p) = Ewxists(And(Equal(0,1),iterates(Ap. incr_bv(p)‘1, 2, ¢)))

lemma ren_ forces_nand_type[TC)] :
peformula = ren__forces _nand(p) €formula

{proof)

lemma arity ren_ forces nand :
assumes € formula
shows arity(ren_ forces _nand(p)) < succ(arity(y))

(proof)

lemma sats ren_ forces nand:

[¢,P,leq,0,p] @ env € list(M) = p<formule =

sats(M, ren__forces_nand(y),[q,p,P,leq,0] @ env) «+— sats(M, o,[q,P,leq,0] @Q
env)

(proof)
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definition
ren__forces_forall :: i=1 where
ren__forces_forall(p) =
Ezists( Exists( Exists( Exists( Exists(
And(Equal(0,6),And(Equal(1,7), And(Equal( ,8),And(Fqual(3,9),
And(Equal(4,5),iterates(Ap. incr_bu(p) ‘5 NN

lemma arity ren_ forces all :

assumes € formula

shows arity(ren_ forces_forall(p)) = 5 U arity(p)
(proof)

lemma ren_ forces forall_type[TC] :
pEformula = ren__forces_forall(p) €formula

(proof )

lemma sats_ren_ forces forall :
[2,P,leg,0,p] @ env € list(M) = p€formula =
sats(M, ren__forces_forall(p),[z,p,P,leq,0] Q env) +— sats(M, ¢,[p,P,leq,0,x]
Q@ enw)
(proof )

definition
is_leq :: [i=o0,i,i,i] = o where
is_leq(A,l,q,p) = 3 qp[A]. (pair(A,q.p.qp) N qp€l)

lemma (in forcing data) leq abs:
[ €M 5 qeM ; peM | = is_leq(#4#M,l,q.p) +— (¢,p)€l
(proof )

definition
leq_fm :: [i,i,i] = ¢ where
leq_fm(leq,q,p) = Exists(And(pair_fm(q#+1,p#+1,0), Member(0,leq#+1)))

lemma arity leq fm :
[legenat;qenat;penat] = arity(leq_fm(leq,q,p)) = suce(q) U succ(p) U suce(leq)
(proof )

lemma leq fm_type[ TC] :
[legenat;qenat;penat] = leq_fm(leq,q,p)€formula
(proof)

lemma sats leq fm :
[ legenat;qenat;pEnat;envelist(4) | =
sats(A,leq_fm(leq,q,p),env) <— is_leq(## A,nth(leq,env),nth(gq,env),nth(p,env))
(proof)
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32.7.1 The primitive recursion

consts forces’ :: i=i
primrec
forces'(Member(z,y)) = forces_mem__fm(1,2,0,x#+4,y#+4)
forces'(Equal(z,y)) = forces_eq fm(1,2,0,x#+4,y#+4)
forces'(Nand(p,q)) =
Neg( Exists(And(Member(0,2),And(leq_fm(3,0,1),And(ren__forces _nand(forces'(p)),
ren__forces _nand(forces’(q)))))))
forces'(Forall(p)) = Forall(ren__forces_forall(forces'(p)))

definition
forces :: i=1i where
forces(p) = And(Member(0,1),forces'(v))

lemma forces’ type [TC]: peformula = forces'(p) € formula
(proof)

lemma forces type[TC| : p€formula = forces(y) € formula
(proof )

context forcing data
begin

32.8 Forcing for atomic formulas in context

definition
forces_eq :: [4,i,i] = o (< forces, '(_ = _") [86,1,1] 60) where
forces_eq = forces_eq'(P,leq)

definition
forces_mem :: [i,i,i] = o (<_ forces, '(_ € _') [36,1,1] 60) where
forces_mem = forces_mem/'(P,leq)

definition
is_forces eq :: [i,i,i] = o where
is_forces_eq = is_forces _eq'(##M,P,leq)

definition
is_forces_mem :: [i,i,i] = o where
is_forces_mem = is_forces _mem/'(#4#M,P,leq)

lemma def forces eq: p€P = p forces, (t1 = t2) «—
(Vsedomain(tl) U domain(t2). ¥V q. ¢¢P A ¢ < p —
(q forces, (s € t1) <— q forces, (s € t2)))
(proof)
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lemma def forces _mem: pe P = p forces, (t1 € 12) +—
(VveP. v < p —
(3¢.-Fs.Fr.reP A geP AN g=v A (1) E2N q =1 A q forces, (t1 = s)))
(proof )

lemma forces eq abs :
[peEM ; t1€M ; t2e M| = is_forces eq(p,t1,t2) <— p forces, (t1 = t2)
(proof)

lemma forces mem__abs :
[peM ; t1eM ; t2e M] = is_forces_mem(p,t1,t2) <— p forces, (t1 € t2)
(proof )

lemma sats_forces eq fm:
assumes peEnat l€nat gEnat t1€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq
shows sats(M,forces _eq_fm(p,l,q,t1,12),env) +—
is_forces__eq(nth(q,env),nth(t1,env),nth(t2,env))
{proof)

lemma sats_forces mem_ fm:
assumes penat l€nat genat t1€nat t2€nat envelist(M)
nth(p,env)=P nth(l,env)=leq
shows sats(M,forces_mem__fm(p,l,q,t1,t2),env) +—
is_forces_mem(nth(q,env),nth(tl,env),nth(t2,env))
(proof)

definition
forces_meq :: [i,i,i] = o (<_ forces, '(_ # _') [36,1,1] 60) where
p forces, (t1 # t2) = = (AqEP. q=p A q forces, (t1 = t2))

definition
forces_nmem :: [i,i,i] = o ((_ forces, '(_ ¢ _') [36,1,1] 60) where
p forces, (t1 ¢ t2) = — (Fq€P. ¢=p A q forces, (t1 € t2))

lemma forces neq :
p forces, (t1 # t2) «+— forces _neq'(P,leq,p,t1,t2)
(proof )

lemma forces nmem :
p forces, (t1 ¢ t2) <— forces_nmem’(P,leq,p,t1,t2)

(proof )
abbreviation Forces :: [i, ¢, 1] = o (_ Ik _ _ [36,56,36] 60) where
plFpenv = M, ([p,P,leq,one] Q env) = forces(p)

lemma sats forces Member :
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assumes zcnat yenat envelist(M)

nth(z,env)=xz nth(y,env)=yy ¢ M
shows ¢ IF -z € y- env «— q € P A is_forces_mem(q, zz, yy)
(proof )

lemma sats_forces FEqual :
assumes zenat yenat envelist(M)
nth(z,env)=xz nth(y,env)=yy ¢ M
shows ¢ IF -z = y- env <— q € P A is_forces_eq(q, zz, yy)
(proof )

lemma sats_forces Nand :
assumes @€ formula Ve formula envelist(M) pe M
shows p IF -=(p A ¥)- env «—
pEP N ~(FqeM. qeP A is_leq(##M,leq,q,p) N
(M,[q,P,leq,one]Qenv |= forces'()) N (M,]q,P,leq,one]Qenv = forces'(v)))
(proof)

lemma sats forces Neg :
assumes @€formula envelist(M) pe M
shows p IF -=p- env +—
(peP A =(FqeM. qeP A is_leq(#+#M,leq,q,p) N
(M, [g, P, leg, one] @ env = forces'(¢))))
(proof)

lemma sats_forces Forall :

assumes @€formula envelist(M) pe M

shows plF (V') env<— pe PN (VzeM. M,[p,P,leq,one,x] @Q env = forces’(p))
(proof)

end

32.9 The arity of forces

lemma arity_forces at:
assumes z € nat y € nat
shows arity(forces(Member(z, y))) = (succ(z) U succ(y)) #+ 4
arity(forces(Equal(z, y))) = (succ(z) U suce(y)) #+ 4
(proof )

lemma arity_ forces”:
assumes € formula
shows arity(forces'(p)) < arity(p) #+ 4
{proof )

lemma arity_ forces :
assumes € formula
shows arity(forces(p)) < 4#+arity(p)
(proof)
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lemma arity_forces le :
assumes € formula nenat arity(p) < n
shows arity(forces(p)) < 4#+n
(proof )

end

33 The Forcing Theorems

theory Forcing Theorems
imports
Forces _Definition

begin

context forcing data
begin

33.1 The forcing relation in context

lemma Collect_forces :
assumes
fty: peformula and
far: arity(p)<length(env) and
envty: envelist(M)
shows
{peP .plk p env} € M
(proof)

lemma forces _mem__iff dense_below: pe P => p forces, (t1 € t2) «— dense__below(
{¢eP. Is. Ir. reP A (s,r) € t2 A q=1 A q forces, (t1 = s)}

D)
(proof)

33.2 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening_eq:
assumes peP reP r=<p p forces, (t1 = t2)
shows r forces, (t1 = t2)

{proof)

33.3 Kunen 2013, Lemma IV.2.37(a)

lemma strengthening mem:
assumes peP reP r=p p forces, (t1 € t2)
shows r forces, (t1 € t2)

(proof)
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33.4 Kunen 2013, Lemma IV.2.37(b)

lemma density mem:
assumes peP
shows p forces, (t1 € t2) <+— dense_below({q€P. q forces, (t1 € t2)},p)

(proof)

lemma auz_density eq:

assumes
dense__below(
{q’€P. VY q. qeP A q=q' — q forces, (s € t1) «— q forces, (s € t2)}
p)
q forces, (s € t1) q€P peP q=p

shows
dense__below({reP. r forces, (s € t2)},q)

(proof)

lemma density eq:
assumes peP
shows p forces, (t1 = t2) <— dense_below({q€P. q forces, (t1 = t2)},p)

(proof)

33.5 Kunen 2013, Lemma IV.2.38

lemma not_forces neq:
assumes peP
shows p forces, (t1 = t2) «— — (I g€P. q=p A q forces, (t1 # t2))
(proof )

lemma not_forces nmem:
assumes pceP
shows p forces, (t1 € t2) «— — (Fq€P. q=p A q forces, (t1 ¢ t2))
(proof)

lemma sats_forces Nand':
assumes
pEP e formula Yeformula env € list(M)
shows
(M, [p,P,leq,one] Q env = forces(Nand(p,2)))) +—
—(3geM. qeP A is_leq(#+#M,leq,q,p) A
(M, [q,P,leq,one] @Q env = forces(¢)) A
(M, [q,P,leg,one] @ env |= forces(v)))

{proof)
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lemma sats_forces Neg”

assumes
pEP env € list(M) p€&formula

shows
(M, [p,P,leg,one] Q env = forces(Neg(p))) +—
—(3geM. geP A is_leq(##M,leq,q,p) N

(M, [q,P,leq,one]@Qenv |= forces(p)))
(proof)

lemma sats_forces Forall”:
assumes
pEP env € list(M) p€formula
shows
(M,[p,P,leq,one] Q env = forces(Forall(p))) +—
(VzeM. M, [p,P,leg,one,x] Q env = forces(y))

(proof )

33.6 The relation of forcing and atomic formulas

lemma Forces Fqual:
assumes
peP t1€M t2e M envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat
shows
(p Ik Equal(n,m) env) +— p forces, (t1 = t2)
(proof)

lemma Forces Member:
assumes
pEP t1eM t2€ M envelist(M) nth(n,env) = t1 nth(m,env) = t2 nEnat menat
shows
(p IF Member(n,m) env) <— p forces, (t1 € t2)

{proof)

lemma Forces_Neg:
assumes
pEP env € list(M) ¢€formula
shows
(p IF Neg(p) env) «— —(3¢eM. ¢eP A ¢=p A (¢ IF ¢ env))
(proof )

33.7 The relation of forcing and connectives

lemma Forces Nand:
assumes
pEP env € list(M) @€eformula YEformula
shows
(p IF Nand(p,)) env) <— =(FqgeM. geP A q=p A (q Ik ¢ env) A (g I+ ¥ env))
(proof)

lemma Forces And_auz:
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assumes
pEP env € list(M) @€ formula Ve formula
shows
p IF And(p,)) env  +—
(VgeM. geP N q=Xp — (FreM. reP A r=2q A (r Ik ¢ env) A (r Ik 3 env)))
(proof)

lemma Forces And_iff dense_below:
assumes
pEP env € list(M) @€Eformula Yeformula
shows
(p IF And(p,) env) <— dense_below({reP. (r Ik ¢ env) A (r IF ¢ env) },p)

{proof)

lemma Forces Forall:
assumes
pEP env € list(M) ¢€formula
shows
(p Ik Forall(p) env) «— (VzeM. (p Ik ¢ ([z] Q@ env)))

{proof)

bundle some_rules = elem__of wval_pair [dest] SepReplace_iff [simp del] SepReplace _iff [iff]

context
includes some_rules
begin

lemma elem_of wvall: 39. IpeP. pe G A (V,p)en A val(P,GY) = © = x€val(P,G,r)
(proof )

lemma GenExtD: te M[G] «— (37€M. z = val(P,G,T))
(proof)

lemma left_in M : taue M = (a,byEtau = a€M
(proof)

33.8 Kunen 2013, Lemma 1V.2.29

lemma generic_inter_dense__below:
assumes DeM M__generic(G) dense__below(D,p) pe G
shows DN G # 0

(proof)

33.9 Auxiliary results for Lemma 1V.2.40(a)

lemma 1V2/0a_mem__ Collect:
assumes
meM TeM
shows
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{¢eP. Jo.3r. reP A (o,r) € T A q=1 A q forces, (7 = o)}eM
(proof)

lemma 1V2/0a_mem:
assumes
M__generic(G) peG meM 7€M p forces, (1 € T)
Nq 0. 6P = ¢ G = oc€domain(T) = q forces, (1 = 0) =
val(P,G,m) = val(P,G,0)
shows
val(P,G,w)€val(P,G,T)
(proof)

lemma refl_forces _eq:pe P = p forces, (z = x)

(proof )

lemma forces _meml: (o,ryeT = peEP —> r€P — p=<r = p forces, (0 € T)
(proof )

lemma 1V2/0a_eq 1st _incl:
assumes
M_generic(G) peG p forces, (T = 1)
and
IH:\q 0. g6 P = ¢q€G = o€domain(t) U domain(¥) =
(q forces, (0 € ) — val(P,G,0) € val(P,G,T)) A
(q forces, (o0 € ¥9) — wal(P,G,0) € val(P,G,9))

shows
val(P,G,7) C val(P,G,9)
(proof)

lemma 1V2/0a_eq 2nd_incl:
assumes
M__generic(G) peG p forces, (1 = 9)
and
IH:\q 0. g6 P = q€G = o&€domain(t) U domain(¥) =
(q forces, (0 € T) — wal(P,G,0) € val(P,G,T)) A
(q forces, (o € 9) — wal(P,G,0) € val(P,G,9))
shows
val(P,G9) C val(P,G,T)
(proof)

lemma 1V240a_ eq:
assumes
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M _generic(G) peG p forces, (T = 1)
and
IH:\q 0. g6 P = q€G = o€domain(t) U domain(¥) =
(q forces, (o € 7) — wval(P,G,0) € val(P,G,T)) A
(q forces, (o0 € 9) — wal(P,G,0) € val(P,G,9))
shows
val(P,G,T) = wval(P,G,9)
(proof)

33.10 Induction on names

lemma core__induction:
assumes
AT 9 p.pe P = [Aqo.[qeP ; oc€domain(¥)] = Q(0,7,0,9)] = Q(1,7,9,p)
AT ¥ p.p€ P = [Aqo. [qeP ; o€domain(r) U domain(¥)] = Q(1,0,7,q)
A Q(Lo,0,q)] = Q(0,7,9,p)
fte2peP
shows
Q(ft,7,9,p)
(proof)

lemma forces induction__with_conds:
assumes
AT 9 p.pe€ P= [Aqo. [¢eP ; c€domain(9)] = Q(¢,7,0)] = R(p,7,9)
AT 9 p.pe P= [A\qo.[¢eP ; ocdomain(r) U domain(9)] = R(q,0,7) A
R(g.0.0)] — Q(pr9)
p€EP
shows
Q(p,7,9) N R(p,7,9)
(proof)

lemma forces induction:
assumes
AT 9. [No. o€domain(¥) = Q(1,0)] = R(7,9)
AT 9. [No. o€domain(T) U domain(9) = R(o,7) A R(o,9)] = Q(7,9)
shows
Q(T,9) A R(7,9)
(proof)

33.11 Lemma IV.2.40(a), in full

lemma 1V2/0a:
assumes
M__generic(G)
shows
(teM — 9eM — (VpeQG. p forces, (1 =19) — val(P,G,7) = val(P,G,9)))
N
(teM — 9eM — (VpeG. p forces, (T € ¥) — val(P,G,7) € val(P,G9)))
(is ?2Q(7,9) A ?R(7,9))
(proof)
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33.12 Lemma IV.2.40(b)

lemma IV2/0b_mem:

assumes
M__generic(G) val(P,G,r)€val(P,G,7) 7€M 7€M
and
IH:\o. o€domain(t) = val(P,G,m) = val(P,G,0) =

IpeG. p forces, (m = o)

shows

IpeG. p forces, (m € T)

(proof)

end

lemma Collect forces eq in_M:
assumes 7 € M ¥ € M
shows {peP. p forces, (1 =)} € M
(proof)

lemma V2400 eq Collects:
assumes 7 € M ¥ € M
shows {peP. Joc€domain(r) U domain(9). p forces, (o € 7) A p forces, (o ¢
¥)}eM and
{peP. Foedomain(r) U domain(V). p forces, (o ¢ T) N p forces, (o0 €
NreM
(proof)

lemma 1V240b eq:
assumes
M__generic(G) val(P,G,7) = val(P,G,9) TeM YeM
and
IH:N\o. o€domain(T)Jdomain(9) =
(val(P,G,o)€val(P,G,m) — (3¢€G. q forces, (o0 € T))) A
(val(P,G,o)€eval(P,G,9) — (F¢€G. q forces, (o € V)))

shows
IpeG. p forces, (1 = 1V)
(proof)

lemma 1V2/0b:
assumes
M__generic(G)
shows
(reM—vYeM—val(P,G,7) = val(P,G,9) — (IpeG. p forces, (T =13))) A
(te M—Y¥eM—val(P,G,T) € val(P,G,¥) — (IpEG. p forces, (T € 9)))
(is ?Q(7,9) A ?R(7,9))
(proof)
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lemma map_val_in_MG:
assumes
envelist(M)
shows
map(val(P,G),env)€list(M[G))
(proof)

lemma truth lemma_mem:
assumes
enve€list(M) M__generic(G)
nenat menat n<length(env) m<length(env)
shows
(3peG. pl- Member(n,m) env) «— M[G], map(val(P,G),env) = Member(n,m)
(proof)

lemma truth_lemma__ eq:
assumes
envelist(M) M__generic(G)
nenat menat n<length(env) m<length(env)
shows
(Ipeq. p Ik Equal(n,m) env) «+— M|[G], map(val(P,G),env) = Equal(n,m)
(proof )

lemma arities at aux:
assumes
n € nat m € nat env € list(M) suce(n) U suce(m) < length(env)
shows
n < length(env) m < length(env)

{proof)

33.13 The Strenghtening Lemma

lemma strengthening lemma:
assumes
peP peformula reP r<p
envelist(M) arity(p)<length(env)
shows
plEyenv = rlk ¢ env

(proof)

33.14 The Density Lemma

lemma arity Nand_le:
assumes @ € formula ¢ € formula arity(Nand(p, ¢)) < length(env) envelist(A)
shows arity(p) < length(env) arity(yp) < length(env)
(proof )

lemma dense_below imp_ forces:

assumes
peP peformula
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envelist(M) arity(p)<length(env)
shows

dense__below({qeP. (¢ IF ¢ env)},p) = (p Ik ¢ env)
{proof)

lemma density_lemma:

assumes
peP peformula envelist(M) arity(p)<length(env)
shows
plF o env +— dense below({qeP. (¢ IF ¢ env)},p)
(proof)

33.15 The Truth Lemma

lemma Forces And:
assumes
pEP env € list(M) @€ formula Yeformula
arity(p) < length(env) arity(y) < length(env)
shows
p lF And(p,0) env +— (p Ik ¢ env) A (p IF ¢ env)
(proof)

lemma Forces Nand_alt:
assumes
pEP env € list(M) @€ formula ¥eformula
arity(p) < length(env) arity(v) < length(env)
shows
(p IF Nand(p,00) env) <— (p IF Neg(And(p,)) env)
{proof)

lemma truth_lemma_ Neg:
assumes
peformula M_generic(G) envelist(M) arity(e)<length(env) and
IH: (3peqG. p Ik ¢ env) +— M[G], map(val(P,G),env) = ¢
shows
(IpeG. p Ik Neg(p) env) <— M[G], map(val(P,G),env) = Neg(p)
(proof)

lemma truth lemma_ And:
assumes
envelist(M) @€ formula Yeformula
arity(p)<length(env) arity(y) < length(env) M_generic(G)
and
IH: (3peqG. plk ¢ env) «— M[G], map(val(P,G),env) = ¢
(FpeG. p Ik ¢ env) +— MI[G], map(val(P,G),env) = ¢
shows
(peq. (p Ik And(p,0) env)) +— M|[G] , map(val(P,G),env) = And(p,0)
(proof)
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definition
ren__truth_lemma :: i=1i where
ren__truth_lemma(p) =
Ezists(Exists( Exists( Exists( Exists(
And(Equal(0,5),And(Equal(1,8),And( Equal(2,9),And( Equal(3,10),And( Equal(4,6),
iterates(Ap. incr_bu(p)‘5 , 6, ©)))))))))))

lemma ren_truth_lemma_ type[TC)] :
pEformula => ren__truth_lemma(yp) €formula

(proof)

lemma arity ren_ truth :

assumes @€ formula

shows arity(ren_truth_lemma(p)) < 6 U succ(arity(p))
(proof)

lemma sats ren_truth lemma:
[¢,b,d,al,a2,a3] @ env € list(M) = ¢ € formula =
(M, [g,b,d,al,a2,a3] Q env |= ren_truth_lemma(p) ) «—
(M, [q,a1,a2,a3,b] @ env |= @)
(proof )

lemma truth lemma’ :
assumes
peformula envelist(M) arity(p) < succ(length(env))
shows
separation(#H#M N d. 3beM. ¥ geP. q=d — —(q IF ¢ ([b]Qenv)))
(proof)

lemma truth_lemma:
assumes
peformula M _generic(G)
envelist(M) arity(p)<length(env)
shows
(FpeCG. plk ¢ env) +— M[G], map(val(P,G),env) E ¢
(proof )

33.16 The “Definition of forcing”

lemma definition_of forcing:
assumes
peP peformula envelist(M) arity(p)<length(env)
shows
(p Ik ¢ env) +—
(VG. M_generic(G) N pcG — M[G], map(val(P,G),env) = ¢)
(proof )

lemmas definability = forces type

242



end

end

34 Auxiliary renamings for Separation

theory Separation_Rename
imports Interface Renaming
begin

lemmas apply_fun = apply iff [ THEN iffD1]

lemma nth_concat : [p,t] € list(A) = enve list(A) = nth(1 #+ length(env),[p]@
env Q [t]) =t
{proof)

lemma nth_concat2 : enve list(A) = nth(length(env),env Q [p,t]) = p
{proof)

lemma nth__concat3 : enve list(A) = u = nth(succ(length(env)), env Q [pi, u])

{proof)

definition
sep_var :: i = i where

sepivar(n) = {<071>7<173>><274>7<3,5>»(4»0>a<5#+n,5>7<5#+n,2>}

definition
sep_env :: ¢ = i where
sep_env(n) = X i € (5#+n)-5 . i#+2

definition weak :: [¢, 9| = ¢ where
weak(n,m) = {i#+m . i € n}

lemma weakD :
assumes n € nat kenat © € weak(n,k)
shows 3 ¢ € n . x = i#+k

{proof)

lemma weak__equal :
assumes nenat menat
shows weak(n,m) = (m#+n) - m

(proof)

lemma weak zero:
shows weak(0,n) = 0
(proof )

lemma weakening diff :
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assumes n € nat
shows weak(n,7) - weak(n,5) C {5#+n, 6#+n}
(proof)

lemma in_add_del :
assumes r€j#+n nenat jenat
shows z < j V z € weak(n,j)

(proof)

lemma sep__env_action:
assumes
[t,p,u,P,leq,0,pi] € list(M)
env € list(M)
shows V i . i € weak(length(env),5) —
nth(sep__env(length(env)) 4,[t,p,u,P,leq,0,pi]Qenv) = nth(i,[p,P,leg,0,t] Q env
@ [pi,u))
(proof)

lemma sep env_type :

assumes n € nat

shows sep_env(n) : (5#+n)-5 — (7#+n)-7
(proof)

lemma sep_wvar_fin_type :
assumes n € nat
shows sep_var(n) : T#+n -||> 7#+n
(proof)

lemma sep_ var_domain :

assumes n € nat

shows domain(sep_var(n)) = 7#+n - weak(n,5)
(proof)

lemma sep var_type :
assumes n € nat
shows sep_var(n) : (7#+n)-weak(n,5) — T#+n
(proof )

lemma sep var_action :
assumes
[t,p,u,P,leq,0,pi] € list(M)
env € list(M)
shows V i . i € (7T#+length(env)) - weak(length(env),5) —
nth(sep__var(length(env)) ‘i,[t,p,u,P,leq,0,pi|Qenv) = nth(i,[p,P,leg,0,t] @ env
Q [pi,u])
(proof )

definition
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rensep :: i = i where
rensep(n) = union__fun(sep_var(n),sep_env(n), 7#+n-weak(n,5),weak(n,5))

lemma rensep_auz :

assumes nenat

shows (7#+n-weak(n,5)) U weak(n,5) = 7#+n T#+n U ( 7 #+ n - 7) =
TH#+n
(proof)

lemma rensep_ type :
assumes nenat
shows rensep(n) € 7#+n — T#+n

(proof)

lemma rensep _action :
assumes [t,p,u,P,leq,0,pi] @ env € list(M)
showsV i. i < 7#+length(env) — nth(rensep(length(env)) ‘i, [t,p,u,P,leq,0,pi]Qenv)
= nth(i,[p,P,legq,0,t] Q@ env Q [pi,u])
(proo)

definition sep ren :: [i,i] = 7 where
sep_ren(n,p) = ren(p) (7T#+n) (7#+n) ‘rensep(n)

lemma arity rensep: assumes p<formula env € list(M)
arity(p) < T#+length(env)

shows arity(sep_ren(length(env),p)) < 7#-+length(env)
(proof )

lemma type_rensep [TC]:
assumes @€ formula envelist(M)
shows sep ren(length(env),p) € formula

(proof)

lemma sepren__action:
assumes arity(p) < 7 #+ length(env)
[t,p,u,P,leq,0,pi] € list(M)
envelist(M)
peformula
shows sats(M, sep_ren(length(env),p),[t,p,u,P,leq,0,pi] Q env) «— sats(M,
©,[p,P,leg,0,t] @ env Q [pi,u])
(proof)

end

35 The Axiom of Separation in M |G|

theory Separation__ Aziom
imports Forcing Theorems Separation_ Rename
begin
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context G__generic
begin

lemma map_wval :
assumes envelist(M|[G])
shows I nenvelist(M). env = map(val(P,G),nenv)

{proof)

lemma Collect sats _in_ MG :
assumes
ceM[G]
p € formula envelist(M[G]) arity(p) < 1 #+ length(env)
shows
{z€c. (M[G], [z] Q env = )} M[G]
(proof)

theorem separation_in_MG:
assumes
pEeformula and arity(p) < 1 #+ length(env) and envelist(M[G])
shows
separation(## M|[G], \z. (M[G], [z] Q env = ¢))
(proof )

end

end

36 The Axiom of Pairing in M|[G]

theory Puairing Axiom imports Names begin

context forcing data
begin

lemma val _Upair :
one € G = val(P,G,{{T,0one),(0,0ne)}) = {val(P,G,7),val(P,G,0)}
(proof )

lemma pairing_in_ MG :
assumes M_generic(G)
shows upair_az(##M[G])
(proof)

end
end
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37 The Axiom of Unions in M|G]

theory Union_ Axiom
imports Names
begin

context forcing data
begin

definition Union_name_body :: [i,i,i,i] = o where
Union_name__body(P’leq',r9p) = (3 o[##M].
3 q[#4#M]. (g€ P’ A ({o0,q) € T A
(3 r[##EM].reP’ A ({fst(Up),r) € o A (snd(Ip),r) € leg’ A (snd(Ip),q)
€ leg'))))

definition Union_name_fm :: ¢ where
Union_name__fm =
Ewxists(
Ezists(And(pair_fm(1,0,2),
Exists (
Ezists (And(Member(0,7),
Ezists (And(And(pair_fm(2,1,0),Member(0,6)),
Euzists (And(Member(0,9),
Ezists (And(And(pair_fm(6,1,0),Member(0,4)),
Ezists (And(And(pair_fm(6,2,0),Member(0,10)),
Ezists (And(pair_fm(7,5,0),Member(0,11))))))))))))))))

lemma Union_name_fm__type [TC]:
Union_name_ fm €formula
(proof )

lemma arity_ Union_name_ fm :
arity(Union_name__fm) = 4
(proof)

lemma sats Union_name_fm :

[ env e listtM); PPeM;peM;9eM;TeM;lg e M] =
sats(M,Union_name_ fm,[(9,p),T,leq’,P|Qenv) +—
Union__name__body(P’leq’.7.(9,p))

(proof)

definition Union_name :: ¢ = i where
Union_name(T) =

{u € domain(|J (domain(r))) x P . Union_name__body(P,leq,r,u)}

lemma Union name M : assumes 7 € M
shows Union_name(t) € M
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(proof)

lemma Union_ MG _FEq :
assumes a € M|[G] and a = val(P,G,7) and filter(G) and 7 € M
shows |J a = wal(P,G,Union_name(r))

(proof)

lemma union_in_MG : assumes filter(G)
shows Union__ax(##M[G))

{(proof)

theorem Union_ MG : M_generic(G) = Union__az(##M|[G))
{proof)

end
end

38 The Powerset Axiom in M|G]|

theory Powerset_Azxiom
imports Renaming Auto Separation_Azxiom Pairing Aziom Union__ Aziom
begin

(ML)
lemma Collect inter Transset:
assumes
Transset(M) b € M
shows
{zeb. P(z)} = {z€b. P(x)} N M
(proof )

context G__generic begin

lemma name__components _in_ M:
assumes (o,p)ed 9 € M
shows oceM peM

(proof)

lemma sats fst_snd_in_M:
assumes
AeM BeM ¢ € formula peM le M oeM xeM
arity(p) < 6
shows

{<87q>€AXB * M7 [q’p7l7O’S7X:| |: 90} 6 M
(is W e M)
(proof)

lemma Pow inter MG:
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assumes
aceM[G]
shows
Pow(a) N M[G) € M[G]
{proof)

end

context G__generic begin

interpretation mgtriv: M__trivial ##M|G)|
{proof)

theorem power_in_ MG : power_ax(##(M[G]))
(proof )

end

end

39 The Axiom of Extensionality in M[G]

theory Extensionality Azxiom
imports

Names
begin

context forcing data
begin

lemma extensionality_in_ MG : extensionality(##(M[G]))
(proof)

end
end

40 The Axiom of Foundation in M[G]

theory Foundation_Axiom
imports

Names
begin

context forcing data
begin
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lemma foundation_in_ MG : foundation ax(##(M[G]))
(proof )

lemma foundation__az(##(M[G]))
{proof)

end
end

41 The Axiom of Replacement in M|G]|

theory Replacement Aziom
imports
Least Relative_Univ Separation_ Axiom Renaming Auto
begin

(ML)

definition renrep_ fn :: i = ¢ where
renrep__fn(env) = rsum(renrepl_fn,id(length(env)),6,8,length(env))

definition
renrep :: [i,i] = ¢ where
renrep(p,env) = ren(p) (6#+length(env)) ( 8#+Ilength(env)) ‘renrep_ fn(env)

lemma renrep type [TC]:
assumes € formula env € list(M)
shows renrep(p,env) € formula

{proof)

lemma arity_renrep:
assumes @€ formula arity(y)
shows arity(renrep(p,env)) <

{proof)

#+length(env) env € list(M)

<6
8#+length(env)

lemma renrep_sats :
assumes arity(p) < 6 #+ length(env)
[P,leq,0,p,0,7] @ env € list(M)
VeMaeM
pEformula
shows sats(M, ¢, [p,P,leq,0,0,7] Q env) «— sats(M, renrep(p,env), [V,7,0,p,a,P,leq,o]
Q@ enw)
(proof)

(ML)

definition renpbdy_fn :: i = i where
renpbdy_fn(env) = rsum(renpbdyl _fn,id(length(env)),6,7,length(env))
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definition
renpbdy :: [i,i]] = i where
renpbdy(p,env) = ren(p) (6#+length(env)) {( 7#+length(env)) ‘renpbdy_ fn(env)

lemma
renpbdy__type [TC]: p€formula = env€list(M) = renpbdy(p,env) € formula
(proof )

lemma arity_renpbdy: p€formula = arity(y) < 6 #+ length(env) = envelist(M)
= arity(renpbdy(p,env)) < 7 #+ length(env)
{proof )

lemma
sats_renpbdy: arity() < 6 #+ length(nenv) = [o,p,z,,P,leg,0,m] Q nenv €
list(M) = p€formula =
sats(M, @, [o,p,a, P,leq,0] @ nenv) «— sats(M, renpbdy(p,nenv), [o,p,x,a,P,leq,o]
@ nenv)
(proof)

(ML)

definition renbody fn :: ¢ = i where
renbody_ fn(env) = rsum(renbodyl_fn,id(length(env)),5,6,length(env))

definition
renbody :: [i,i] = ¢ where
renbody(p,env) = ren(p) (5#+length(env)) ( 64+length(env)) ‘renbody_ fn(env)

lemma
renbody__type [TC): p€formula => envelist(M) = renbody(p,env) € formula
{proof)

lemma arity renbody: o€ formula = arity(p) < 5 #+ length(env) => envelist(M)
=

arity(renbody(p,env)) < 6 #+ length(env)

{proof )

lemma
sats_renbody: arity(p) < 5 #+ length(nenv) = [a,z,m,P,leg,0] @ nenv € list(M)
= peformule =
sats(M, ¢, [z,a,P,leq,0] Q@ nenv) <— sats(M, renbody(p,nenv), [a,x,m,P,leq,o0]
@ nenv)
(proof )

context G__generic
begin
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lemma pow_inter M:
assumes
xeM yeM
shows
powerset(#H#M,x,y) «— y = Pow(z) N M
(proof)

schematic__goal sats prebody_fm__auto:

assumes

e formula [P,leq,one,p,0,m] Q@ nenv €list(M) aeM arity(yp) < 2 #+ length(nenv)

shows

(3reM.3IVeM. is_Vset(##M,a,V) ATEV A sats(M,forces(p),[p,P,leq,one,o,T]
Q@ nenw))

«—— sats(M, ?prebody__fm,[o,p,a, P,leq,one] Q nenv)

(proof)

(ML)

lemma prebody_ fm__type [TC]:
assumes € formula
env € list(M)
shows prebody_ fm(p,env)€formula

(proof)

declare is_eclose_fm__def[fm__definitions]
is_eclose_fm_ def[fm__definitions]
mem,__eclose__fm__def[fm__definitions)
eclose_n__fm__def[fm__definitions)

lemma sats prebody fm:
assumes
[P,leq,one,p,0] @ nenv €list(M) p€formula aeM arity(p) < 2 #+ length(nenv)
shows
sats(M,prebody_fm(p,nenv),[o,p,a,P,leg,one] @ nenv) <—
(3reM.3VeM. is_Vset(##M,a,V) ANTEV A sats(M,forces(p),[p,P,leq,one,o,T]
@ nenv))

{proof)

lemma arity_prebody_ fm:
assumes
peformula aeM env € list(M) arity(p) < 2 #+ length(env)
shows
arity(prebody_fm(p,env))<6 #+ length(env)
(proof )
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definition
body_fm' :: [i,i]=i where
body__fm'(p,env) = Exists(Exists(And(pair_fm(0,1,2),renpbdy(prebody_ fm(p,env),env))))

lemma body_fm’ _type[ TC): o€ formula = envelist(M) = body__fm'(¢,env)€formula
(proof )

lemma arity body fm':
assumes
peformula aeM envelist(M) arity(p) < 2 #+ length(env)
shows
arity(body_fm'(p,env))<5 #+ length(env)
(proof)

lemma sats_body_fm’:
assumes
It p. a=(t,p) x€M [a,P,leg,one,p,0] @ nenv €list(M) p&€formula arity(p) < 2
#+ length(nenv)
shows
sats(M,body__fm'(¢,nenv),[z,a, P,leq,one] @ nenv) +—
sats(M ,renpbdy(prebody_fm(p,nenv),nenv),|fst(z),snd(x),z,o,P,leg,one] @ nenv)
(proof)

definition
body__fm :: [i,i]=i where
body__fm(p,env) = renbody(body__fm'(v,env),env)

lemma body_fm_ type [TC): envelist(M) = @< formula = body_ fm(p,env)€ formula
(proof )

lemma sats_body_ fm:
assumes
It p. a=(t,p) [a,z,m,P,leq,one] @ nenv €list(M)
peformula arity(p) < 2 #+ length(nenv)
shows
sats(M,body_ fm(p,nenv),lo,z,m,P,leq,one] @ nenv) <—
sats(M ,renpbdy(prebody__fm(p,nenv),nenv),|fst(z),snd(z),z,a, P,leq,one] Q nenv)
(proof)

lemma sats renpbdy prebody fm:
assumes
It p. z=(t,p) z€M [ar,m,P,leg,one] @ nenv €list(M)
peformula arity(p) < 2 #+ length(nenv)
shows
sats(M ,renpbdy(prebody_ fm(p,nenv),nenv),|fst(z),snd(x),z,a,P,leq,one] @ nenv)
—
sats(M ,prebody__fm(p,nenv),[fst(z),snd(x),a,P,leq,one] @ nenv)
(proof)

253



lemma body_lemma:
assumes
It p. z=(t,p) z€M [z,a,m,P,leq,one] Q nenv Elist(M)
pEformula arity(p) < 2 #+ length(nenv)
shows
sats(M,body_ fm(p,nenv),[a,x,m,P,leq,one] @ nenv) +—
(3reM.3VeM.is_Vset(ha. (##M)(a),a, V) AT € V A (snd(z) IF ¢ ([fst(z),7]Qnenv)))
(proof)

lemma Replace_sats _in_MG:
assumes
ce M[G] env € list(M[G])
p € formula arity(p) < 2 #+ length(env)
univalent(#H#M[G], ¢, Az v. (M[G] , [z,9]Qenv = ¢) )
shows
{v. z€c, ve M[G] N (M[G] , [z,v]Qenv = @)} € M[G]
(proof)

theorem strong replacement in_ MG:
assumes
peformula and arity(p) < 2 #+ length(env) env € list(M[G])
shows
strong_replacement(## M| G, z v. sats(M[G),p,[z,v] Q env))

(proof)

end

end

42 The Axiom of Infinity in M[G]

theory Infinity Axziom
imports Pairing Axiom Union__ Aziom Separation__ Axiom
begin

context G__generic begin

interpretation mg_ triv: M__trivial#+#M|[G)|
{proof )

lemma infinity_in_ MG : infinity_ax(##M[G])
{proof)

end
end
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43 The Axiom of Choice in M[G]

theory Choice_Aziom
imports Powerset_Aziom Pairing Aziom Union__Aziom Extensionality Axiom
Foundation__Aziom Powerset__Axiom Separation__Axiom
Replacement__Aziom Interface Infinity Aziom Relativization
begin

definition
induced__surj :: i=1=-1=-1 where
induced_surj(f,a,e) = f-“(range(f)-a)x{e} U restrict(f,f-*‘a)

lemma domain_induced_surj: domain(induced_surj(f,a,e)) = domain(f)

{proof)

lemma range_ restrict_vimage:
assumes function(f)
shows range(restrict(f,f-“‘a)) C a

(proof)

lemma induced__surj _type:
assumes
function(f)
shows
induced_surj(f,a,e): domain(f) — {e} U a
and
z € f-“a = induced__surj(f,a.e)‘c = fz

(proof)

lemma induced_surj is surj :
assumes
eca function(f) domain(f) = a A\y. y € a = Jzca. ffz =y
shows
induced_surj(f,a,e) € surj(a,a)

{proof)

context G__generic
begin

definition
upair_name :: ¢ = 1 = { where

upair_name(T,0) = Upair((T,one),(o,one))

lemma Upair_simp : Upair(a,b) = {a,b}
(proof)

(ML)

lemma upair_name__abs :
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assumes rcM yeM ze M
shows is_upair_name(##M,z,y,2) +— z = upair_name(z,y)
(proof)

definition
opair_mname :: i = i = i where
opair_name(T,0) = upair_name(upair_name(T,T),upair_name(r,0))

(ML)

lemma upair _name_ closed :
[ zeM; yeM | = upair_name(z,y)eM
(proof )

definition
upair_name_fm :: [i,i,4,i]] = 7 where
upair_name__fm(z,y,0,2) = Exists(Exists(And(pair_fm(z#+2,0#+2,1),
And(pair_fm(y#+2,0#+2,0),upair_fm(1,0,24+2)))))

lemma upair_name_fm__type[ TC] :
[ s€nat;xzenat;yenat;o€nat] = upair_name_fm(s,z,y,0)€formula

{proof)

lemma sats _upair_name_fm :
assumes z€nat yenat ze€nat o€nat envelist(M)nth(o,env)=one
shows
sats(M,upair_name__fm(z,y,0,z),env) «— is_upair_name(##M nth(z,env),nth(y,env),nth(z,env))

{proof)

lemma opair_name__abs :
assumes xeM yeM zeM
shows is_opair_name(##M ,x,y,2) +— 2z = opair_name(z,y)

{proof)

lemma opair_name_ closed :
[ zeM; yeM | = opair_name(x,y)eM
(proof )

definition
opair_name_fm :: [i,i,i,i] = i where
opair_name_fm(z,y,0,2) = Ezists(Ezists(And(upair_name_fm(x#+2,2#+2,04#+2,1),
And(upair_name__fm(z#+2,y#+ 2,04+ 2,0),upair_name_fm(1,0,0#+2,2#+2)))))

lemma opair_name_fm_type[TC)| :
[ s€nat;zenat;yEnat;o€nat] = opair_name_ fm(s,z,y,0)Eformula
{proof)

lemma sats_opair_name_fm :
assumes z€nat yenat z€nat o€nat envelist(M)nth(o,env)=one
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shows
sats(M,opair_name_ fm(z,y,0,2),env) «— is_opair_name(## M nth(z,env),nth(y,env),nth(z,env))
(proof )

lemma val_upair_name : val(P,G,upair_name(t,0)) = {val(P,G,7),val(P,G,0)}
(proof)

lemma val_opair_name : val(P,G,opair_name(t,0)) = (val(P,G,7),val(P,G,0))
(proof )

lemma val_RepFun_one: val(P,G {(f(x),one) . z€a}) = {wal(P,G,f(x)) . x€a}
(proof)

43.1 M]JG] is a transitive model of ZF

interpretation mgzf: M_ZF trans M[G]
(proof )

definition
is_opname__check :: [i,i,i] = o where
is_opname__check(s,z,y) =3 chac M. I sxeM. is_check(z,chx) A fun__apply(##M,s,z,s)
A
is_opair_name(##M,chz,sz,y)

definition
opname__check_fm :: [i,i,i,i] = i where
opname__check_fm(s,z,y,0) = FExists(Exists(And(check_fm(2#+x,2#+0,1),
And(fun__apply_fm(2#+s,2#+1x,0),0pair_name_fm(1,0,2#+0,2#+y)))))

lemma opname__check _fm_ type[TC] :
[ s€nat;xEnat;yenat;o€nat] = opname__check_fm(s,z,y,0)€formula
(proof )

lemma sats opname_check_fm:
assumes z€nat yenat zenat o€nat envelist(M) nth(o,env)=one
y<length(env)
shows
sats(M ,opname__check_fm(x,y,z,0),env) <— is_opname__check(nth(z,env),nth(y,env),nth(z,env))

(proof)

lemma opname__check__abs :
assumes scM zeM yeM
shows is_opname__check(s,z,y) «— y = opair_name(check(z),s‘c)

{proof)

lemma repl _opname__check :
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assumes
AeM feM
shows
{opair_name(check(x),fc). x€ AYeM
(proof)

theorem choice in_ MG:
assumes choice__az(##M)
shows choice_ax(##M[G])

{(proof)

end

end

44 Ordinals in generic extensions

theory Ordinals _In_MG
imports
Forcing_Theorems Relative_ Univ
begin

context G__generic
begin

lemma rank_val: rank(val(P,G,z)) < rank(z) (is ?Q(x))

(proof)

lemma Ord MG iff:
assumes Ord(a)
shows a € M +— a € M[G]

(proof)

end

end

45 The main theorem

theory Forcing Main
imports
Succession_ Poset
ZF _Miscellanea
Internal ZFC _Axioms
Choice_Axiom
Ordinals _In MG

begin

258



45.1 The generic extension is countable

lemma (in forcing data) surj nat MG :
af. f € surj(w,M[G))
(proof )

lemma (in G_generic) MG_egpoll_nat: M[G] =~ w
(proof)

45.2 The main result

theorem ezxtensions of ctms:
assumes
M =~ w Transset(M) M = ZF
shows
dN.
M CNAN=wA Transset(N) AN N |E ZF N M#N A
(Va. Ord(ar) — (¢ € M <— a € N)) A
(M, [J= -AC) — N = ZFC)
(proof)

end

46 Cardinal Arithmetic under Choice

theory Cardinal_Library Relative
imports
ZF _Library_ Relative
Delta_ System__Lemma.ZF _Library
Replacement__Lepoll
begin

locale M_library = M__ZF _library + M__cardinal_AC
begin

declare egpoll_rel refl [simp)

46.1 Miscellaneous

lemma cardinal_rel _RepFun_ le:
assumes S € A—B M(S) M(A) M(B)
shows [{S‘a . aeA}|M < |A\M
(proof )
lemma subset_imp_le_cardinal_rel: A C B — M(A) = M(B) = |A|M <
|B|M
(proof)

lemma It_cardinal _rel_imp_not_subset: |A|M < |BIM — M(A) = M(B) =
-~ BCA
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{proof)

lemma cardinal_rel_ It _csucc__rel_iff:
Cord_rel(M.K) = M(K) = M(K') = [KM < (K*)M e [K'M < K
(proof)

lemmas inj rel is fun = inj _is_fun[OF mem_inj rel]

lemma inj_rel_bij rel_range: f € injfM(A,B) = M(A) = M(B) = f €
bij"(A,range(f))
(proof )

lemma bij_rel_is_inj_rel: f € bijM(A,B) = M(A) = M(B) = f € injM(A,B)
{proof)

lemma inj rel weaken type: || f € inj™(A,B); BCD; M(A); M(B); M(D) |
==> f € inj™(A,D)
(proof)

lemma bij rel _converse_bij rel [TC): f € bijM(A,B) = M(A) = M(B) ==>
converse(f): bijM(B,A)
{proof)

lemma bij rel_is_fun_rel: f € bijM(A,B) = M(A) = M(B) = f e A-MB
(proof)

lemmas bij_rel_is_fun = bij_rel_is_fun_rel[ THEN mem__function__space_rel]

lemma comp_bij rel:
g € bijM(A,B) = f € bij™(B,C) = M(A) = M(B) = M(C) = (f O
g9) € bijM(4,0)
(proof)

lemma inj_rel_converse_fun: f € inj™(A,B) = M(A) = M(B) = converse(f)
€ range(f)—MA

(proof)

end

locale M cardinal UN_nat = M_cardinal UN _ w X for X
begin
lemma cardinal _rel UN le nat:

assumes \i. icw = |X()|M < w

shows ||Jicw. X(i)|M < w

(proof)

end

locale M cardinal UN__inj = M_ library +
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j:M__cardinal _UN __ J +

y:M__cardinal _UN _ K M\k. if k€range(f) then X (converse(f)‘k) else 0 for J K
f+
assumes

fing: f € inj_rel(M,J,K)
begin

lemma inj rel _imp_cardinal_rel_UN_le:
notes [dest] = InfCard_is_Card Card_is_Ord
fixes Y
defines Y (k) = if kerange(f) then X(converse(f)‘k) else 0
assumes InfCard™(K) N\i. icJ = |X()|M < K
shows |JicJ. X())|M < K
(proof)

end

locale M cardinal _UN__lepoll = M__library + M__replacement_lepoll _ A_. X +
j:M__cardinal _UN __ J for J
begin

— FIXME: this "LEQpoll” should be "LEPOLL”; same correction in Delta System
lemma legpoll _rel_imp_ cardinal _rel UN__le:
notes [dest] = InfCard_is_Card Card_is_Ord
assumes InfCard™(K) J <M K Ni. icJ = | X(H)|M < K
M(K)
shows | JieJ. X(i)|M < K
(proof)

end

context M_ library
begin

lemma cardinal_rel_lt_csucc_rel iff":
includes Ord_dests
assumes Card_rel(M k)
and types:M (k) M(X)
shows r < |[X|M «— (xH)M < |xX|M
(proof)

lemma lepoll rel imp_subset bij rel:
assumes M(X) M(Y)
shows X <MY «— (3Z[M]. ZC Y N Z =M X)
(proof)
The following result proves to be very useful when combining cardinal rel
and egpoll_rel in a calculation.

lemma cardinal_rel _Card_rel eqpoll_rel iff:
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Card_rel(M,x) = M(r) = M(X) = |X|M =k +— X =M g
{proof)

lemma lepoll_rel _imp_lepoll _rel cardinal rel:
assumesX <M Y M(X) M(Y)
shows X <M |y|M
(proof)

lemma lepoll_rel _Un:
assumes InfCard_rel(M,x) A <M x B <M x M(A) M(B) M(x)
shows A U B <M g

(proof)

lemma cardinal rel Un_le:
assumes InfCard_rel(M,x) |[A|M < k |BIM < k M(xk) M(A) M(B)
shows |4 U B|M < K
(proof)

lemma egpoll_rel_imp_ Finite: A ~™ B = Finite(A) = M(A) = M(B) =
Finite(B)
(proof)

lemma egpoll_rel_imp_ Finite_iff: A ~™ B = M(A) = M(B) = Finite(A)
«— Flinite(B)
{proof)

lemma Finite_cardinal_rel_iff - M (i) = Finite(|i|M) «— Finite(7)

{proof)

lemma cardinal_rel_subset_of Card_rel:
assumes Card_rel(M,y) a C v M(a) M(7)
shows |a|M < vV [a|M =~

(proof)

lemma cardinal rel cases:
includes Ord_dests
assumes M(y) M(X)
shows Card_rel(My) = |X|M < v +— = |X|M > 4
(proof)

end

46.2 Countable and uncountable sets

definition
countable :: i=0 where
countable(X) = X S w

(ML)
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context M _library
begin

lemma countablel[intro]: X <M w = countable_rel(M,X)

{proof)

lemma countableD[dest]: countable_rel(M,X) = X <M
{proof)

lemma countable_rel _iff cardinal_rel_le nat: M(X) = countable_rel(M,X)
— XM <w

{proof)

lemma lepoll rel countable rel: X SJM Y = countable_rel(M,Y) = M(X)
= M(Y) = countable_rel(M,X)

(proof)
lemma surj_rel countable rel:

countable_rel(M,X) = f € surj_rel(M,X,Y) = M(X) = M(Y) = M(f)
= countable_rel(M,Y)

(proof)

lemma Finite_imp_ countable_rel: Finite_rel(M,X) = M(X) = countable_rel(M,X)

{proof)

end

lemma (in M__cardinal UN__lepoll) countable_rel_imp_ countable rel UN:
assumes countable_rel(M,J) \i. i€J = countable_rel(M,X (7))
shows countable _rel(M | JieJ. X (7))

(proof )

locale M cardinal library = M_ library + M__replacement +
assumes
lam,__replacement_inj _rel:lam_replacement(M, . ing™ (fst(z),snd(z)))
and
cardinal_lib _assmsl1:
M(A) = M((b) = M(f) =
separation(M, Ay. 3z€A. y = (x, u i. x € if _range F _else F(\z. if M(z)
then z else 0,b,f,7)))
separation(M,Ord)
and
cardinal_lib _assms2:
M(A) = M(G) = M(b) = M(f) =
separation(M, \y. Jz€A’. y = (z, p i. © € if _range F_else F(\a. if M(a)
then G‘a else 0,b,f,7)))
and
cardinal_lib_assms3:
M(A) = M(b) = M(f) = M(F) =
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separation(M, Ay. Jz€A’. y = (x, p i. © € if _range_F_else_F(\a. if M(a)
then F-‘{a} else 0,b,f,i)))
and
cdlt_assms:
M(G) = M(Q) = separation(M, Ap. Vz€G. x € snd(p) +— (V s€fst(p).
z) € Q)
M(z) = M(Q) = separation(M, \a . Vs€z. (s, a) € Q)
and
cardinal_lib_assmsd :
M(vy) = separation(M, A\Z . cardinal_rel(M,Z) < 7)
and
cardinal_lib_assmso:
M(f) = M(8) = Ord(B) =
strong__replacement(M, Az y. z€8 A y = (x, transrec(z, Aa g. f (g  a))))
separation(M, X x . Ja. 3b . x={a,b) N ab)

—~
»

begin

lemma countable rel union countable rel:
assumes A\z. © € C = countable_rel(M,z) countable_rel(M,C) M(C)
shows countable_rel(M,|J C)

(proof)

end

abbreviation
uncountable_rel :: [i=o0,i]=0 where
uncountable_rel(M,X) = — countable_rel(M,X)

context M cardinal_library
begin

lemma uncountable rel iff mnat It cardinal rel:
M(X) = uncountable_rel(M,X) +— w < |X|M
(proof)

lemma uncountable rel not__empty: uncountable rel(M,X) = X # 0

{proof)

lemma uncountable_rel_imp_Infinite: uncountable_rel(M,X) = M(X) = Infinite(X)
{proof)

lemma uncountable _rel not_subset countable rel:
assumes countable_rel(M,X) uncountable_rel(M,Y) M(X) M(Y)
shows - (Y C X)
(proof )
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46.3 Results on Aleph_ rels

lemma nat_ It Aleph_rell: w < N]M
(proof)

lemma zero It Aleph rell: 0 < NJM
(proof )

lemma le_ Aleph_rell_nat: M(k) = Card_rel(M,k) = k<R M — k< w
(proof)

lemma lesspoll _rel Aleph rel plus one:
assumes Ord(a)
and types:M () M(d)
shows d <M n My qg<Myp M
(proof )

suce(a)

lemma cardinal_rel_Aleph,_rel [simp]: Ord(a) = M(a) = [RM|M = R, M

(proof)
lemma Aleph_rel lesspoll_rel increasing:
includes Aleph__rel_intros
assumes M(b) M(a)
shows a < b = R M <M N, M

{proof)

lemma uncountable rel iff subset eqpoll el Aleph rell:
includes Ord_dests
assumes M (X)
notes Aleph_rel_zero[simp] Card_rel_nat[simp] Aleph__rel__succ|[simp]
shows uncountable _rel(M,X) <— (3S[M]. S C X A § =M ¥;M)
(proof)

lemma UN_if zero: M(K) = (Jz€K. if M(z) then G ‘x else 0) =(Jz€K. G
¢ x)

{proof)

lemma mem_F boundl:
fixes F' G
defines F = A\__ z. if M(z) then Gz else 0
shows z€F(A,c) = ¢ € (range(f) U domain(G) )
(proof)

lemma [t Aleph_rel _imp_ cardinal_rel_UN_le_nat: function(G) = domain(Q)
§M w =
¥ nedomain(G). |Gn|M<¥ ;M — M(G) = | nedomain(G). Gn|M<w

(proof)

lemma Aleph_rell eq cardinal rel vimage: fNX;M—My — Fnew. |f-“{n}\M
=N,M

(proof)
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lemma egpoll _rel _Aleph rell_cardinal rel vimage:
assumes Z ~M (W, M) f e 7 =My M(Z)
shows Incw. |f-“{n}M =8,M

(proof)

46.4 Applications of transfinite recursive constructions

definition
rec__constr :: [i,i] = i where
rec__constr(f,a) = transrec(a,\a g. f(ga))

The function rec__constr allows to perform recursive constructions: given a
choice function on the powerset of some set, a transfinite sequence is created
by successively choosing some new element.

The next result explains its use.

lemma rec_ constr_unfold: rec__constr(f,a) = f{({rec_constr(f,5). BEa})
{proof)

lemma rec_ constr__type:
assumes f:Pow_rel(M,G)—=M G Ord(a) M(G)
shows M(a) = rec_constr(f,a) € G
{proof)

lemma rec__constr_closed :
assumes f:Pow_rel(M,G)—=M G Ord(a) M(G) M(c)
shows M(rec_constr(f,a))
(proof)

lemma lambda_rec__constr closed :
assumes Ord(y) M(y) M(f) f:Pow_rel(M,G)—M G M(G)
shows M(Aa€y . rec_constr(f,a))
(proof)

The next lemma is an application of recursive constructions. It works under
the assumption that whenever the already constructed subsequence is small
enough, another element can be added.

— FIXME: these should be postulated in some locale.

lemma bounded__cardinal _rel selection:
includes Ord_dests
assumes
NZ. |1ZM <y = Z C G = M(Z) = 3acG. VscZ. <s,a>€Q beG
Card_rel(M,y)
M(G) M(Q) M()
shows
3SM]. Sy =M GA(Naey VB e a<f — <Sa,SB>cQ)
(proof)
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The following basic result can, in turn, be proved by a bounded-cardinal_rel
selection.

lemma Infinite_iff_lepoll_rel_nat: M(Z) = Infinite(Z) +— w <M Z
(proof)

lemma Infinite_InfCard_rel_cardinal_rel: Infinite(Z) = M(Z) = InfCard_rel(M,|Z|M)
{proof)

lemma (in M_ trans) mem_F_bound?2:
fixes F A
defines F = \__ z. if M(z) then A-“{z} else 0
shows z€F(A,c) = ¢ € (range(f) U range(A))
{proof)

lemma Finite_to_one_ rel_surj rel _imp_ cardinal rel eq:

assumes F' € Finite_to_one_rel(M,Z,Y) N surj_rel(M,Z,Y) Infinite(Z) M(Z)
M(Y)

shows |Y|M = |Z|M

(proof)

lemma cardinal_rel_map Un:
assumes Infinite(X) Finite(b) M(X) M(b)
shows [{a U b.ac X}M = XM

(proof)

end

end

47 The Delta System Lemma, Relativized

theory Delta_ System__Relative
imports
Cardinal__Library__Relative
begin

definition
delta__system :: © = o where
delta_system(D) = 3r.VAeD.VBED. A# B — ANB=r

lemma delta_systemlI[intro):
assumes VAeD.VBeED. A#B — ANB=r
shows delta__system(D)

(proof )

lemma delta_systemD]dest]:
delta_system(D) = 3r.VAeD.VBeD. A# B — ANB=r
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{proof)

lemma delta_system__root__eq Inter:
assumes delta_system(D)
shows VAeD.VBeD. A# B— ANB=\D

(proof)
(ML)

locale M _delta = M__cardinal_library +
assumes
cardinal_replacement:strong_replacement(M, NA y. y = (A, |A|M))
and
countable__lepoll _assms:
M(G) = separation(M, Ap. Vz€G. © € snd(p) +— fst(p) € z)
M(G) = M(A) = M(b) = M(f) = separation(M, \y. Jz€A.
y =z, pi z€if range F_else_ F(A\z. {za € G . z € za},
b £, 1))
and
disjoint_separation: M(c) = separation(M, X\ z. Fa. 3b. 2=(a,b) AN a N b=

c)
begin

lemma (in M_trans) mem_F_boundG:
fixes FF G
defines F = \__ z. Collect(G, (€)(x))
shows z€F(G,c) = ¢ € (range(f) U J G)
(proof)

lemma delta__system__Aleph_ rell:

assumes YV AcF. Finite(A) F ~M XM M(F)

shows 3D[M]. D C F A delta_system(D) A D =M x,M
(proof)

lemma delta__system__uncountable rel:
assumes V A€ F. Finite(A) uncountable_rel(M,F) M(F)
shows 3 D[M]. D C F A delta_system(D) A D ~M X;M
(proof )

end

end

48 Cohen forcing notions
theory Cohen_ Posets Relative

imports
Cohen__ Posets— FIXME: This theory is going obsolete
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Delta__ System__Relative
begin

locale M cohen = M _delta +
assumes

separation__domain_pair: M(A) => separation(M, Ap. Vz€A. z € snd(p) +—
domain(z) = fst(p))

and

separation__restrict_eq dom__eq:

M(A) = M(B) = Vz[M]. separation(M, Adr. IreA . restrict(r,B) = z A
dr=domain(r))

and

separation__restrict_eq dom,__eq pair:

M(A) = M(B) = M(D) =

separation(M, A\p. ¥V z€D. z € snd(p) +— (IreA. restrict(r, B) = fst(p) A z

= domain(r)))

and

countable__lepoll _assms2:

M(A) = M(A) = M(b) = M(f) = separation(M, \y. Jz€A’. y = (x,
wi.xz € if _range F_else_F(Aa. {p € A . domain(p) = a}, b, f, 7)))

and

countable__lepoll _assms3:

M(A) = M(f) = M(b) = M(D) = M(r') = M(A)=

separation(M, \y. 3z€A’. y = (z, p i. z € if _range_F _else_ F(drSR_Y(r’,

D, 4), b, f, i)

and

domain_mem,__separation: M(A) = separation(M, Az . domain(xz)€A)

and

domain__eq_separation: M(p) = separation(M, Az . domain(z) = p)

and

restrict_eq__separation: M(r) = M(p) = separation(M, Az . restrict(z,r) =
p)

context M cardinal_library
begin

lemma lesspoll_nat_imp_lesspoll rel:
assumes A < w M(A)
shows A <M

(proof)

lemma Finite_imp_lesspoll rel nat:
assumes Finite(A) M(A)
shows A <M

{proof)

lemma InfCard_rel_lesspoll _rel Un:
includes Ord_ dests
assumes InfCard_rel(M,x) A <M k B <M g,
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and types: M (k) M(A) M(B)
shows A U B <M x
(proof )

end

locale M add reals = M _cohen + add_reals
begin

lemmas zero_lesspoll_rel_kappa = zero_lesspoll_rel|OF zero_lt_kappal)

end

declare (in M__trivial) compat_in__abs[absolut]

definition
antichain_rel :: [i=0,i,i,i] = o (cantichain—"(_, , '))) where
antichain_rel(M,P,leq,A) = subset(M,A,P) A (V¥ p[M]. ¥ ¢[M].
peEA — q€A — p # q—> — is_compat_in(M,P,leq,p,q))

abbreviation
antichain_r_set :: [i,i,i,i] = o (antichain—'(__,_, '))) where
antichain™(P,leq,A) = antichain_rel(##M,P,leq,A)

context M trivial
begin

lemma antichain__abs [absolut]:
[ M(A); M(P); M(leq) | = antichain™(P,leq,A) +— antichain(P,leq,A)
(proof)

end

definition
cec_rel  :: [i=0,4,i] = o (tcce—'(_, ")) where
cec_rel(M,P,leq) = ¥ A[M)]. antichain_rel(M,P,leq,A) —
(V&[M]. is_cardinal(M,A,x) — (3 om[M]. omega(M,om) A le_rel(M,k,om)))

abbreviation
cec_r_set i [i,i,4]=0 (tcce—"(_,_")) where
cee_r_set(M) = ccc_rel(## M)

context M _cardinals

begin
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lemma def ccc rel:
shows
cccM(P,leq) «— (Y A[M]. antichainM(P,leq,A) — [A|M < w)
(proof )

end

context M _add_reals
begin

lemma lam_ replacement_drSR_Y: M(A) = M(D) = M(r') = lam__replacement(M,
drSR_ Y (r',D,A))
{proof)

lemma (in M_trans) mem_F_bound3:
fixes F' A
defines FF = dC_F
shows z€F(A,c) = ¢ € (range(f) U {domain(z). z€A})
(proof)

lemma ccc _rel Fn_ nat:
notes Sep__and_Replace [simp]— FIXME with all SepReplace instances
assumes M(I)
shows cce™(Fn(nat,I,2), Fnle(nat,I,2))

(proof)

end

end
theory ZF Trans Interpretations
imports

Cohen_ Posets Relative
Forcing  Main
Separation_Instances
Replacement__Instances

begin

lemmas (in M_ZF _trans) separation_instances =
separation__well _ord
separation__obase__equals separation__is _obase
separation_ PiP_rel separation__surjP__rel
separation__id__body separation__rvimage_body
separation__radd__body separation__rmult_body
separation__ord_iso__body

lemma (in M_ZF _trans) lam_replacement_inj _rel:
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shows
lam.__replacement(##M, Ap. inf##M(fst(p),snd(p)))
(proof )

definition is_order_body
where is_order body(M,X,x,z) = 3 A[M]. cartprod(M,X,X,A) N subset(M,x,A)
AN M(z) AN M(z) A
is_well_ord(M,X, z) N is_ordertype(M,X, x,z)

(1)
definition omap_ wfrec body where
omap_wfrec_body(A,r) = (-3-image_fm(2, 0, 1) A
pred__set_fm
(suce(suce(suce(suce(suce(suce(suce(suce(succ(A4))))))))), 3,
succ(suce(suce(suce(suce(suce(suce(suce(suce(r))))))))), 0) -)

lemma type__omap__wfrec_body_fm :A€nat = reénat = omap_ wfrec_ body(A,r)€ formula
(proof)

lemma arity__auz : A€nat = renat = arity(omap__wfrec_body(A,r)) = (9#+A)
U (9#+r)
(proof)

lemma arity__omap_wfrec: A€nat = renat =
arity(is_wfrec_ fm(omap_wfrec_body(A,r),succ(succ(suce(r))), 1, 0)) =
(4#+A) U (4#+7)
{proof )

lemma arity_isordermap: A€nat — renat = denat—
arity(is__ordermap_ fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
(proof)

lemma arity_is_ordertype: A€nat — renat = denat—>
arity(is_ordertype_ fm(A,r,d)) = succ(d) U (succ(A) U suce(r))
(proof)

(ML)

lemma arity_is_order_body: arity(is_order_body_fm(2,0,1)) = 3
(proof)

lemma (in M_ZF _trans) replacement is_order__body:
XeM = strong_replacement(#+#M, is_order _body(##M,X))
(proof )

lemma (in M_pre_cardinal _arith) is_order _body__abs :

272



M(X) = M(z) = M(z) = is_order_body(M, X, z, z) <—
M(z) AN M(z) N z€Pow_rel(M,XxX) A well_ord(X, z) A z = ordertype(X, x)
{proof)

definition H order pred where
H_order_pred(A,r) = Az f . [ Order.pred(A, z, 1)

(ML)

lemma (in M_basic) H_order_pred_abs :
M(A) = M(r) = M(z) = M(f) = M(z) =
is _H_order_pred(M,A,r,xz.f,z) «<— z = H_order_pred(A,r,z,f)
(proof )

(ML)

definition order pred_wfrec__body where
order_pred_wfrec_body(M,A,r,z,x) = Iy[M].
pair(M, z, y, z) A
Y
(V z[M].
z € f+—
(3 za[M].
Fy[M].
Jzaa[M].
3 sz[M].
Ir_sz[M].
If r_sz[M].
pair(M, za, y, z) A
pair(M, za, x, zaa) A
upair(M, za, za, sz) N\
pre_image(M, v, sz, r_sx) A
restriction(M, f, r_sx, f_r_sx) A
zaa € v A (Fa[M]. image(M, f_r_sz, a, y) A
pred_set(M, A, za, v, a)))) A
(Fa[M]. image(M, f, a, y) A pred_set(M, A, x, r, a)))

(ML)

lemma (in M_ZF _trans) wfrec_replacement__order _pred:

AeM = re M = wfrec_replacement(##M, \x g z. is_H_order _pred(##M,A,r,x,9,2)
, 7)

(proof )

lemma (in M_ZF _trans) wfrec_replacement__order _pred:
AeM = re M = wfrec_replacement(##M, Az g z. z = H_order_pred(A,r,z,9)

7r)
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{proof)

sublocale M_ZF trans C M_pre_cardinal__arith ##M
(proof)

lemma (in M__ZF _trans) replacement__ordertype:

XeM = strong_replacement(##M, Az z. z€ M ANz € M A z € PowM(X x
X) A well_ord(X, z) A z = ordertype(X, x))

(proof)

lemma arity_is_jump_cardinal_body: arity(is_jump__cardinal _body’ fm(0,1)) =
2
(proof )

lemma (in M_ZF _trans) replacement_is_jump__cardinal _body:
strong_replacement(## M, is_jump__cardinal _body'(##M))
(proof)

lemma (in M_pre_ cardinal__arith) univalent__aux2: M(X) = univalent(M,Pow_rel(M,Xx X),
Arz. M(z) A M(r) A is_well _ord(M, X, r) A is_ordertype(M, X, r, 2))
(proof )

lemma (in M_pre_ cardinal _arith) is_jump__cardinal_body _abs :
M(X) = M(c) = is_jump_ cardinal_body'(M, X, ¢) +— ¢ = jump__cardinal_body’ rel(M,X)
(proof )

lemma (in M_ZF _trans) replacement_jump__cardinal _body:
strong_replacement(#H# M, Az z. 2€ M Nz € M A z= jump__cardinal__body(#+#M,

z))
(proof )

sublocale M _ZF trans C M_pre_aleph ##M
(proof)

(ML)
lemma arity_is_HAleph_fm: arity(is_HAleph_fm(2, 1, 0)) = 3
(proof )

lemma arity is Aleph: arity(is_Aleph fm(0, 1)) = 2
(proof )

lemma (in M_ZF _trans) replacement_is__aleph:
strong_replacement(## M, Az y. Ord(z) N is_Aleph(##M,x,y))
(proof)

lemma (in M_ZF _trans) replacement__aleph__rel:
shows strong_replacement(#4#M, Az y. Ord(z) A y = R;M)
(proof)
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sublocale M _ZF trans C M __aleph ##M

(proof )

sublocale M ZF trans C M__FiniteFun #+#M
(proof )

sublocale M ZFC trans C M_AC ##M
(proof )

sublocale M ZFC trans C M_cardinal_AC ##M (proof)

definition toplevell _body :: [i,i,i] = o where
toplevell__body(Q,x) = Aa. ¥V s€x. (s, a) € Q

(ML)

lemma (in M_ZF _trans) separation_is_toplevell__body:
(##M)(A) = (##M)(B) = separation(##M, is_toplevell__body(##M,A,B))
(proof )

lemma (in M__ZF _trans) toplevell _body__abs:

assumes (##M)(A) (##M)(B) (##M)(z)
shows is_toplevell_body(##M,A,B,x) +— toplevell _body(A,B,x)

{proof)

lemma (in M_ZF _trans) separation_toplevell body:
(#H#M)(Q) = (##M)(x) = separation(##M, ha. Vs€zx. (s, a) € Q)
(proof )

definition toplevel2 body :: [i,i] = o where
toplevel2 body(z) = Aa. |a| < =

(ML)

lemma (in M_ZF trans) separation_is_toplevel2 body:
(##M)(A) = separation(## M, is_toplevel2 body(## M ,A))
(proof )

lemma (in M_ZF _trans) toplevel2 body__abs:

assumes (##M)(A) (##M)(z)
shows is_toplevel2 body(#+#M,A,x) «— toplevel2 body rel(#+#M,Ax)

{proof)

lemma (in M_ZF _trans) separation__toplevel2_body:
(##M)(z) = separation(##M, \a. |a|M < z)
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{proof)

definition toplevel3 body :: i = o where
toplevel _body = Az. 3ab. z={a, b) Na#Db

(ML)

lemma (in M__ZF _trans) separation_is_toplevel3 _body:
separation(##M, is_toplevel3 _body(##M))
(proof )

lemma (in M_ZF _trans) toplevel3 _body__abs:
assumes (##M)(z)
shows is_toplevel3__body(##M,z) <— toplevel3__body(x)
(proof )

lemma (in M_ZF _trans) separation__toplevel3_body:
separation(##M, Az . Ja b. x = (a, b) A a # b)
(proof )

definition toplevel/_body :: [i,i] = o where
toplevelj__body(R) = Az. Ja b. z={(a, b)) NanNnb=R

(ML)

lemma (in M_ZF _trans) separation_is_toplevel/ body:
(##M)(A) = separation(## M, is_topleveld body(## M ,A))
(proof )

lemma (in M_ZF _trans) toplevel/__body__abs:

assumes (##M)(R) (##M)(z)
shows is_toplevel) body(##M,R,x) <— toplevel)_ body(R,x)

(proof)
lemma (in M_ZF trans) separation_ topleveld_body:
(##M)(R) = separation
(##M, Xx. Ja b. z={(a, b)) NanNb=R)
(proof )

definition toplevel5 body :: [i,i] = o where
toplevel5_body(R) = Ax. domain(z) € R
(ML)

lemma (in M_ZF _trans) separation_is_toplevels__body:
(##M)(A) = separation(##M, is_toplevels _body(## M ,A))
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{proof)

lemma (in M__ZF _trans) toplevel5__body__abs:

assumes (##M)(R) (##M)(z)
shows is_toplevel5__body(##M,R,x) +— toplevel5_body(R,z)

{proof)

lemma (in M_ZF _trans) separation__toplevel5_body:
(##M)(R) = separation
(##M, \z. domain(z) € R)
(proof)

definition toplevel7 body :: [i,i,i] = o where
toplevel7 _body(Q,z) = Aa. restrict(a, Q) = =

(ML)

lemma (in M_ZF _trans) separation_is_toplevel7 _body:
(#H#M)(A) = (##M)(B) = separation(##M, is_toplevel7 body(##M,A,B))
(proof)

lemma (in M_ZF _trans) toplevel7 body__abs:

assumes (##M)(A) (##M)(B) (##M)(z)
shows is_toplevel7 _body(##M,A,B,x) +— toplevel7 body(A,B,x)

(proof)

lemma (in M_ZF _trans) separation__toplevel7 body:

(#H#HM)(Q) = (##M)(z) = separation(##M, Aa. restrict(a, Q) = z)
(proof )

definition toplevel8_body :: [i,i]] = o where
toplevel8 _body(R) = Az. R € domain(z)

(ML)

lemma (in M__ZF _trans) separation_is_toplevel8 body:
(##M)(A) = separation(##M, is_toplevel8 body(## M ,A))
(proof )

lemma (in M_ZF _trans) toplevel8__body__abs:

assumes (##M)(R) (##M)(z)
shows is_toplevel8 body(#+#M,R,x) «— toplevel8 body(R,x)

(proof )
lemma (in M_ZF _trans) separation__toplevel8_body:

(#4#M)(R) = separation
(##M, \z. R € domain(z))
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{proof)

definition toplevel9 body :: [i,i,i] = o where
topleveld_body(Q,x) = Az. Incw. ((Q, n), 1) € z A ((z, n), 0) € z

(ML)

lemma (in M__ZF _trans) separation_is_toplevel9 body:
(#H#M)(A) = (##M)(B) = separation(##M, is_toplevel9 body(##M,A,B))
(proof )

lemma (in M_ZF _trans) toplevel9 body__abs:

assumes (##M)(A) (##M)(B) (##M)(z)
shows is_toplevel9 body(##M,A,B,x) «— toplevel9d body(A,B,x)

(proof )

lemma (in M_ZF _trans) separation__toplevel9 body:

(H#H#M)(Q) — (##M)(z) = separation(##HM, Az. Incw. ((Q, n), 1) € z A
((ZJ, n>}>0> € 2)
proo

definition toplevell0_body :: [i,i,i] = o where
toplevell0_body(A,r) = Ay. Jz€A. y = (x, restrict(z, r))

(ML)

lemma (in M_ZF _trans) separation__is_toplevell0_body:
(#H#M)(A) = (##M)(r) = separation(## M, is_toplevell0_body(##M,A,r))
(proof )

lemma (in M_ZF _trans) toplevell0 _body__abs:

assumes (##M)(A) (##M)(r) (##M)(z)
shows is_toplevel10_body(##M,A,r,x) +— toplevell0_body(A,r,x)

(proof)

lemma (in M_ZF trans) separation_toplevell10 _body:
(#H#HM)(A) = (##M)(r) = separation(##M, \y. Jz€A. y = (z, restrict(z,
7))

{proof)
definition toplevelll body :: [i,i]] = o where
toplevelll body(A) = Ap. (Va€A. (z € snd(p) <— domain(z) = fst(p)))

(ML)
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lemma (in M_ZF _trans) separation__is_toplevelll body:
(##M)(A) = separation(## M, is_toplevelll body(##M,A))
(proof)

lemma (in M_ZF trans) toplevelll _body__abs:

assumes (##M)(A) (##M)(z)
shows is_toplevelll body(#+#M,A,x) «— toplevelll body(A,x)

{proof)

lemma (in M_ZF trans) separation_ toplevelll body:
(##M)(A) = separation(##M, Ap. ¥V z€A. z € snd(p) «— domain(z) = fst(p))
(proof )

definition toplevell2_body
where toplevell2_ body(G,p) = Vz€G. x € snd(p) +— fst(p) €

(ML)

lemma (in M_ZF _trans) separation__is_toplevell2_body:
(##M)(G) = separation(##M, is_toplevell2_body(##M,QG))
(proof)

lemma (in M_ZF _trans) toplevell2 body__abs:
assumes (##M)(G) (##M)(z)
shows is_toplevel12_body(##M,G,z) +— toplevell2 body(G,z)
(proof )

lemma (in M_ZF _trans) separation__toplevell2 body:
(##M)(G) = separation
(##M, Ap. VzeG. z € snd(p) +— fst(p) € =)
(proof )

end
theory Cardinal _Preservation
imports
Cohen__ Posets Relative
Forcing  Main
ZF _Trans Interpretations
begin

context forcing notion
begin

definition
antichain :: i=0 where

antichain(A) = ACP A (VpeA. VgeA. p# q— p L q)

definition
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cce 1 0 where
cce =V A. antichain(A) — |A] < w

end

locale M _trivial notion = M__trivial 4+ forcing notion
begin

abbreviation
antichain_r':: i = o where
antichain_r'(A) = antichain__rel(M,P,leq,A)

lemma antichain__abs’ [absolut):
[ M(A); M(P); M(leq) | = antichain_r'(A) «— antichain(A)
{proof)

end

— MOVE THIS to an appropriate place

The following interpretation makes the simplifications from the locales M__trans,
M__trivial, etc., available for M[G]

sublocale forcing data C M__trivial_notion #+#M (proof)

context forcing data
begin

lemma antichain__abs” [absolut]: A€M = antichain_r'(A) «— antichain(A)
{proof)

end

lemma (in forcing_notion) Incompatible _imp_not_eq: [ p L ¢q; p€P; ¢eP |—

pPFq
(proof)

lemma (in forcing data) inconsistent_imp__incompatible:
assumes p Ik ¢ env ¢ I Neg(p) env peP qeP
arity(p) < length(env) ¢ € formula env € list(M)
shows p L ¢

(proof)

notation (in forcing_data) check (< [101] 100)

context G__generic begin

— NOTE: The following bundled additions to the simpset might be of use later on,

perhaps add them globally to some appropriate locale.
lemmas generic_simps = generic] THEN one__in__ G, THEN valcheck, OF one__in__P]
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generic[THEN one_in_ G, THEN M_subset MG, THEN subsetD)|
check_in_ M GenExtl P_in M
lemmas generic_dests = M__genericD|OF generic] M__generic_compatD|OF generic]

bundle G__generic_lemmas = generic_simps[simp] generic__dests[dest]
end

sublocale G__generic C ext:M_ZF _trans M[G]
(proof)

sublocale G_generic_ AC C ext:M_ZFC _trans M|G]
(proof)

lemma (in forcing data) forces _neq apply imp_incompatible:
assumes
plk-01 is 2- [f,a,b"]
qlF-0114s 2 [f,a,b"]
b#b
— More general version: taking general names b¥ and b", satisfying p I+ -—-0 =
1 [, b™] and ¢ IF -—-0 = 1-- [b¥, ™).
and
types:feM ae M beM b'eM peP geP
shows
pLlyg
(proof)
include G _generic_lemmas
— FIXME: make a locale containg two M__ZF trans instances, one for M and
one for M[G]

(proof)

context G__generic_AC begin

context
includes G__generic_lemmas
begin

— Simplifying simp rules (because of the occurrence of "##")

lemmas sharp_simps = Card__rel__Union Card_rel cardinal rel Collect abs
Cons__abs Cons__in_ M _iff Diff closed Equal abs Equal_in_ M iff Finite abs
Forall _abs Forall _in_ M _iff Inl_abs Inl_in_ M iff Inr_abs Inr_in_ M_iff
Int__closed Inter _abs Inter closed M__nat Member__abs Member in_ M iff
Memrel__closed Nand__abs Nand__in_ M__iff Nil_abs Nil_in_ M Ord__cardinal_rel
Pow_rel closed Un__closed Union__abs Union_ closed and__abs and_closed
apply__abs apply_closed bij rel closed bijection__abs bool of o_abs
bool_of o _closed cadd_rel 0 cadd_rel closed cardinal _rel_0_iff 0
cardinal__rel_closed cardinal _rel _idem cartprod__abs cartprod__closed
cmult_rel 0 emult_rel__1 cmult_relclosed comp__closed composition__abs
cons__abs cons__closed converse__abs converse__closed csquare_lam,__closed
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csquare__rel__closed depth__closed domain__abs domain_ closed eclose__abs
eclose_closed empty abs field _abs field_closed finite funspace_closed
finite__ordinal__abs formula_ N __abs formula_N_closed formula__abs
formula__case__abs formula__case_closed formula__closed
formula__functor_abs fst_closed function__abs function__space rel closed
hd__abs image__abs image__closed inj_rel_closed injection__abs inter__abs
irreflexive__abs is_depth__apply abs is_eclose_n__abs is_funspace__abs
iterates__closed le__abs length__abs length__closed lepoll rel_refl
limit_ordinal _abs linear rel abs list N __abs list_ N _closed list_abs
list__case’ _closed list__case__abs list__closed list__functor _abs lt__abs
mem,__bij _abs mem__eclose__abs mem__inj _abs mem__list_abs membership__abs
minimum,__closed nat__case__abs nat__case__closed nonempty not__abs
not__closed nth__abs numberl__abs number2__abs numbers__abs omega__abs
or_abs or__closed order__isomorphism__abs ordermap__closed
ordertype__closed ordinal _abs pair_abs pair_in_ M__iff powerset__abs
pred__closed pred__set _abs quasilist__abs quasinat__abs radd__closed

rall _abs range__abs range_closed relation__abs restrict closed
restriction__abs rex__abs rmult_closed rtrancl abs rtrancl closed
rvimage__closed separation_closed setdiff abs singleton__abs
singleton__in_ M __iff snd_closed strong replacement_closed subset_abs
succ_in__ M __iff successor__abs successor__ordinal _abs sum__abs sum__closed
surj_rel_closed surjection__abs tl_abs trancl _abs trancl_closed
transitive__rel__abs transitive__set__abs typed_function__abs union__abs
upair_abs upair_in_ M _iff vimage__abs vimage_closed well _ord__abs
mem,__formula__abs fst__abs snd__abs nth__closed

— NOTE: there is a theorem missing from those above

lemmas mg_sharp_simps = ext.Card__rel__Union ext.Card__rel__cardinal_rel
ext. Collect__abs ext.Cons__abs ext.Cons_in_ M _iff ext.Diff closed
ext. Equal__abs ext.Equal_in_ M __iff ext. Finite _abs ext.Forall _abs
ext.Forall in_ M _iff ext.Inl_abs ext.Inl_in_ M _iff ext.Inr_abs
ext.Inr_in_ M__iff ext.Int_closed ext.Inter _abs ext.Inter closed
ext. M _nat ext. Member _abs ext. Member__in_ M _iff ext. Memrel closed
ext.Nand__abs ext.Nand_in_ M _iff ext.Nil _abs ext.Nil_in_ M
ext.Ord__cardinal rel ext.Pow rel closed ext.Un_ closed
ext. Union__abs ext. Union__closed ext.and__abs ext.and_closed
ext.apply abs ext.apply closed ext.bij rel closed
ext.bijection__abs ext.bool _of o abs ext.bool of o_ closed
ext.cadd_rel_0 ext.cadd__rel_closed ext.cardinal_rel 0 _iff 0
ext.cardinal__rel_closed ext.cardinal_rel_idem ext.cartprod__abs
ext.cartprod__closed ext.cmult_rel 0 ext.cmult_rel 1
ext.cmult_rel__closed ext.comp__closed ext.composition__abs
ext.cons__abs ext.cons_closed ext.converse _abs ext.converse _closed
ext.csquare_lam__closed ext.csquare__rel closed ext.depth_ closed
ext.domain__abs ext.domain_closed ext.eclose abs ext.eclose_closed
ext.empty_abs ext.field abs ext.field_closed
ext.finite_funspace_closed ext.finite _ordinal _abs ext.formula_N__abs
ext.formula_N__closed ext.formula__abs ext.formula_ case_abs
ext.formula__case_closed ext.formula__closed ext.formula_ functor _abs
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ext.fst_closed ext.function__abs ext.function_space_rel_closed
ext.hd__abs ext.image__abs ext.image_ closed ext.inj rel closed
ext.injection__abs ext.inter _abs ext.irreflexive abs
ext.is_depth__apply abs ext.is_eclose_n__abs ext.is_funspace abs
ext.iterates_closed ext.le__abs ext.length__abs ext.length_ closed
ext.lepoll _rel refl ext.limit _ordinal abs ext.linear rel _abs
ext.list N abs ext.list N _closed ext.list _abs

ext.list _case’ closed ext.list _case_abs ext.list closed
ext.list_functor__abs ext.lt_abs ext.mem_ bij abs ext.mem__eclose__abs
ext.mem__inj abs ext.mem_ list_abs ext.membership__abs
ext.minimum__closed ext.nat__case__abs ext.nat_case__closed
ext.nonempty ext.not_abs ext.not_closed ext.nth__abs

ext.numberl __abs ext.number?2__abs ext.number3 _abs ext.omega__abs
ext.or_abs ext.or__closed ext.order _isomorphism__abs
ext.ordermap__closed ext.ordertype_ closed ext.ordinal__abs
ext.pair_abs ext.pair_in_ M __iff ext.powerset_abs ext.pred_ closed
ext.pred__set__abs ext.quasilist _abs ext.quasinat__abs
ext.radd__closed ext.rall _abs ext.range__abs ext.range_closed
ext.relation _abs ext.restrict closed ext.restriction__abs

ext.rex__abs ext.rmult_closed ext.rtrancl _abs ext.rtrancl closed
ext.rvimage__closed ext.separation_ closed ext.setdiff abs
ext.singleton__abs ext.singleton__in_ M _iff ext.snd_ closed

ext.strong _replacement__closed ext.subset _abs ext.succ_in_ M iff
ext.successor__abs ext.successor _ordinal _abs ext.sum __abs
ext.sum__closed ext.surj_rel closed ext.surjection__abs ext.tl _abs
ext.trancl_abs ext.trancl_closed ext.transitive__rel _abs
ext.transitive__set__abs ext.typed_ function__abs ext.union__abs
ext.upair_abs ext.upair_in_ M iff ext.vimage_abs ext.vimage closed
ext.well _ord_abs ext.mem__formula__abs ext.nth__closed

declare sharp__simps[simp del, simplified setclass__iff, simp]

— The following was motivated by the fact that [(##M[G])(?f); (#H#M[G])(?a)]
= (##M[G])(?f * 2a) did not simplify appropriately
NOTE: [(#4:M)(%p); (##M)(%0)] — is_fst(##M, #p, %) < %o = fst(?p)
and [(##M)(7p); (##M)(?y)] = is_snd(##M, ?p, ?y) <— ?y = snd(?p) not
in mgzf interpretation.
declare mg_sharp_simps[simp del, simplified setclass_iff, simp]

— Kunen IV.2.31
lemma forces below _filter:
assumes M[G], map(val(P,G),env) E pp € G
arity(p) < length(env) ¢ € formula env € list(M)
shows 3¢eG. g X p A ¢l ¢ env
(proof)

abbreviation
fm_leq :: [i,i,i] = i (¢_=—_-) where
fm_leq(A,l,B) = leq_fm(l,A,B)
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(ML)

lemma ccc_fun_ closed_lemma__auz:

assumes [ dote M peM acM beM

shows {¢ € P . g =2 p A (M, [q, P, leg, one, f_dot, a¥, V"] |= forces(-0°1 is 2-
)NteM
(proof)

lemma ccc_fun_ closed lemma__auz2:

assumes BeM f dote M peM aceM

shows (##M)(A\beB. {¢ € P . ¢ <X p AN (M, [q, P, leq, one, f_dot, a’, b] |=
forces(-0°1 is 2-))})
(proof)

lemma ccc_fun_ closed lemma:

assumes AcM BeM f dote M peM

shows (AacA. {beB. 3¢eP. ¢ < p A (¢ IF -01 is 2- [f_dot, a’, b'])}) € M
(proof)
lemma ccc_fun__approximation_lemma:

notes le_trans[trans]

assumes cccM(P,leq) AcM BeM feM[G] f: A — B

shows

JFEM. F: A — Pow(B) A (Ya€A. f'a € Fa A |FalM < w)

(proof)

end
end

end
theory Not CH
imports
Cardinal__Preservation
begin

definition
Add__subs :: [i,i] = i where
Add_subs(k,o) = Fn(w,kxa,2)

locale M master = M _cohen +
assumes
domain__separation: M(z) = separation(M, Az. x € domain(z))
and
inj_dense__separation: M(z) = M(w) =
separation(M, A\z. Incw.  ((w, n), 1) € z A {{z, n), 0) € 2)
and
lam__apply_replacement: M(A) = M(f) =
strong__replacement(M, Az y. y = (z, An€A. f * (z, n)))
and
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UN__lepoll _assumptions:
M(A) = M(b) = M(f) = M(A') = separation(M, \y. 3z€A’. y = (z, u
i. z€if _range_F _else_ F((“)(A), b, f, 7))

begin

lemma (in M FiniteFun) Fn_nat_closed:
assumes M(A) M(B) shows M(Fn(w,A,B))
(proof )

lemma Aleph__rel2_closed[intro,simp]: M(R,M)
(proof)

end

locale M _master _sub = M_master + N:M_master N for N +
assumes
M _imp N: M(z) = N(z) and
Ord_iff: Ord(z) = M(z) +— N(x)

sublocale M master _sub € M_N_Perm

{proof)

context M master sub
begin

lemma cardinal_rel_le_cardinal_rel: M(X) = |X|N < |X|M

{proof)

lemma Aleph_rel_sub_ closed: Ord(a) = M(a) = N(RoM)
{proof)

lemma Card_rel_imp_ Card_rel: M(rk) = Card"(x) = Card™ (k)
{proof)

lemma csucc_rel le csucc rel:
assumes Ord(k) M(k)
shows (k1)M < (kTN
(proof)

lemma Aleph_rel _leAleph_rel: Ord(a) = M(a) = RoM < RN

(proof)

end

lemmas (in M_ZFC_trans) sep_instances =

separation__toplevell _body separation__toplevel2 body separation_ toplevel3 body
separation__toplevel body separation__toplevel5_body separation__toplevel6__body
separation__toplevel7 body separation_toplevel8 body separation_toplevel9 body
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separation__toplevell0 _body separation_ toplevelll body separation_Ord
separation__toplevell2_body separation_insnd_ ballPair

separation__restrict_eq dom__eq separation__restrict_eq dom__eq pair
separation__ifrangeF _body separation_ifrangeF body2 separation_ ifrangeF bodySs
separation__ifrangeF _body4 separation_ ifrangeF _bodys separation_ifrangeF body6
separation__ifrangeF _body7

lemmas (in M_ZF _trans) repl_instances = lam__replacement_inj_rel
lam__replacement__cardinal[unfolded lam__replacement__def] replacement__trans_apply _image

replacement__abs__apply_ pair

sublocale M_ZFC trans C M_master ##M
(proof )

context M ctm_ AC
begin

— FIXME: using notation as if Add_subs were used
lemma ccc_Add_subs_Aleph_ 2: ccc™(Fn(w,RoM x w,2), Fnle(w,RoM x w,2))

(proof)

end

sublocale G_generic_ AC C M_master_sub ##M ##(M[G))
(proof)

lemma (in M_ trans) mem__F _bound/:
fixes F' A
defines F = ()
shows zeF(A,c

(proof)

) = ¢ € (range(f) U domain(A))

lemma (in M_trans) mem_F _bound5:
fixes F' A
defines F =)\ z. Az
shows z€F(A,c) = ¢ € (range(f) U domain(A))

{proof)

context G__generic_ AC begin

context
includes G__generic_lemmas
begin

lemma G_in_MG: G € M[G]
(proof)

lemma ccc_preserves Aleph succ:
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assumes ccc™(P,leq) Ord(z) z € M
shows CardMGI(R My
(proof)

suce(z)

end
end

context M ctm

begin
abbreviation
Add :: i where

Add = Fn(w, oM x w, 2)
end

locale add_generic = G_generic_AC Fn(w, No##M 5w, 2) Fnle(w, Ry##M x
w, 2) 0

sublocale add_generic C cohen_data w NQM X w 2 (proof)

context add_generic
begin

notation Leq (infixl < 50)
notation Incompatible (infixl L 50)
notation GenFxt at P (_[ ] [71,1])

lemma Add_subs_preserves_Aleph_succ: Ord(z) = 2 M = Card™[C] (Nsucc(z)M)
{proof)

lemma Aleph_rel _nats MG _eq Aleph_rel_nats M:
includes G__generic_lemmas
assumes z € w
shows NZM[G] = NZM
(proof)

abbreviation
f_G i () where
fa=UG

abbreviation
dom_dense :: i=1 where
dom__dense(z) = { p€Add . © € domain(p) }

— FIXME write general versions of this for Fn(w, I, J) in a context with a generic

filter for it
lemma dense_dom_ dense: © € RyM x w = dense(dom.__dense(z))
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(proof)

lemma dom__dense_closed[intro,simp]: = € RoM x w = dom_dense(z) € M

(proof )

lemma domain_f G: assumes z € XM y € w
shows (z, y) € domain(f )

(proof)

lemma Fn_nat_subset_Pow: Fn(w,I,J) C Pow(Ix.J)

{proof)

lemma f G_ funtype:
includes G__generic_lemmas
shows o : NoM x w — 2

(proof )

abbreviation
inj_dense :: i=1i=-i where
inj_dense(w,z) =
{ peAdd . (Inew. <<w,n>,1> € p A <<z,n>,0> € p) }

— FIXME write general versions of this for Fn(w, I, J) in a context with a generic
filter for it
lemma dense_inj dense:

assumes w € NoM 2 € NyM w £ 2

shows dense(inj_dense(w,z))

(proof)

lemma inj _dense_ closed[intro,simp):
w e NoM = 1 € NoM — inj_dense(w,z) € M

(proof)

lemma Aleph_rel2_new_reals:

assumes w € NoM 2 e \yM o £ ¢

shows (An€w. fg “(w, n)) # (Ancw. fg ‘ (z, n))
(proof)

definition
h_G : i (the) where
ha = aeRM Anew. foi<a,n>

lemma h_G_in_MG|[simp]:
includes G__generic_lemmas

shows hg € M[G]
{proof)

lemma h_G_inj Aleph_rel2_reals: hg € ian[G](NgM, w —Mla] 2)

{proof)

288



lemma Aleph2_extension_le continuum,__rel:
includes G__generic_lemmas
shows NQM[G] § QTN()M[G] 7M[G}

(proof)

lemma Aleph rel It continuum,__rel: NIM[G} < QTNOM[G]’M[G]

{proof)

corollary not CH: ¥ ,MIG] 2MMIC M@
(proof)

end

definition
ContHyp :: o where
ContHyp = N; = 20

(ML)
notation ContHyp_ rel ((CH—))
(ML)

context M master
begin

(ML)
(proof )

end
(ML)
notation is_ContHyp_fm («-CH")

theorem ctm_of not CH:
assumes
M ~ w Transset(M) M = ZFC
shows
IN.
M CNAN=wA Transset(N) AN N = ZFC U {---CH-} A
(Va. Ord(a)) — (@« € M <— «a € N))
(proof)

end

49 From M to V

theory Absolute Versions
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imports

Not_ CH
ZF . Cardinal AC
begin

49.1 Locales of a class M hold in V

interpretation V: M _trivial V
(proof )

lemmas bad_simps = V.nonempty V.Forall_in_ M iff V.Inl _in_ M iff V.Inr _in_ M iff
V.succ_in_ M _iff V.singleton_in_ M _iff V.Equal in_ M iff V.Member in_ M iff
V.Nand_in_ M _iff
V.Cons_in_ M_iff V.pair_in_M_iff V.upair_in_ M _iff

lemmas bad M _trivial_simps[simp del] = V.Forall _in_M_iff V.Equal in_ M _iff
V.nonempty

lemmas bad_M_trivial_rules[rule del] = V.pair_in_MI V.singleton_in_MI
V.pair_in_MD V.nat_into_ M
V.depth__closed V.length__closed V .nat__case_ closed V.separation__closed
V.Un__closed V .strong_replacement closed V.nonempty

interpretation V:M basic V
(proof )

interpretation V:M eclose V
(proof)

lemmas bad M _basic_rules[simp del, rule del] =
V.cartprod__closed V .finite funspace_closed V.converse _closed
V.list_case’ _closed V.pred__closed

interpretation V:M cardinal_arith V

{proof)

lemmas bad M _cardinals_rules[simp del, rule del] =
V.iterates_closed V.M _nat V.trancl_closed V.rvimage_closed

interpretation V:M_ cardinal arith_jump V
(proof )

lemma choice _ax_ Universe: choice_az(V)

(proof)

interpretation V:M_ master V
(proof )
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named__theorems V_simps

— To work systematically, ASCII versions of ”__absolute” theorems as those below
are preferable.
lemma egpoll_rel _absolute] V_simps]: = Yy ary

{proof)

lemma cardinal_rel__absolute| V_simps]: |:1:\V = |z|

{proof)

lemma Cardireliabsolute[Visz'mps]:Cardv(a) +— Card(a)

{proof)

lemma csucc_rel_absolute[V_simps]:(at)Y = at

(proof)

lemma function_space_rel__absolute[V_simps|:x -V y=x =y
(proof)

lemma cempfrelfabsolute[Visimps]:wwy = g1
(proof)

lemma HAleph_rel absolute] V_simps|: HAleph__rel(V,a,b) = HAleph(a,b)
(proof )

lemma Aleph_rel _absolute] V_simps]: Ord(z) = NV =N,

(proof)

Example of absolute lemmas obtained from the relative versions. Note the only
declarations

lemma Ord_cardinal_idem”: Ord(A) = ||A|| = |A|
(proof)

lemma Aleph_succ”: Ord(a) = N =N T

{proof)

suce(a)

These two results are new, first obtained in relative form (not ported).

lemma csucc__cardinal:
assumes Ord(x) shows |k|T = kT

{proof)

lemma csucc_le._mono:
assumes k < v shows kT < vT

{proof)

Example of transferring results from a transitive model to V

lemma (in M Perm) eqpoll_rel_transfer _absolute:
assumes M(A) M(B) A~ B
shows A ~ B
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(proof)
The “relationalized” CH with respect to V corresponds to the real CH.

lemma is_ContHyp_iff CH: is_ContHyp(V) «— ContHyp
(proof)

end

50 Main definitions of the development

theory Definitions_Main
imports
Not CH
Absolute_ Versions
begin

This theory gathers the main definitions of the Forcing session.

It might be considered as the bare minimum reading requisite to trust that
our development indeed formalizes the theory of forcing. This should be
mathematically clear since this is the only known method for obtaining
proper extensions of ctms while preserving the ordinals.

The main theorem of this session and all of its relevant definitions appear in
Section 50.3. The reader trusting all the libraries in which our development
is based, might jump directly there. But in case one wants to dive deeper,
the following sections treat some basic concepts in the ZF logic (Section 50.1)
and in the ZF-Constructible library (Section 50.2) on which our definitions
are built.

declare [[show__question_marks=false]
no__notation add (infixl #+> 65)
notation add (infixl +,> 65)
hide__const (open) Order.pred

50.1 ZF

For the basic logic ZF we restrict ourselves to just a few concepts.

thm bij def[unfolded inj def surj_def]

bij(A, B) =
{feAd— B.VweA.VzeA. f‘w=Ff‘c— w=2x}N
{fe A— B.VyeB. Jz€A. f ‘z =y}

thm eqpoll def
A~ B=3f. f e bij(A, B)
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thm Transset def

Transset(i) = Vaci. x C i

thm Ord_def

Ord(i) = Transset(i) A (Vz€i. Transset(zx))

thm [t def
i<j=1i€jNOordQ)

With the concepts of empty set and successor in place,

lemma empty def’: V. z ¢ 0 (proof)
lemma succ_def’: suce(i) = i U {i} (proof)

we can define the set of natural numbers w. In the sources, it is defined as a
fixpoint, but here we just write its characterization as the first limit ordinal.

thm Limit_nat[unfolded Limit_def] nat_le_Limit[unfolded Limit_def]

Ord(w) N 0 <w A Vy. y <w — suce(y) < w)
Ord(i) NO<iAN My y<i— succ(y) <i) = w <14

Then, addition and predecessor are inductively characterized as follows:

thm add_0 right add__succ_right pred__0 pred__succ__eq

m 4, suce(n) = suce(m +, n)
mew=m-4+, 0=m
pred(0) = 0

pred(succ(y)) = y

Lists on a set A can be characterized by being recursively generated from
the empty list [] and the operation Cons that adds a new element to the
left end; the induction theorem for them show that the characterization is
“complete”.

thm Nil Cons list.induct

[| € list(A)

[a € A; 1 € list(A)] = Cons(a, 1) € list(A)

[z € list(A); P([]); Aa l. [a € A; 1 € list(A); P(l)] = P(Cons(a, 1))]
= P(x)
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Length, concatenation, and nth element of lists are recursively characterized
as follows.

thm length.simps app.simps nth__0 nth_ Cons

length(]]) = 0

length(Cons(a, 1)) = succ(length(l))

] @ys=ys

Cons(a, 1) @ ys = Cons(a, | Q ys)

nth(0, Cons(a, 1)) = a

n € w = nth(succ(n), Cons(a, 1)) = nth(n, )

We have the usual Haskell-like notation for iterated applications of Cons:
lemma Cons_app: [a,b,c] = Cons(a,Cons(b,Cons(c,[]))) (proof)

Relative quantifiers restrict the range of the bound variable to a class M of type ¢
= 0; that is, a truth-valued function with set arguments.

lemma YV z[M]. P(z) = V. M(z) — P(z)
Jz[M]. P(z) = Jz. M(z) N P(x)
{proof)

Finally, a set can be viewed (“cast”) as a class using the following function of type
1= 1= o.

thm setclass_iff

(##A)(z) «—= z € A

50.2 Relative concepts

A list of relative concepts (mostly from the ZF-Constructible library) follows next.

thm big union_def

big_union(M, A, 2) =Vz[M]. z € z +— (Jy[M]. y€ ANz € y)

thm upair_def

upair(M, a, b, z) =a€ zNbezNNVz[Ml.z€2—2=0aV z=0)
thm pair_def

pair(M, a, b, z) =
Jx[M]. upair(M, a, a, z) A (3y[M)]. upair(M, a, b, y) A upair(M, z, y, z))
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thm successor _def[unfolded is_cons _def union__def)

successor(M, a, z) =
Fz[M]. upair(M, a, a, ) A (Vza[M]. za € z +— za € TV za € a)

thm empty def

empty(M, z) =Vz[M]. z & =

thm transitive__set_ def[unfolded subset__def]

transitive__set(M, a) = Vz[M]. x € a — (Vza[M]. 2za € x — za € a)
thm ordinal _def

ordinal(M, a) =
transitive__set(M, a) A (Vz[M]. z € a — transitive_set(M, x))

thm image_ def

image(M, r, A, z) =
VylM]. y € z+— GwM]. werAFz[M]. z€ AN pair(M, z, y, w)))

thm fun_apply def

is_apply(M, f, =, y) =
Fas[M].
3 fas[M]. upair(M, z, z, xs) A image(M, f, xs, frs) A big_union(M, fxs, y)

thm is_function_ def

is_function(M, r) =
Y z[M].
Y y[M].
vy’ [M].
Y p[M].
v p'[M].
pair(M, Y, p) —
pair(M, z, y', p') — per—p er—y=y

thm is_relation_ def
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is_relation(M, r) =V 2[M]. z € r — (3 z[M]. Fy[M]. pair(M, z, y, z))
thm is domain_ def

is_domain(M, r, z) =
Vz[M]. x € z +— Sw[M]. w e r A (Fy[M]. pair(M, z, y, w)))

thm typed_ function__ def

typed__ function(M, A, B, r)
is_function(M, r) A
is_relation(M, r) A
is_domain(M, r, A) A
(Vu[M]. uw € r — (Vz[M]. Yy[M]. pair(M, z, y, u) — y € B))

thm is_function_space_def[unfolded is_funspace _def]
function__space__rel_def surjection__def

is_function__space(M, A, B, fs) =

M(fs) N (VfIM]. f € fs «— typed__function(M, A, B, f))
A =M B = THE d. is_function_space(M, A, B, d)
surjection(M, A, B, f) =

typed_function(M, A, B, f) A

(Vy[M]. y € B— Bz[M]. x € AN is_apply(M, f, z, y)))

Relative version of the ZF(C' axioms

thm extensionality def
extensionality(M) = Va[M]. Vy[M]. V2[M]. z€z+— z2€y) — z =1y
thm foundation azx_def

foundation__az(M) =
Vae[M]. 3yM].y€z) — GyMl.ycazA-3zM.z€zNze€y)

thm upair_azx_def

upair_ax(M) =V z[M]. Vy[M]. 3 2[M]. upair(M, z, y, z)
thm Union_ax_def

Union_azx(M) =V x[M]. 32[M]. big_union(M, z, 2)
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thm power _ax_def[unfolded powerset_def subset def]

power_ax(M) =V z[M]. 3 2[M]. Vza[M]. za € z «+— (Vazb[M]. 2b € za — zb €
z)

thm infinity ax_def

infinity _ax(M) =
3 1[M].
(3 z[M]. empty(M, 2) A z € I) A
(Vy[M]. y € I — (T sy[M]. successor(M, y, sy) A sy € I))

thm choice _ax_def

choice__ax(M) = ¥V z[M]. Fa[M]. If[M]. ordinal(M, a) A surjection(M, a, z, f)
thm separation_ def

separation(M, P) =V z[M]. 3y[M]. Vz[M]. z € y +— z € z A P(x)

thm univalent def

univalent(M, A, P) =
Vz[M]. z € A — (Vy[M]. Vz[M]. P(z, y) N P(z, 2) — y = 2)

thm strong_replacement__def

strong__replacement(M, P) =
vV A[M].
univalent(M, A, P) — (3 Y[M].VbM]. be Y +— (Fz[M]. z € AN P(z, b))

Internalized formulas

thm Member Equal Nand Forall formula.induct

[vr € w; y € w] = -z €y € formula

[z € w;y € w] = -z =y € formula

[p € formula; q € formula] = —(p A q)- € formula

p € formula = (¥ p-) € formula

[z € formula; Nz y. [z € w; y € w] = P(-x € y-);

Nz y. [z €w yew] = Plz=y);

Ap g [p € formula; P(p); q € formula; P(g)] = P(—~(p A q)°):
Ap- [p € formula; P(p)] = P((-¥p-))]

= P(x)
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thm arity.simps

arity(-x € y-) = suce(z) U suce(y)
arity(-x = y-) = succ(z) U succ(y)
arity(- (p A q)-) = arity(p) U arity(q)
arity((-V p-)) = pred(arity(p))

We have the satisfaction relation between €-models and first order formulas (given
a “environment” list representing the assignment of free variables),

thm mem__iff sats equal iff sats sats Nand__iff sats Forall iff

[nth(i, env) = z; nth(j, env) = y; env € list(A)]
=z c€y+— A env |E-i €j

[nth(i, env) = z; nth(j, env) = y; env € list(A)]
= zcz=y+— A, env E-i=7j
env € list(A) = (A, env = -

“(p A q)) = 2 ((4, env |= p) A (4, env = q))
env € list(A) = (A, env = (Vp-

)) «— (VzeA. A, Cons(z, env) = p)

as well as the satisfaction of an arbitrary set of sentences.
thm satT def

AED®=Veed. A [| E v

The internalized (viz. as elements of the set formula) version of the axioms follow
next.

thm ZF union_iff sats ZF _power iff sats ZF pairing iff sats
ZF _foundation_iff sats ZF _extensionality iff sats
ZF _infinity_iff sats sats_ZF _separation_ fm__iff
sats _ZF replacement_fm_iff ZF choice_iff sats

Union_ax(##A4) «— A, [| E -Union Az
power_az(#4#A4) «— A, [] E -Powerset Az
upair_ax(##A) +— A, [| E -Pairing-
foundation__az(##A) «— A, [| E -Foundation-
extensionality(#4#A) +— A, [| E -Extensionality-
infinity_ax(##A) «— A, [| E -Infinity-
p € formule =
(M, || & -Separation(p)-) «—
(V envelist(M).
arity(p) < 1 +,, length(env) — separation(##M, Ax. M, [z] Q env = ¢))
@ € formule =
(M, [] & -Replacement(p)-) +—
(v envelzst( ).
arity(p) < 2 +,, length(env) —
strong_replacement(## M, Az y. M, [z, y| Q env |= ¢))
choice__ar(##A) +— A, [| E -AC-
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thm ZF fin_def ZF inf def ZF def ZFC _fin_def ZFC _def

ZF_fin =

{: Ezxtensionality-, - Foundation-, - Pairing-, - Union Az-, -Infinity-,

-Powerset Az-}

ZF_inf = {-Separation(p)- . p € formula} U {-Replacement(p)- . p € formula}
ZF = ZF _inf U ZF_fin

ZFC fin=ZF finU {-AC-}

ZFC = ZF inf U ZFC_fin

50.3 Forcing

thm extensions of ctms

[M ~ w; Transset(M); M = ZF]
= IN.M CNA

N=uwA

Transset(N) A

N = ZF A

M#NANMa. Ordla) —mae M+—ae€ N)A((M,] E-AC) —
N = ZFC)

In order to state the defining property of the relative equipotence relation, we
work under the assumptions of the locale M cardinals. They comprise a finite
set of instances of Separation and Replacement to prove closure properties of the
transitive class M.

lemma (in M__cardinals) eqpoll def":
assumes M(A) M(B) shows A ~M B «— (3f[M]. f € bij(A,B))
(proof )

Below, i denotes the minimum operator on the ordinals.

lemma cardinalities defs:
fixes M:i=o

shows
JAIM = pi. M(G) A i =M A
CardM(a) = a = |o|M
kMM = |v M /<c|M
(DM =y oz M(z) A Card™(z) Ak <
CHM = n; M = 20" M
(proof)

context M _aleph
begin

As in the previous Lemma egpoll _def’, we are now under the assumptions of the
locale M _aleph. The axiom instances included are sufficient to state and prove
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the defining properties of the relativized Aleph function (in particular, the required
ability to perform transfinite recursions).

thm Aleph rel zero Aleph__rel _succ Aleph__rel limit

N()M = W
[[OTd(a); M(a)]] = Nsucc(oz)M = (NQM+)M
[Limit(a); M(a)] = R M = (Ujea. R;M)

end

lemma ContHyp rel def":
fixes N::i=0
shows
CHN = 8,V = 9Mo™.N

{proof)

Under appropriate hypothesis (this time, from the locale M_master), CH M g
equivalent to its fully relational version is ContHyp. As a sanity check, we see
that if the transitive class is indeed V, we recover the original CH.

thm M _master.is_ContHyp__iff is_ContHyp_iff CH[unfolded ContHyp_ def]

M_master(M) = is_ContHyp(M) «— CHM
is_ ContHyp(V) +— Ry = 210

In turn, the fully relational version evaluated on a nonempty transitive A is equivalent

to the satisfaction of the first-order formula -CH-.

thm is ContHyp_iff sats

[env € list(A); 0 € A] = is_ContHyp(##A) «— A, env |= -CH-
thm ctm_of not CH

[M =~ w; Transset(M); M = ZFC]
= IJN. M CNA

N=wA

Transset(N) A N | ZFC U {-—CH-} A Va. Ord(a) — « € M +—
a € N)

end
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